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Abstract. A right-sided, nearest neighbour cellular automaton (RNNCA) is a con-
tinuous transformation ® : AZ— A% determined by a local rule ¢ : A%} — A so
that, for any a € A% and any z € Z, ®(a); = ¢(az,a,+1). We say that ® is
bipermutative if, for any choice of a € A, the map A 3 b — ¢(a,b) € A is bijective,
and also, for any choice of b € A, the map A 3 a — ¢(a,b) € A is bijective.

We characterize the invariant measures of bipermutative RNNCA. First we in-
troduce the equivalent notion of a quasigroup CA. Then we characterize ®-invariant
measures when A is a (nonabelian) group, and ¢(a,b) = a -b. Then we show that,
if ® is any bipermutative RNNCA, and p is ®-invariant, then ® must be p-almost
everywhere K-to-1, for some constant K. We then characterize invariant measures
when AZ is a group shift and ® is an endomorphic CA.

1. Introduction. If A is a (discretely topologized) finite set, then A” is compact
in the Tychonoff topology. Let o : A%~ A% be the shift map: o(a) = [b.|,cz]
where b, = a 41, for all z € Z. For any n,m € Z, let [n...m] := {n,n+1,...,m}.
A cellular automaton (CA) is a dynamical system ® : A%”—— A% defined by a local
rule ¢ : Al=t-"1— A (for some £,r > 0) so that, for any a € A% and any z € Z,
®(a), = ¢(a,_¢,...,a,+,). Equivalently [4], a CA is continuous map ® : AZ— A%
which commutes with o.

Let [—£...r) := [—{...r—1] and let (—£...r] := [1—C...r]. Then ® is right-permutative
if, for any fixed a € Al=¢") the map A 3 b — ¢(a,b) € A is bijective. Likewise,
® is left-permutative if, for any fixed b € A(=*7] the map A > a — ¢(a,b) € A'is
bijective, and ® is bipermutative if it is both left- and right-permutative.
Example 1.1: (a) If (A,+) is an abelian group, £ =0 and r = 1, and ¢(ap,a;) =
ag + a1, then @ is a called a nearest neighbour addition CA, and is bipermutative.

(b) If A= 7Z,, (where p is prime), and let co,c1,d € Z, be constants (co #
0 # c1). If ¢(ap,a1) = cpag + c1a1 + d, then @ is a called an affine CA, and is
bipermutative. &

We say that ® is a right-sided, nearest neighbour cellular automaton (RNNCA) if
¢=0and r =1 [as in Examples 1.1(a) and 1.1(b)]. It is easy to show:
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Lemma 1.2. Let ® : AZ— A% be a CA and let B = A*™". There is an RNNCA
I': BZ—B?% so that the the topological dynamical system (A%, ®) is isomorphic to
the system (BZ,T).

Furthermore ( ® is bipermutative ) = ( I is bipermutative ) O

Let A be the uniform Bernoulli measure on A%. Thus, for any n < m, if
(nyeyom) € Am then Ma € AL (ay, ..., am) = (Cny oy )} = 1/JAHL
Let M (AZ ; D U) be the set of ®- and o-invariant probability measures on A%. Let
® be a permutative CA. Then ® is surjective, and thus A € M (A% ®;0) [4].
What other measures (if any) lie in M (A% ®;0)? Let h, (®) denote the mea-
surable entropy [10, §5.2] of the measure-preserving dynamical system (A%, ®, u1).
Let M (.AZ; P, U*erg) be the o-ergodic measures in M (AZ; P, a). Host, Maass, and
Martinez [1] have shown:

Proposition 1.3. [1, Theorem 12| Let A = Z,,,, where p is prime. Let ®: A% —
AZ be an affine CA. If p € M (A% ®;0-e2), and hy, (®) > 0, then p = A. O

This paper generalizes Proposition 1.3 in three ways. In §2, we introduce quasi-
groups, and reformulate bipermutative RNNCA as quasigroup CA. In §3 we charac-
terize invariant measures for nearest-neighbour multiplication CA (when A is a non-
abelian group). In §4 we extend the method of [1] to prove: if u € M (A%; -ere; 5)
then there is some K < |A| so that ® is K-to-1 (u-z¢) (Theorem 4.1). In §5 we
generalize Proposition 1.3 to endomorphic CA on group shifts (Theorem 5.2).

Notation: If ;1 is a measure, then V,, 2’ means ‘p-almost all z’, and ‘u-se’ means
‘u-almost everywhere’. If U and V are measurable sets, then ‘U < V’ means

p[U\V]=0,and U=V meansUc Vand V c U. IfGisa sigmaualgebra and

n

P W
U is a measurable set, then E, [U|&] is the conditional expectation of Iy given

6.

2. Quasigroup Cellular Automata. A quasigroup [11] is a finite set A equipped
with a binary operation ‘x’ which has the left- and right-cancellation properties. In
other words, for any a,b,c € A,

(a*bza*c><:><b:c) and (b*a:c*a)<:>(b:c).

(Note that the operator ‘x’ is not necessarily associative. Indeed, it is easy
to show: ‘%’ is associative if and only if (A, *) is a group.) Let A := |A|. The
‘multiplication table’ for * is the A x A matrix M* = [mg_p|q,be.a, where mg, = axb.
It follows that (A, *) is a quasigroup if and only M* is a Latin square, which means
that every column and every row of M* contains each element of A exactly once
[5]. A quasigroup cellular automaton (QGCA) is a RNNCA & : AZ— A% with local
rule ¢ : AL — A given: ¢(ag,a1) = ag * a, where ‘* is a quasigroup operation.
For instance, Example 1.1(a) is a QGCA. Tt follows:

( ® is a bipermutative RNNCA ) — ( ® is a quasigroup CA ) .

The obvious generalization of Proposition 1.3 fails for arbitrary quasigroup CA. If
B C A, then B is a subquasigroup (‘B < A’) if B is closed under the ‘x’ operation.

Lemma 2.1. If ® : AZ— A% is a QGCA, and B < A, then B? is a ®-invariant
subshift. If u is the uniform Bernoulli measure on B%, then u € M (AN; @;U*erg).
If |B| = K, then h, (®) = log(K) and ® is K-to-1 (u-z). m|
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If B < A and (A, *) is a finite group, then B is a subgroup. Thus, if |.A| is prime,
then A cannot have nontrivial subquasigroups. However, other prime cardinality
quasigroups can. For example, let D := {aj,as; by, ba; c1,c9,¢3} (so |D| = 7
is prime). Given the multiplication table below, (D,x*) has two subquasigroups:

A= {CL1,CL2} and B = {bl,bg}.

*llar | as |b | b2 [erfeo|es|
al ail a2 C1 C2 b2 b1 C3
as asz | a1 Co c1 b1 | c3 | b2
b1 || c c3 b1 | b2 c2 | a1 | a2
ba || c3 c1 by | b1 ai | az | co
c || b bo c3 a1 |ax|c2|
C2 b2 C2 al a2 C3 C1 bl
C3 C2 bl a2 C3 C1 b2 al

Note: If &: AZ — A” is a QGCA, and y € M (AZ;q);U-erg), and h, (®) > 0,
then p is not necessarily the uniform measure on B” for some B < A; see Examples
3.2(b,c). O

Let N := {0,1,2,3,...}. Any right-sided CA ®: A*—— A% induces a unilateral
CA &: AN—— A" with the same local rule. Any p € M (AZ;‘I);O') projects to
a measure 1 € M (AN;<I>;0), and any g € M (AN;<I>;J) extends to a unique
weM (.AZ; d; a). In what follows, we will abuse notation and write d as ©.

Lemma 2.2. [3, Prop.2.3] If ®: AN—— AN is right-permutative, then (AN, ®) is
conjugate to a full shift. To be precise, define = : AN— AN by

E(a) = [ao, <I>(a)0, (1)2(3)0, <I>3(a)0, ] .

Then Z is a conjugacy from (AN, ®) to (AY,0) (ie. = is a homeomorphism and
Zod = goZ). |

Let (A, x) be a quasigroup. The dual quasigroup is the set A equipped with
binary operator ¥ defined: a¥b = ¢, where ¢ is the unique element in 4 such
that a *c = b. If (A, %) is a group, then a%¥b=a"1 xb. If &: AN — AN is a QGCA
(with local map ¢(a,b) = a*b), then the dual of ® is the right-permutative RNNCA
d: AV — AN with local map ¢(a,b) := a®b (see Figure 1).

Lemma 2.3. Let (A, *) be a quasigroup. Let ®: AN — AN be the corresponding
QGCA.

(a) (A,%) is a quasigroup, and &: AN — AN s QGCA. The dual of  is x,
and the dual of > is P.

(b) E is a topological conjugacy from the dynamical system (AN, o) to (AY, </IS)

(c) IfBC A, then ( (B,#) < (A, ) ) — ( (B, %) < (A, %) )

Let pu be a measure on AN, and let i :== Z(p). Then:
(d) ( Wis @—invam’ant) = ( [ is o -invariant )

(e) ( JTRx] U—ergodic> = ( fi is ®-ergodic )
(£) Ifue M(AY;®;0), then h(®,u) = h(®,fi) = h(o,u) = h(o,f). O
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AN —@
. . . [ \\\‘“‘\\“\“ :"""""A . . . : K .AN L N
do| d;| d,| dgl-e t 8| by| cy|ds |- | ‘T
Co| Cy| Cy|Cylenr :I; a,| b,| c, |d, o ‘|7 o
bo| b, | b, | byl | |2 e |
a,| a,| a,| ag|--- a, bo Co do /’// /6//
—_—— —_—C— AN o— AN
(A) The space-time diagrams of ® and ®. (B) EZ induces a commuting cube.

FIGURE 1.

3. Multiplication CA on Nonabelian Groups . Throughout this section, let A
be a finite (possibly nonabelian) group with identity e, and let ® : AN— AN be the
nearest neighbour multiplication CA (NNMCA), with local map ¢(ag,a1) = ao - a;.
This type of CA was previously studied in [9, 12]. Let N = {1,2,3,...}. Let
uweM (.AN). For any a € AV, let u, be the conditional measure induced by a on
the zeroth coordinate. That is:

Vbe A pa(b) = ,u[xo:b|x’N:a},

(where x € AY is a p-random sequence). Let fi be the projection of u onto AN,
Then we have the following disintegration [13]:

b= /A (e ®62) dfifal. (1)

N

Let C < A be a subgroup. Say u is a C-measure if, for Vg a € AN7 supp (ia) is a
right coset of C, and u, is uniformly distributed on this coset. Our main result in
this section is:

Theorem 3.1. If ®: AZ— A% s an NNMCA, and p € M (AN; @’erg;a), then u
is a C-measure for some C < A. O

Example 3.2: (a) Let C < A be any subgroup, and let u be the uniform measure
on CN. Then p is a C-measure (for any a € AY, pu, is uniform on C), and p €

M (AZ; D-erg; O’)

(b) Let @ = {#£1, +i, £j, £k} be the Quaternion group [2, §1.5], and let D :
ON— QN be the NNMCA. If p := [i,j, k,i,j,k, .. .], then ®5(p) = [k, 1,j,k, 1,j,.. ],
so ®2(p) = [j.k,1,j,k,i,...] so ®¥(p) = [i,j.k,1,j,k,...] = p. Let pg be the
measure on OV assigning probability 1/3 to each of p, ®5(p) and 2 (p). Then
o €M (QN; D 5-erg; U).

Now, let C be any other group, and let A = C x Q. Identify C with C x {1} < A;
then C is a normal subgroup of A, and Q = A/C. The cosets of C all have the form
C x {q} for some ¢ € Q. There is a natural identification AN = (N x QN

given: [(;g) , (;i) , (;z) ,} — ([co,cl,cQ,...]; [qo,ql,qg,...]). Let pc be
the uniform Bernoulli measure on CY, and let p = e ® jio.
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Claim 1: p is a C-measure.

Proof:  Let a € AY be a p-random sequence. Then a = (c,q), where q €
{p, ®o(p), ®%(p)}, (With probability 1/3 each), and ¢ = (cg, c1, 2, ...) is a se-
quence of independent, uniformly distributed random elements of C. The coordi-
nates [a1, a2, a3, ...] = K;i) , (;z) , (22) ,} determine q, and thus, determine
qo- Thus, fifa, ay,as,...] is uniformly distributed on the coset C x {go}. < ciain 1

Claim 2: Let ® : AN— AN be the NNMCA. Then p € M (AY; ®-ers; o).

Proof: is clearly o-invariant.

p is ®-invariant:  Let ®, : CN—CN be the NNMCA on CY. Then & =

Pe x ©o. Thus, ®(u) = Pe(pe) @ Polpe) = pe®pe = p.

p is ®-ergodic:  The system (CN, ®, pe) is mixing [7, Thm 6.3], thus weakly

mixing. The system (QN, @, 110) is ergodic. Thus, the product system (AN, ®, ;1)

=} (CN x ON @, x By, pe ® MQ) is also ergodic [10, Thm. 2.6.1]. <& Claim 2
Note that h(u, o) = h(pe,0) = logy |C| > 0, but supp (1) # BY for any subgroup
B < A

(c) Let (A,+) be an abelian group, and let & C A% be a subgroup shift (a
closed, o-invariant subgroup). If ® is as in 1.1(a), then ®(&) = &. If 5 is the Haar
measure on &, then n € M (AZ; P; o-erg). Note that there may be no B < A so
that & = BZ; see [6, Example 4]. Invariant measures of additive CA on subgroup
shifts are investigated in [8]. &

Lemma 3.3. (a) If p is a C-measure, then h(u,0) = log, |C|.
(b) ( pis an A-measure | <= ( p is the uniform measure on AN ).
(c) Let {e} be the identity subgroup. Then the following are equivalent:
[i] wisan {e}-measure; [ii] |supp (ua)| =1, forVzae AY; [iii] h(u,0)=0.
Proof: (a) and (b) are obvious, and in (c), it is clear that [i] <= [ii]. To see that
[ii] <= [iii], let F := {a € AY; |supp (ia)| > 2}. If p is a measure on A, define
H(p) i= =Y p{bHog, (p{b}). Then ((H(p)>0) <= (|supp(p)| =2 ).

beA
Thus,

Mino) [ HGw) difel 5 [ ) di) >

>

)
For (x) see [10, Prop. 5.2.12]. (f) and (}) are because (H(ua) > 0)
(a€F), and (¢) holds only if ffF) > 0. Thus, [i] «= (A[F=0)

(h(u,o) :0).

- 11

Corollary 3.4. Let h,,,, := max {log, |C| ; C a proper subgroup of A}. If®: AN —
AN is o NNMCA, and n € M (.AN; O-erg; U) and h(p, o) > ooy, then p= A.

Proof: Theorem 3.1 says u must be a C-measure for some subgroup C < A. But
if B is any proper subgroup, then h(u, o) > h,.. > logs |Bl, so Lemma 3.3(a)
says C can’t be B. Thus, C = A. Then Lemma 3.3(b) says that y is the uniform
measure. ([

Example 3.5: (a) If p is prime, then Z,, has no nontrivial proper subgroups, so
hax = 0. In this case, Corollary 3.4 becomes a special case of Proposition 1.3.
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(b) If p and ¢ are prime and p divides ¢ — 1, then there is a unique nonabelian
group of order pq [2, §5.5]. For example, let p = 3 and ¢ = 7 and let A be the unique
nonabelian group of order 21. Then h,,., = log,(7) = 2.807 < 4.392 = log,(21).
Hence, if € M (AN; @-er¢;0) and h(p, o) > 2.81, then p = . o

If b € A, then we define (left) scalar multiplication by b upon AY in the obvi-
ous way: if ¢ = [cg,c1,¢2,...] € AN, then b-c¢ = [bcoy, bey, bea,...]. For any
sequence a = [ay,as,as,...] in AY and any b € A, let [b,a] denote the sequence
[b, a1, az,a3, .. ] in AN, Recall the conjugacy = : AN— AN and the dual cellular
automaton ® : AN— A" introduced in 82.

Lemma 3.6. Let a € AN, and suppose Z(a) = [bo,b1,ba,...]. Then:
(a) :[6 a] = [6 bo, bobl, boblbg, boblbgbd,...}.
(b) Ifbe A, then ZE[b,a] =b-Ele,al]. If c € A then E[cb,a] = c¢- Z[b, a]. O
. N . .. o S n
A point g € A" is (D, p)-generic if p[U] = ]\}gnoo N Z 1y (P ) for any

cylinder set U C AY. Let G (®, 1) be the set of (®, u)- generlc points in AN
Lemma 3.7. (a) If p € M (AY; ®-ere), then plG (®,p)] = 1.
(b) If i =Z(u), then (1€ M (A% @es0)) <= (e M (A% ;00)).
(c) Letge AY. Then (g cg (cp,u)) — (E(g) €g (a,ﬁ))
(d) Let G := {a € AV, [b,a] € G (P, ) for all b € supp (ua)}. Then ji[G] = 1.

Proof: (a) For each cylinder set C C AN, let G C A" be the set of points which
are (P, p)-generic for C; then u[Ge] = 1 by the Birkhoff Ergodic Theorem. If €
is the set of all cylinder sets, then € is countable, and G (®, ) = Ngee G-
(b) follows from Lemma 2.3(d,e). (c) follows from Lemma 2.2.
(d) Suppose not. For everya € AN let B, := {b € supp (ita) ; [b,a] € G (®, 1)}

Let H := ANG = {aeAﬁ; Bayé(i)},andletH = {[b,h] . heH, beBh}.
If i[G] < 1, then fi[H] > 0. Thus, u[H] = /~uh[8h] duh] > 0, where
H (€]

(1) is by eqn.(1), and () is because pn[By] > 0, for all h € H.
But G (®, ) € AN\ H, so if u[H] > 0, then u[G (®, u)] < 1, contradicting (a). O

Lemma 3.8. Let a € Aﬁ, and let b, € A. Suppose both [b,a] and [V/,a] are in
G (P, p).

Ifc=10b-b"1, then [i is invariant under (left) scalar multiplication by c. In other
words, for any measurable subset U C AN,  fi[c- U] = p[U].

Proof: It suffices to check invariance for cylinder sets (they generate the Borel
sigma algebra of AY). Let U C AY be a cylinder set. Let g := Z[b,a] and
g’ :=E[V/,a]. Then

N N
—~ . 1 n . 1 o o—
Al & Z&L“éoﬁz_lﬂv@f (&) = lemZ_lﬂv(v (¢ -g)
N
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(g1) is because g € G (0, 1) and (g2) is because g’ € G (o, i) [both by Lemma
3.7(c)]. (x) is because g’ = E[V, a] =c E[b,a] = c¢- g, where () is Lemma
3.6(b). O

LetT := {a e AV, 3 distinct b, b’ € A so that [b,a] and [V, a] are (fb,u)—generic}.

Lemma 3.9. If h(i,0) > 0, then i[I] > 0 (so the hypothesis of Lemma 3.8 is
nonvacuous).

Proof: Let F := {a € AV, |supp (ta)| > 2} Then Lemma 3.3(c) says fi[F] > 0,
because h(p, o) > 0. Thus, u[F N G] > 0, by Lemma 3.7(d). Bt ID FNG. O

Lemma 3.10. Let ¢ € A, and define T : AN— AN by Tla] = c-a. If i = ZE[y] is
I-invariant, then for Vz a € AN, g is invariant under left multiplication by c.

Proof: Let b€ A. Let b/ := c¢-b. Define measurable functions 3, 3’ : AN—R by
B(a) := pa(b) and B'(a) := pa(b’). We must show that 8= ', fi-e.
Claim 1: Define v: AN— AN by v[ag,a1,a0,...] : = [c-ag, a1, as,...]. Then
W Is y-invariant.
Proof: For any measurable subset U C AY,

pU)] = iEenw)]| = areEW)] % i[EW] & wlul

(D) is by definition of fi. (%) is because Lemma 3.6(b) implies Zoy = T'oE.
(I) is because [ is -invariant. <& Claim 1

Claim 2: For any measurable W C AN / B(w) du[w / B'(w) dpw

Proof: Let U = [b] x W, and let U’ = y(U) = [cb] x W = [t/] x W. Then:

s diw] = U] 5wV = [ A

where (x) is by equation (1), and () is by Claim 1. - <& claim 2
Claim 2 implies 3 = ' (i-ze). In other words, for Vz a € AN, (ia[b] = palch]. O

Proof of Theorem 3.1: If h(p,0) =0, then u is an {e}-measure by Lemma
3.3(c). So assume h(p,0) # 0. Let C be the set of all ¢ € A so that there is

some a € AY and b € A with both [b,a] and [(cb),a] in G (®, 1). Lemma 3.9 says

C # 0, because h(u,o) # 0.

Claim 1: C is a group, and p, is invariant under (left) C-multiplication for

Vﬁ ac AN,

Proof: Lemma 3.8 says that ji is invariant under C-scalar multiplication. Let
D be the group generated by C. Then C C D, and ji is also invariant under
D-scalar multiplication. Lemma 3.10 implies that u, is invariant under (left)
D-multiplication for V; a € AN Tt follows from Lemma 3.7(d) that D C C,
and hence, C = D. <O Clainm 1
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Claim 2: ForVyac Aﬁ, supp (pa) is a (right) coset of C.

Proof:  For V; a € AN Claim 1 implies that supp (ua) is a disjoint union of
cosets of C, and that p, is uniformly distributed on each of these cosets. Let

M = {a e AN ; supp (fta) contains more than one coset of C}.

We claim that u[M] = 0. Suppose not. Then Lemma 3.7(d) implies that

[Mﬂ G]>0. Soletm € M NG, and find elements b, b’ € supp () living in
different cosets, such that [b, m] and [b',m] are both in G (®, u). If ¢ = b= 10/,
then b’ = ¢b, so ¢ € C. But b and b’ are in different cosets of C; hence, ¢ & C.
Contradiction. < claim 2 O

4. Degree of QGCA relative to invariant measures. If p is a ®-invariant
measure, then ® is K-to-1 (u-z) if there is a measurable subset U C A% such that:
[i] pld] =1; [ii] ®'(U)=U; and [iii] Every u € U has exactly K preimages

in Y —de. ‘Z/{ N®~{u}| = K. We will generalize the methods of [1] to prove:

Theorem 4.1. Let ® : AZ— A% be a QGCA, and let p € M (AZ; @;U-erg). Let
N :=|A|. Then 3 K € [1...N] so that h;, (®) =logy(K), and ® is K-to-1 (p-2e).0

Example: Let X be the uniform Bernoulli measure on A%. Then ) is invariant for
any QGCA, hy (®) = log,(N), and ® is N-to-1 (\-z) (set U := A% above). Indeed,
A is the only (®,0)-invariant measure with entropy log, (V). Proposition 1.3 is
proved in [1] by first proving a special case of Theorem 4.1 (when ® is an affine
CA) and then showing that K = N. O

Let € M(A?). If q is any partition of A%, and & is any sigma-algebra, define

mal8) = 3 [ og (E.1QIS]) (0 dufe] @)

Qeq
If ¥: AZ—A? is a continuous transformation (eg. either ® or o), and q is a
partition of A%, and co < £ < n < oo, define U™ (q) := /" _, ¥~™(q). In

m={
particular, let pg be the partition of A% generated by zero-coordinate cylinder sets,
and let ppg ) = alml(pg). Thus, B := Pl—c0,00] 18 the Borel sigma-algebra of AZ.

Let B! := &~ 1(B). If p € M (A% ®), then hy (®) = lim hy, (®,p[_,,), where
P (0.p-r1) = Hy (porart [0 (b)) ).

Lemma 4.2. If®: A2— A% is a QGCA, and p € M (AZ; (I);O'), then hy, (®) =
B (Po ’%1 )

Proof: Let x € A% be an unknown sequence. ® is bipermutative, so knowledge
of ('(x))_,, (for t € [0..T]) determines x(_7_, 14|, and vice versa. Thus we

get an equality of partitions: <I>[0 Tl (p[ ” r]) = Pl_1—r 14 Letting T'—oo yields

an equality of o-algebras: ®[° (p[_r r]) = Plso,00] = B. Applying o1 to
everything yields: ®1] (p[,r’ 1) =@ 1(B) = B'. Thus,
P (©br) 1= Hu (b |00 () ) = Ha (b [B)
[ Hy, (Po ’%1) :

(*) is because ® is bipermutative, so knowledge of ®(x) and x¢ determines x.
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. . 1 1
Thus, hy (®) = Tlggo hy, ((I)’p[—m]) = Thjgo Hy, (Po ‘SB ) = H, (]Jo |% ) =

For any x € A%, let F (x) := @ {®(x)} = {y € A¥; ®(y) = ®(x)}. Hence,
the sets F (x) (for x € A%) are the ‘minimal elements’ of sigma algebra B'. The
conditional expectation operator E, [o |%1] defines fibre measures p (for ¥, x €
A?) with three properties:

(F1) For any measurable U C A% and for ¥, x € A, x(U) =E, [U|B'] (x).

(F2) For any fixed x € A%, puy is a probability measure on A%, and supp (px) =
F (x).

(F3) Fog ;ny fixed measurable U C AZ, the function A% 3 x — ux(U) € R is
Bl-measurable. Hence, pyx = piy for any y € F (x).

Our goal is to show that there is some constant K and, for ¥, x € AZ | there is
a subset £ C F (x) of cardinality K so that py is uniformly distributed on &.
Lemma 4.3. For any measurable U C A% and for ¥V, x € A%, ux (c7*(U)) =
Ho (x) (U)

Proof: ~ For V, x € A%, (F1) says ux (c7'(U)) = E, [¢7*(U)|B'] (x) and
liox)(U) = E, [U|B'] (6(x)). We must show that E, [c~(U) |B'] (x) =

E. [U|®B'] (¢(x)), for V, x € A% Now, E, [c7!(U) |B'] and E, !

LB OB 0 d = [ B [U]B] (060) dulxl

But [ B o7 ()9 ) dix] 5 [ L0 dul
— wBnolW)] 5 ulemnu = [ oy L) ]

® /G(B)Eu [U[®8'] (x) dulx'] = /BE“ [U[8] (0(x)) dulx],

as desired. Here (E) is the definition of conditional expectation, (I) is because
is o-invariant, and (S) is the substitution X’ = o (x) (because p is o-invariant). O
For any x € A%, let n(x) = px{x}. Thus, if y € A% is an unknown, su-
random sequence, then 7(x) is the conditional probability that y = x, given that

P(y) = ¢(x).

Lemma 4.4. (a) 7 is o-invariant (u-e).

(b) If p€ M (A% o-ee), then 3 H € R so that n(x) = H, forV, x € A%
(¢) Ifpem (AZ; d; a-erg), then:
[i] n is ®-invariant (u-2e); and [ii] h, (®) = —log,(H).

Proof: (a) n(0(x) = tepolo(®)} = px (0o (x)}) = px{x} = n(x).
(¥) is Lemma 4.3. (1) is because o is invertible on AZ. Parts (b) and (c)li]
follow.

(c)[ii]: Claim 1: For all P € po, and forV,x€ P, E,[P|B'](x) = H.

Proof:  E, [P[B'] (x) 7= 1x(P) 55 ix (P ﬁf(x)) = px{x} = n(x) = H.
(b) is by part (b). (t) is because, if x € P € pg, then PNF (x) = {x} (because
® is bipermutative, so any y € F (x) is determined by yo. But if y € P, then
Yo = Zo, SO Y = X). <& Clain 1
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Thus, hy(®) = — 3 /P tog, (B, [P|']) (x) dx]

Pepo
- -3 /P logy(H) du = —log,(H).
Pepo
(*) is by Lemma 4.2 and eqn.(2). (}) is by Claim 1. |

We must now show that H = - for some K. Let N := |A|, and identify A
with the group Z,y in an arbitrary way. Define 7 : AZ— A” as follows. For any
x € A%, 7(x) =y, where y is the unique element in F (x) such that yo = z¢ + 1
(mod N). Existence/uniqueness of y follows from bipermutativity.

Note that 7(p) # u, so a statement which is true p-se may not be true 7(u)-ze.

For example, Lemma 4.4(c)[i] does not imply n (<I> {T(X)]) =7 (T(X)) for v, x.
For any n € Z/y, let E,, := {x c A% ;g (T"(x)) > 0}. Let pp, :=7" (1g, - p).

Lemma 4.5. Let p € M (.AN; D; U-erg), Then for anyn € Z,n, the following hold:
(a) oy is absolutely continuous relative to .
(b) n is ®-invariant ().
(c) ForV,x€eE,, nx) =n (T”(X))

Proof: (a) Let Z C A” be Borel-measurable. If u[Z] = 0, we must show /i,,[Z] = 0.
Claim 1: ForV,ze 7 "(Z), n(r"(z)) =0; hencez ¢ E,.
Proof: n(m"(2)) = per@{7"(2)} 7= pH{7"(2)} s pzZ] = 0.
(*) is because z € 77"(Z), so 7""(z) € Z. (1) is because [, px[Z] du[x] =
wZ] = 0, hence pux[Z] =0, forV, x € AZ. <& claim 1
Hence pn[Z] = (Ig, -p) [t ™(2)] = plr~™(Z)NE,] 0, where (x) is
Claim 1.
(b) Part (a) means that “u-g” implies “u,-2”. Now invoke Lemma 4.4(c)[i].

© 1 = n(oK) = w(e[®]) 5 0 (7). Herwe (1) is

Lemma 4.4(c)[i], (*) is because 7"(x) € F (x), and ((;)) is by part (b). O
Now, let £(x) :={y € F (x) ; n(y) > 0}.

Corollary 4.6. ForV, x € A%,y is equidistributed on E(x). If |E(x)| = K,

then ux{y} = % for ally € £(x). Hence, n(x) = +.

Proofs 1mspx (F(0) = > mxdyt s Y. 0(x) = K n(x), 50 n(x) = %,
YEF (%) ye&(x)

To see (%), let y € F (x). Then px{y} = uy{y} =n(y). If y & £(x), then

n(y) =0. Ify € £(x), let y = 7"(x) for n € Z,5. Then x € E,,, so 1(y) = n(x)

by Lemma 4.5(c). O

©

Corollary 4.7. There exists K € [1..N] so that, for ¥V, x € AZ, |E(x)| = K,
and so that px{y} = % for ally € £(x). Thus, h, (®) = log,(K).

Proof:  Corollary 4.6 implies that H = % in Lemma 4.4(b). Now apply Lemma
4.4(c)|[ii]. O
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Proof of Theorem 4.1:  Let U := {x € A%; |£(x)| = K}. Then Corollary 4.7
says u(U) = 1. Since p is ®-invariant, it follows that u(®~1(U)) = 1 also; hence
o~1(U) T U

Thus, for V, u € U, there is some x € U so that ®(x) = u. But then
O l(u) = F(x),s0 7 Hu)NnU = F(x)NU = E(x) is a set of cardinality K,
by definition of U. O

5. Endomorphic Cellular Automata. A group shift is a sequence space AZ
equipped with a topological group structure such that o is a group automorphism.
Equivalently, the multiplication operation e on A% is defined by some local mul-
tiplication map 1 : Al=t71 x Al=671— A so that, if a,b € A% and ¢ = a e b,
then ¢ = Y(a—g,...,ar; b_y,...,b.). The most obvious group shift is a product
group, where A is a finite group and multiplication on A is defined componentwise.
However, this is not the only group shift [6].

An endomorphic cellular automaton (ECA) is a cellular automaton ® : A% — A%
which is also a group endomorphism of A%. For example, it is easy to verify:

Proposition 5.1. Let (A, +) be an additive abelian group. Let AZ be the product
group. Let ® : AZ—A” be a RNNCA, with local map ¢ : ALY — A, Then:

(a) @ is an ECA if and only if ¢(ag,a1) = ¢o(ag) + ¢1(a1), where ¢g, b1 are
endomorphisms of A.

(b) ® is bipermutative if and only if ¢po and ¢y are automorphisms of A. O

A beca is a bipermutative, right-sided, nearest-neighbour endomorphic cellular
automaton. Let M (.AZ; <I>;a-t0t) be the set of ®-invariant and totally o-ergodic
measures on AZ. If G is a group, let Aut (G) be the automorphism group of G. If
Y € Aut (G) (eg. G = A% and ¢ = o) then “H <G” means H C G is a ¢-invariant
subgroup of G. Say G is ¢-primitive if there aré5 no proper nontrivial H j G. The

main result of this section is:

Theorem 5.2. Let A% be a group shift and let ®: AZ— A% be a beca such that
ker(®) is o-primitive. If p € M (A% ®;0-wt), and hy, (®) > 0, then p = \. O

Recall from §4 that if x € A%, then F (x) := &~ 1{®(x)}.

Lemma 5.3. Let ® : AZ——A” be a beca on a group shift. Let K := ker(®).

(a) Foranyxe A%, F(x)=xeKk.

(b) Let e € AZ be the identity element. Then e is a constant sequence —ie.
there is some e € A so that e = (....,e e e, ....).

(c) K< A% Also, if k € K, then k is entirely determined by k.

(d) There is a natural bijection ¢ : A—K, where ([a] is the unique k € K with
ko = a. In particular, (le] = e.

(e) There is a permutation p : A—A so that 0 o ( = (o p. In particular,
ple) =e.

Hence, every element of K is P-periodic, for some P < |Al.

(£) Any J <K is thus a disjoint union of periodic o-orbits.

(g) ( AN\ {e} consists of a single p-orbit ) — ( K is o-primitive ) .
Proof: ~ (a) is a basic property of group homomorphisms. For (b) recall that

o € Aut (A%), so o(e) = e, so e must be constant. (c) follows from (b) because
® is bipermutative. Then (¢) = (d) = () = (f) = (g). O
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If (A, +) is abelian and .A? is the product group, then Lemma 5.3 takes the form:

Lemma 5.4. Let (A,+) be an abelian group. Let A” be the product group. Let
@ : AZ—— A% be a beca and let K := ker(®).

(a) Foranyxe A%, F(x)=x+K.

(b) The map ¢ : A—K in Lemma 5.3(d) is a group isomorphism.

(c) p € Aut(A), in Lemma 5.3(e). To be precise, suppose ® has local map
#(ao,a1) = ¢olag) + ¢1(a1), where ¢o,$1 € Aut (A), as in Proposition 5.1(b).
Then p = _¢f1 ° ¢p.

(d) If J <K, then T = ((B), for some B < A.

o p

(e) ( A is p-primitive ) = ( K is o-primitive )

Proof:  (b) To see that ¢ is a group homomorphism, suppose k = ((a) and
k' = ((a’). Let j = k+ k' and let i = ((a + a’); we must show j = i. The

operation on K is componentwise addition, so jo = ko + k), = a + da’ = .
Then Lemma 5.3(c) implies i = j. Hence, ¢ is a homomorphism, and thus, an
isomorphism (it is bijective). All other claims follow. O

Let 1 be as in §4, and for any k € I, let Ey, = {X € A2 ; n(xek) > O}.

Lemma 5.5. Suppose p € M (AN; d; (f—efg). For any k € K, the following hold:
(a) o0(Ex) 5 Eq. (b) Thus, if o (k) =k, then o (Ex) 7 Ex.

Proof: (a) ForV,xe€Ex, 0 < n(xek) = (O’(X . k)) =1 (O’(X) . O'(k)),
and thus, o(x) € E,(). Hence o(Ex) c E,(). By symmetric reasoning,
"
Eou ¢ o (Ex).
To see (x), define pyc € M(A*) by px[U] := p [Ex N (U ek~ 1)]. Then sy is
absolutely continuous with respect to u, by reasoning similar to Lemma 4.5(a);
hence 7 is o-invariant (ux-2¢), by reasoning similar to Lemma 4.5(b). O

Corollary 5.6. For any x € A%, let £(x) := {y € F(x) ; n(y) > 0} as in §4. If
uweM (.AZ; @;U-tot), then there exists J < K so that, for ¥, x € A2, E(x) =
xeJ. 7
Proof: Define J :={k € £ ; u(Eyx) > 0}.
Claim 1: Foranyje J, p(E;) =1
Proof: Lemma 5.3(e) yields P € N so that ¥ (j) = j. Then Lemma 5.5(b) says
that o (E;) = E;j. But p is oF-ergodic; hence u(E;) = 1. <& claim 1
Claim 2: ForV,xe A%, £&(x)=xeJ.
Proof:  E(x) = {xek; k€K, x € Ex}, so we must show: for V, x € A%,
and all k € K, (xe Ek) — (ke j). Now, [Uke,c\:,Ek} -0, by

definition of 7, and pu {ﬂjej Ej} = 1, by Claim 1. Thus, for V, x € AL we

have x € ﬂ E; \ U Ey. <& claim 2
jeg kek\J
Let U := E. = {x € A% ; n(x) > 0}.

Claim 3: If k € K, then (kej) — (u-kgu).
Proof: (kej) AN (M[Ek]zl) & (,u[UﬂEk]:1> VAN
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o

(Forvuueu,n(uOk)>0) = (Forvuueu,u0k€U> =

(Llok - u ) Here () is by Claim 1, (f) is by definition of J, (f) is by
definition of Ey, and (¢) is by definition of I. <& Clain 3
Claim 4: J is a subgroup of K.
Proof: Let j1,j2 € J, and j := jieja. Claim 3 sayslUej = (LUej;)ejs c Uejo c U.
Claim 3 then says j € J. Thus J is closed under ‘e’; being ﬁﬁite7 j#is a
subgroup. <& Clainm 4

To see that 0~1(J) = J, let k € K. Then (kej) <L (M[Ek]zl)
PR (M[O’(Ek)]zl) VI (M[Ec,(k)]zl) PR (U(k)ej) =

( keo }J) ) Here, (1) is by Claim 1, (x) is because p is o-invariant, and (1)
is by Lemma 5.5(a). O

Corollary 5.7. Let J :=|J|. Then h, (®) =log(J), and ® is J-to-1 (u-z).
Proof: Combine Corollary 5.6 with Corollary 4.7. O

Proof of Theorem 5.2:  If h, (®) > 0, then Corollary 5.7 says |J| > 1. But
J <K, and K is o-primitive, so J = K. Thus, |J| = |K] = |A|, where (x) is
by Lemma 5.3(d). Thus, h, (o) = hu (®) = log |A|, which means u = A. Here

(*) is by Lemma 2.3(f) and (1) is by Corollary 5.7. O

Lemmas 5.3(g) and 5.4(e) characterize when K is o-primitive. For example, let
p € N be prime, and A := (Z/p)N for some N > 0. Then A is a vector space
over the field Z,,, and p : A—A is a group automorphism iff p is a Z,-linear
automorphism. Thus, p can be described by an N x N matrix M of coefficients
in Z;,. Furthermore, B C A is a (p-invariant) subgroup iff B is a (p-invariant)
subspace. The p-invariant subspaces in A are described by the rational canonical
form [2, §12.2] of p, which is a matrix M, similar to M, of the form

M; ... 0
M= | : . |, where forall £ e[l.L], My = ,
0 ... Mg
(for some ry, > 0 and me1, ..., My, € Zj,, and where Id is an identity matrix).

Each component matrix M, corresponds to a p-invariant subspace of 4. We say
p € Aut (A) is simple if its rational canonical form has only one component.

Lemma 5.8. ( p is simple ) = ( A is p-primitive. ) O

Corollary 5.9. Let A= (Z;,)N. Let A” be the product group. Let ® : A*— A%
be a beca with local map d(ag,a1) = ¢olao) + ¢1(ar). If p= —p7 ' o ¢g is simple,
then the conclusion of Theorem 5.2 holds.

Proof: Combine Lemma 5.8 with parts (c) and (e) of Lemma 5.4. O

Example 5.10: Let A = (Z/7)4, and let ¢(ag,a1) = ¢o(ag) + a1, where ¢g has
matrix

o O = O
o= OO
= o O O
e
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Thus, p = —¢¢ is simple. Hence, if p € M (AZ;CD;J-W) and h, (®) > 0, then
w= A &
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