Change of Basis (Optional)

In Euclidean Space

Suppose V is a vector space. A basis for V provides us with a coordinate system
for the space; a way of describing the “locations” of vectors. Different coordinate
systems are useful in different contexts.

For example, consider R?>. The “standard” basis for R? is £ = {ej, ez},
where

€ = (170)7

and e = (0,1).

If x € R?, and x = (z1,22), then the “coordinates” of x with respect to &£
are the numbers z; and z», because

X =x1€1 + T2€2

Intuitively, if we think of e; as pointing “east”, and e, as pointing “north”,
this says,

In order to get to the point x, first walk x; steps east, and then
walk zo steps north.

This coordinate system works well if you are living in a city such as Toronto,
where the streets run east-west and north-south (see Part (A) of Figure 1 on
the following page). However, in Montréal, the streets actually run at angles;
“Montréal north” actually points northwest, so the streets run northwest-to-
southeast and southwest-to-northeast. In Montréal, coordinates given in terms
of the basis £ are almost useless (see Part (B) of Figure 1 on the next page).

In Montréal, therefor, it makes sense to use a different basis. For example,
we might use the basis B = {b;,bs}, where

b; = (1,1) points northeast,
and be = (—1,1), points northwest.

(see Part (C) of Figure 1 on the following page)

Thus, if x had coordinates #° = (2%, 25) with respect to B, this means

x = 2%by + z5b,.

In other words:
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Figure 1: Coordinate systems in Toronto and Montréal



In order to get to the point x, first walk z¥ steps northeast, and
then walk 25 steps northwest.

This would make it easy to find x by walking along Montréal’s tilted streets

But suppose a person from Toronto (not knowing better) provided you with
the coordinates of a point with respect to the north-south-east-west basies £.
How could you convert them to coordinates with respect to the basis B? This
is the problem of change of basis.

Example 1: Consider the point x = le; + 2e5. Thus, with respect to the
basis £, x has coordinates

7= (1,2)

How can we compute the coordinates of x with respect to B?
Loosely speaking, we use the following procedure:

1.

Compute the coordinates of e; with respect to B. (Part C of Figure 2 on
the next page):

1 1
= -b;—=b
e 2 1 2 2

. Compute the coordinates of e with respect to B (Part D of Figure 2 on

the following page)

1 1
= —b —b
€ 21-1-22

. Compute the coordinates of x with respect to £ (Part E of Figure 2 on

the next page)

Xy = lej + 2ey

. Now, substitute in the expressions for e; and e; in terms of the basis B

(Part F of Figure 2 on the following page) and simplify:

Xy = le; + 2ey

1 1 1 1
= 1(=b;y — =b: 2(=b —b
(21 22) + (2 1+22>
3 1
= -b -b
21+22

(Part G of Figure 2 on the next page)

The formal generalization of this procedure is the following theorem:
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Figure 2: Changing from one coordinate system to another



Proposition 2: Change of Basis in RY
Suppose B = {by,...,bx} is some basis for RV, and # € RY. To find the
coordinates for Z in the basis B, do the following:

1 .t
Let = | by by ... by |. Bisa basis, so is invertible. Let
R

= 71. Then:

1. The nth column of is the coordinate N-tuple' of e,, with respect to B.

2. Suppose ¥ = (r1,...,zn). Let § = -a'c’; with ¥ = (y1,...,yn). Then
(y1,--.,yn) is the coordinate N-tuple of & with respect to B.

Proof:
N 1 1
> usbn = m +y2| b2 [+...4+y~ | bn
n=1 \J \J

In particular, the coordinate N-tuple of e, with respect to £ is, of course

0,...,0,1,0,...,0 |, so the coordinate N-tuple of e, with respect to B
————
n
is
F 0
A R 0
a; a, ... ay |-|1 = a,, the nth column of.
P O 0
L 0 -

O [Proposition 2]

LAn N-tuple is an ordered sequence of N numbers —in other words, it is an element in
RY. The term “N-tuple” is a sort of mathematician’s generalization of the words “couple”,

“triple”, “quadruple”, “quintuple”, etc...



Definition 3: Change-of-Basis Matriz

The matrix in the previous theorem is called the change-of-basis matrix
from the (standard) basis £ to the basis B.

Example 4: Consider the “Montréal basis” B = {by, bs}, where

b]_ = (1,1) and b2 = (—1 1)

’

Thus, = |: i _11 :| ’
: o3
S0 i =

1
2 2
-1
Suppose & = (1,2), and let §f = = (2,%). Thus,
e x has coordinates (1,2) with respect to the “standard” basis £.

e x has coordinates (2, 1) with respect to the Montréal basis B.

Example 5:
V3 1 -1 V3
Suppose b; = <7,§ and by = >0 |
V3 -1
2 2
Then =
V£ ]
2 2
V3 o1
-1 2 2
Thus, = E =
-1 V3
2 2
Thus, if Z = (1,2), then
RIS
SR
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In an abstract vector space

The same idea will work in an abstract vector space. We will use the following
convention: if V is a vector space, and B = {by,..., by} is a basis for V, and
x is a point in V, then we will write the coordinates of x with respect to B as
the N-tuple £ = (z1,...,zy). This means that

X = z1b; +x9bs+...2ybn.

Note: F is an N-tuple of real numbers, but x is not necessarily an N -tuple.
(For example x might be a matrix, a polynomial, or a function). Also, notice
that the coordinate n-tuple & depends on the choice of basis.

In RV, there is a natural basis to work with, the “standard” basis & =
{e1,...,ex}. We say that £ is a canonical basis for RV. In a general vector
space, however, there may not be any canonical basis; any basis is just as good
or bad as any other, and the choice is essentially arbitrary.

Figure 3: The canonical coordinate system on the Earth’s surface

This situation may be compared to the difference between navigation on
the surface of the Earth and navigation in outer space. On the surface of
the earth, there is a “natural” coordinate system to work with. The motion
of the sun across the sky defines directions we call “east” and “west”. The
Earth’s magnetic field defines directions “north” and “south”, while the Earth’s
gravitational field defines “up” and “down”. (See Figure ?? on page ??. We



can assign a basis element to each of “east”, “north” and “up”, and we get a

“natural” (or canonical) basis for navigation near Earth’s surface. Two different
cultures, on opposite sides of the planet, which never had any contact with one
another, would both naturally arive at the same coordinate system.

However, in deep space, there is no sun, no magnetic field, and no gravity.
There is no natural direction to call “up” or “down”, or “north” or “south”.
You can pick a triple of directions, and arbitrarily define them to be “east”,
“north”, and “up”, but in a sense, any choice is as good as any other. If your
friend picks a different direction system, you can’t argue that yours is somehow
“better” than hers.

Because of this, in general, we must simply pick some basis at random, and
work within it. Often, it will be necessary to change from one basis to another.

Proposition 6: Change of Basis in finite-dimensional vector space

Let V be a vector space, and suppose A = {a;,...,an} is a basis for V.
Suppose x is a point in V, and has coordinate N-tuple & = (z1,...,2zx) with
respect to A.

Suppose B = {b1,...,by} is another basis for V.

1. To find the coordinates for x in the basis B, do the following:

e For each n € [1..N], suppose the coordinate N-tuple of a,, with respect

to Bis a, = (aln,agn,...,ann)
LI NP |

° Let: 5:1 (_7:2 (-iN
14 ol

o Let # =[A]-# Then #8 = («B,...,28) is the coordinate N-tuple of
x with respect to B.

2. Sometimes, it is easier to find the coordinates of A with respect to B than
the other way around. In this case, do the following:

e For each n € [1..N], suppose the coordinate N-tuple of b,, with respect
to Ais by, = (bl,n; bz,n, e, bN,n)

Tt
o let[B]=| 5 b ... by
bl

o Let = 71. Then is the same matrix as described in Part 1

e Thus, if #8 = -a’c’, then 78 = (2%,..., 2% is the coordinate N-tuple
of x with respect to B.

Proof: Exercise.

O [Proposition 6]




Remark 7: Notice that the second algorithm provided here is exactly the
same as the change-of-basis algorithm for RP | when A = £. This should give
you a hint how to prove Part 2. The proof of Part 1 then follows.

Definition 8: Change-of-Basis Matriz

The matrix in the previous theorem is called the change-of-basis matrix
from the basis A to the basis B.

Remark 9: To change back from the basis B to the basis A, we simply
reverse the previous procedure. Thus, if is the change-of-basis matrix from

—1
A to B, then is the change-of-basis matrix from B to A. (Exercise:
Convince yourself of this.)



