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(where ¢; are suitably chosen ‘weights’).

Problem: We don’t know the true values of the utility functions u;.
(Voters can exaggerate, or otherwise misrepresent their preferences).

Possible solution: The Groves-Clarke Pivotal mechanism.
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This yields a strategy-proof implementation of the weighted utilitarian
social choice rule defined by maximizing (x). No voter ever has any
incentive to strategically misrepresent her utility function.
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Plausible assumption: people’s bids in the pivotal mechanism are

roughly proportional to their income.

Thus, the richest 10% alone could effectively control the outcome.

The pivotal mechanism would devolve into a plutocracy.
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Let uf : A;-— Ry be voter i's vNM utility function over A; (for
t=0,1,2,3,..). Assume ;2211 uf(a) = 0.

t
We suppose i's joint vNM utility over A; and wealth is separable.
Thus, if alternative a; is chosen in referendum t, and voter i is left with a
net wealth of w; dollars, then her utility will be uf(a;) + u¥(w;).

Stratification. Suppose Z =77 UZo U --- LU Zpy, where, for each nin
[1...N], all voters in stratum Z, have roughly the same net wealth.
(Example: Let N :=10. Let Z, = the nth decile of wealth distribution.)
Forall niin [1...N], let ¢, > 0 be a positive ‘fee’.

(Heuristic: the average marginal utility of ¢, dollars for voters in Z,, should
be roughly the average marginal utility of ¢, dollars for voters in Z,).
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Then in maximizing g —

{0)

iex i

How can we structure the fee schedule ¢ = (¢1,...,pn) to-prevent this?
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Problem: It is generally impossible to guarantee that ¢ is perfectly fair.
Let € > 0 be some small but positive ‘error tolerance’.
We say that the fee schedule ¢ is e-fair in referendum t if
(F1.) #{i € Z; V! =1} <e-|Z] (i.e. almost nobody hit the ceiling).
(F2) 1—e<|Vi/V | <1l4eforall nin[l...N]

(i.e. all strata have almost the same influence).
Problem: We can't even know whether ¢ was e-fair until after the
referendum has occurred. (We can’t guarantee it in advance.)
Idea: If the statistical distribution of voting behaviour is roughly the same
from one referendum to the next, then we can compute in advance the
probability that ¢ will be e-fair in any particular referendum.

Let 0 < p<1andlete>0.

Assume some fixed, known statistical distribution of voter behaviour.
The fee schedule ¢ is (p, €)-fair if it has a probability of at least p to be
e-fair in any referendum where the behaviour of the voters is randomly
generated according to this distribution.

Goal: Design a (p, €)-fair fee schedule.
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“If too many voters hit the ceiling, then adjust all fees upwards in
proportion to the number of voters who hit the ceiling.” Formally:

Let E; := #{i € Z; V! =1}/|Z| (fraction of voters hitting ceiling).
If E; > €, then set @), := X - (Et/€) - L, > ¢f, forall nin [1...N].
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voters’ utility functions as a set of independent random variables such that:
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» It is highly improbable that a voter's political preference intensity will
be “huge”, when measured in monetary terms.
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Here, “certain regularity assumptions” means (roughly) that we treat the
voters’ utility functions as a set of independent random variables such that:
» All wealth strata have same statistical distribution of political
preference intensities on any particular referendum.
» There is no correlation between a voter's political preference intensity
and her utility function for wealth.
» No correlation between preference intensities in different referenda.
» There is no correlation between voters.
» It is highly improbable that a voter's political preference intensity will
be “huge”, when measured in monetary terms.
» Expected influence of a stratum n is a “well-behaved” function of .
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Convergence of the calibration procedure (2)

Theorem (informally). Suppose the population of voters is sufficiently
large, and statistical distribution of their utility functions (over wealth and
social alternatives) satisfies certain regularity assumptions. Then the
calibration mechanism (R1)-(R2) will converge to a (p, €)-fair fee schedule.
jog(1/¢)

Furthermore, the time to convergence is roughly O < 1
—-p

> iterations.

Meanwhile “sufficiently large” means

8VN3 +1

eCy1-p’

where N is the number of strata, and C is a constant (which depends on
statistical distribution of the voters’ preferences).

For example, if N =10, ¢ =0.01, p=0.99, and C = 0.5, then

Population > 507,000

Population >

is large enough (this is the population of a medium-sized city).

[Skip to end]
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Existence of a (p, €)-fair fee schedule

To ensure that (p, €)-fair fee schedule exists, we impose some ‘regularity’
conditions on the distribution of voter preferences. Let N:={0,1,2,...}.
For all t in N, recall that A; is the menu for referendum ¢t.

For all i in Z, recall that uf : A;—R is i's cardinal utility function.

Let Uf := max,ec.4, uf(a). This measures the ‘intensity’ of voter i's
preferences on referendum t.  Here is our first assumption:

(U) For all t in N, there is a probability distribution ¢ on Ry such that Uf

is a ug-random variable, for all i in Z.

Also, {U!; i€ 7T and t € N} is a set of independent random variables.
Idea: All strata have same statistical distribution of political preference
intensities on any particular referendum. No correlation of preference
intensities between different referenda or between different voters.

Next, for all i in Z, and all ¢ > 0, let Cf(y) := u?(wit) — uf-s(wf — ) be the
‘cost’ (in utility) of a fee of size ¢ for voter i at time t.

In particular, if voter i is in stratum Z,, and deploys her dominant strategy
for the mechanism (P1)-(P5), then v}/(a) = min{1, uf(a)/C!(¢f)} for every
alternative a in A;.
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in stratum Z, would be willing to pay more than &, dollars to change the
outcome in a typical referendum.
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For all nin [1...N], assume a probability distribution p, on C such that:

(C1) For every t in N, the set {C/}icz, is a set of independent, p,-random
elements of C.

(C2) For every t in N, and every i in Z,, the random variables Uf and C}
are independent.

This means there is no correlation between voters, or between a voter's

wealth disutility and her political preference intensity.

Next, assume it is ‘highly improbable’ that a voter’s political preference
intensity will be huge, when measured in monetary terms. Formally:

(C3) For any € > 0, there is some constant ¢, > 0 with the following
property. For all t in N, if U; is a pu-random variable and C,, is an
independent, p,-random function, then Prob [U; > C,(%5)] < €.

For example, suppose € = 0.01.

Then &, is the minimum fee required such that less than 1% of the voters
in stratum Z, would be willing to pay more than &, dollars to change the

outcome in a typical referendum.

(For a typical middle-class stratum, we would expect $%%! to be perhaps a
few thousand dollars.)
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Let C be the space of all nondecreasing functions from R to itself.

For all nin [1...N], assume a probability distribution p, on C such that:

(C1) For every t in N, the set {C/}icz, is a set of independent, p,-random
elements of C.

(C2) For every t in N, and every i in Z,, the random variables Uf and C}
are independent.

(C3) For any € > 0, there is some constant ¢ > 0 with the following
property. For all t in N, if U; is a us-random variable and C, is an
independent, p,-random function, then Prob [U; > C,(%5)] < €.

Finally, let V,,(¢) be the expected influence which a random voter in
stratum n would have on the outcome of referendum t, if L = p. We
assume this function is well-behaved, and the same for all referenda.
Formally, we assume:

(C4) There is a decreasing, continuously twice-differentiable function
V, : R4 —[0, 1] such that V(0) =1 and ¢Ii_)moo V(¢) =0, and such
that for any ¢ > 0 and any t in N, V,(¢) is the expected value of the
random variable min{1, U:/C,(¢)}, where U; and C, are as in (C3).

Assumption (C) is the combination of assumptions (C1)-(C4).
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(i.e. all strata have almost the same influence).”
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Our first result: “If the set T of voters is large enough, and we divide it into
N equal-sized subgroups 11, . .., Zy, then there is a (p, €)-fair fee schedule.”
Proposition 1. Assume (U) and (C). Let 0 < V* < 1 be any constant.

(a) Forall nin[1...N], there is a unique ¢}, in Ry with V,(¢}) = V*.
Now let 0 < €, p < 1, and suppose that

A 71 > 68@{/\\//37%, and (B) [Ty =|Ty| == |Tn| = &I

(b) There is a constant K > 0 such that, for any t in N, if |pf, — ¢%| < Ke
for all nin [1...N], then ! satisfies (F2.) with probability > p.

(c) If V* is small enough, then @' will also satisfy condition (F1.) with
probability p or higher.

Example: if N =10, ¢ =0.01, p=0.99, and V* = 0.5, then

|Z| > 507,000 suffices to satisfy inequality (A) (this is the population of a
medium-sized city).

If V* is small enough, and we define ¢* := (¢, ..., ¢}y) as in Prop.1(a),
then Prop.1(b,c) guarantees that the fee schedule * is (0.99,0.01)-fair.
Problem: What value of V* is ‘small enough’ in Prop.1(c)? Also, to

compute ¢7,..., ¢} in Prop.1(a), we must know exact structure of the
probability distributions {1+ }%°. and p1, ..., piy in assumptions (U) & {C).
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Let (¢9,...,¢%) be initial fee schedule at time 0.  Let &, ..., 5% be as
in assumption (C3). Let A be the ‘calibration speed’ in rule (R1).

(R1) “Let E;:=#{ieZ; V}=1}/|Z| (i.e. fraction of voters hitting ceiling). If
E; > ¢, then set ¢f, := X\ (E;/¢) - L, for all nin [1...N]. Otherwise, if
E; < ¢, then set ), := ¢!, forall nin [1...N]."
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Let (¢9,...,¢Y%) be initial fee schedule at time 0.  Let &, ..., %Y be as
in assumption (C3). Let A\ be the ‘calibration speed’ in rule (R1).
max{log(&,/¥5) -1

log(\)
Behaviour of L depends on shape of distributions p1,...,pny and {p:}72; in

assumptions (U) and (C).  Typically, L(e)—oco very slowly as € ™\, 0.
Example. Under reasonable hypotheses, L(e) = O (log(1/€)) as € \, 0.
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Example. Let € := 0.01. Suppose we want (F1.) to be violated in less than
4% of all referenda (i.e. p:=0.96). If |Z| > 10000 and L(0.0095) < 6,
then 150 iterations of (R1) will usually suffice to guarantee this.
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Recall that V! := 7 Z VI, Forany ¢ >0, let V, () be expected
" iet,
influence of stratum n on referendum t, if ©f = ¢, from Assumption (C4).

(C4) “There is a decreasing, continuously twice-differentiable function
V,, : Ry —10, 1] such that V(0) =1 and lim V(y) =0, and such that for
@—00

any ¢ >0 and any t in N, V,(¢) is the expected value of the random
variable min{1, U:/C,(¢)} where U; is a pi;-random variable and C, is an
independent, p,-random function.”
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Lemma: V, = V,(¢!) + L, where 4% is a random variable with mean
zero, variance less than 1/|Z,|, and an “almost Gaussian” distribution.
Proof sketch: Central Limit Theorem, plus assumptions (U) and (C). O
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For simplicity, we will assume this approximation is-exact.....
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Proof sketch: Rule (R2) is actually the Newton-Raphson method for
finding the values of (¢, ..., ¢} ) which we defined in Proposition 1(a). [
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- : sm

Heuristic. Fix p € [0,1). Suppose |Z| > Ve and

Ty = = |In| = zl | . Also suppose that
t

(S1) V, =~ V,,(gon) allt inN and all nin [1...N].

(S2) There is some V* such that V'~ V* forall t inN.
Suppose only (R2) is applied in each referendum. For any € > 0, there
exists To(€) > 0 such that ! satisfies (F2.) with probability > p for all
t > To(e). Also To(e) = O(4/log(1/€)). If VA, ..., Viy are isolestic, then
Tale) = 1.
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Conclusion. We have modified the Groves-Clarke pivotal mechanism to
obtain a ‘fair’, strategy-proof implementation of weighted utilitarian social
choice amongst nonpecuniary public goods.

The mechanism gives roughly equal influence to poor voters and rich voters.
Unresolved Problems:

>

Most public goods have both pecuniary and nonpecuniary
costs/benefits. (Example: law enforcement, urban zoning, roads,
public education, commerce regulations, and the government itself.)
The mechanism is very informationally intensive. But all votes must
remain confidential, so that voters cannot be bribed or intimidated, or
coordinate their actions in voting blocs.

We assumed each voter's joint utility function over wealth and public
goods was separable. But this is false; a large gain/loss of wealth will
generally change a voter's preferences over public goods.

The stochastic Clarke tax assumes voters are vNM expected utility
maximizers. But this is empirically false (Kahneman & Tversky).
The budget size must be fixed in advance, because otherwise the
choice of public goods would involve an inextricable pecuniary
component. How should society determine the size of this budget?



Thank you.

These presentation slides are available at
<http://euclid.trentu.ca/pivato/Research/pivotal.pdf>
The paper is available at

< http://mpra.ub.uni-muenchen.de/34525>
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