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some ‘alternative’ (e.g. a policy, a verdict, a president) from some
menu of possibilities.

◮ Problem: Different voters have different preferences and/or beliefs;
hence they do not agree on the right choice.

◮ Social choice theory asks: what are good (democratic) methods to
‘aggregate’ the beliefs or preferences of the voters, to arrive at a
collective decision which is ‘fair’, ‘just’, ‘rational’, etc. ?

◮ Also, what can wrong with these methods?
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Let σ : I−→I be a permutation. For any v ∈ {±1}I , define σ(v) := v′,
where v ′

i := vσ(i) for all i ∈ I.
A voting rule F is anonymous if F (σ(v)) = F (v) for all v ∈ {±1}I and
permutations σ. (Thus, all voters are treated the same).
For any v ∈ {±1}I , we get profile −v if every voter reverses her opinion.
A voting rule F is neutral if F (−v) = −F (v) for all v ∈ {±1}I . (Thus, the
alternatives +1 and −1 are treated the same).
Finally, the rule F is monotone if the following is true: for all v,w ∈ {±1}I
if vi ≥ wi for all i ∈ I, then F (v) ≥ F (w).
Theorem (May, 1952) Majority vote is the only binary voting rule which is
anonymous, neutral, and monotone.
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This is Marie Jean Antoine Nicolas de Caritat,
the Marquis de Condorcet (1743-1794), a French
mathematician, philosopher, and visionary social
reformer, and a pioneer of social choice theory.

Condorcet observed that majority vote was a good rule for two alternatives,
but plurality vote was a bad rule for more than two alternatives.
He suggested that society determine the ‘social preference order’ by using
majority vote to decide between every possible pair of alternatives.
This is called pairwise majority vote.
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However, as Condorcet himself discovered, pairwise majority vote
sometimes produces paradoxical outcomes....
For example, consider the following profile:

Condorcet Pairwise Votes

Preferences # A≻B B≻A B≻C C≻B A≻C C≻A

A≻B≻C 33 33 33 33
B≻C≻A 33 33 33 33
C≻A≻B 34 34 34 34

Total 100 67 33 66 34 33 67

Verdict: A≻B B≻C C≻A

◮ 67% of the voters prefer A to B.
◮ 66% of the voters prefer B to C.
◮ 67% of the voters prefer C to A.

The majority’s apparently ‘cyclical’ preference ordering

· · · ≻ A ≻ B ≻ C ≻ A ≻ B ≻ C ≻ A ≻ B ≻ C ≻ A ≻ B ≻ C ≻ · · ·
is called a Condorcet cycle.
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(i.e. a complete digraph with vertex set A).

◮ Thus, a preference order is just a transitive tournament.
◮ The Condorcet paradox shows that applying pairwise majority vote to

a profile of preference orders can yield an intransitive tournament.
◮ In fact, the news is much worse than that...
◮ Theorem. (McGarvey, 1953) For any tournament (≺) on A, there

exists a profile of voters (each with a transitive preference order), such
that the outcome of pairwise majority vote is (≺).

◮ In other words, pairwise majority vote can yield any possible
paradoxical outcome.

◮ Thus, plurality rule and pairwise majority vote are both unsatisfactory.
There is now a vast literature about other, better ‘preference
aggregation rules’, each with various strengths and weaknesses (e.g.
the Borda rule, the Kemeny rule, approval voting, range voting, etc.)

◮ However, we will now turn to a completely different social choice
problem...



Judgement aggregation (8/37)

◮ Let K be a set of propositions.



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K.



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters.



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters. For each n ∈ N , let yn ∈ X be the
judgement of voter n.



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters. For each n ∈ N , let yn ∈ X be the
judgement of voter n. We wish to aggregate the individual judgements
{yn}n∈N into a collective judgement in X —this is the problem of
judgement aggregation.



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters. For each n ∈ N , let yn ∈ X be the
judgement of voter n. We wish to aggregate the individual judgements
{yn}n∈N into a collective judgement in X —this is the problem of
judgement aggregation.

◮ Define the profile µ : X−→R+ by µ(x) :=
1

N
#{n ∈ N ; yn = x}, for all

x ∈ X .



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters. For each n ∈ N , let yn ∈ X be the
judgement of voter n. We wish to aggregate the individual judgements
{yn}n∈N into a collective judgement in X —this is the problem of
judgement aggregation.

◮ Define the profile µ : X−→R+ by µ(x) :=
1

N
#{n ∈ N ; yn = x}, for all

x ∈ X . (Thus,
∑

x∈X

µ(x) = 1; so µ is a ‘probability measure’ on X ).



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters. For each n ∈ N , let yn ∈ X be the
judgement of voter n. We wish to aggregate the individual judgements
{yn}n∈N into a collective judgement in X —this is the problem of
judgement aggregation.

◮ Define the profile µ : X−→R+ by µ(x) :=
1

N
#{n ∈ N ; yn = x}, for all

x ∈ X . (Thus,
∑

x∈X

µ(x) = 1; so µ is a ‘probability measure’ on X ).

◮ Let ∆(X ) denote the space of all profiles on X .



Judgement aggregation (8/37)

◮ Let K be a set of propositions. A judgement is a vector x = (xk)k∈K,
which assigns a truth value xk of either ‘true’ (+1) or ‘false’ (-1) to
each proposition k ∈ K.

◮ Thus, the space of all judgements is {±1}K (the Hamming cube).
◮ However, not all judgements are feasible (e.g. logically consistent), due

to logical constraints between the elements of K. Let X ⊆ {±1}K be
the set of feasible judgements. (We call X a judgement space.)

◮ Let N be a set of voters. For each n ∈ N , let yn ∈ X be the
judgement of voter n. We wish to aggregate the individual judgements
{yn}n∈N into a collective judgement in X —this is the problem of
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1

N
#{n ∈ N ; yn = x}, for all

x ∈ X . (Thus,
∑

x∈X

µ(x) = 1; so µ is a ‘probability measure’ on X ).

◮ Let ∆(X ) denote the space of all profiles on X .
◮ We call the data (X , µ) a judgement aggregation problem.
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Example. (Truth-functional aggregation)
Let J ∈ N, and let f : {±1}J−→{±1} be some ‘truth function’.
Let K := [1 . . . J+1], and define
Xf :=

{
x ∈ {±1}K ; xJ+1 = f (x1, . . . , xJ)

}
.

Thus, Xf is the set of all logically consistent assignments of truth-values to
the ‘premises’ (x1, . . . , xJ) and the ‘conclusion’ xJ+1.
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◮ Define Maj(µ) ∈ {±1}K as follows: for all k ∈ K,

Maj(µ)k :=





1 if µ̃k > 0;
−1 if µ̃k < 0;

undefined if µ̃k = 0.

This is called propositionwise majority vote.
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May’s theorem is a strong argument for ‘majoritarian’ social choice.
Propositionwise majority vote is the ‘obvious’ majoritarian judgement
aggregation rule.
Unfortunately, it is susceptible to paradoxical outcomes similar to the
Condorcet paradox. For example, let p and q be two statements, and let
K := {p, q, p&q}. Consider the following profile of three voters:

# p q p&q
Alice T T T
Bob T F F
Carl F T F

Majority T T F ←− Contradiction

This is called the doctrinal paradox (Kornhauser & Sager, 1986) or the
discursive dilemma (List & Pettit, 2002).
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In fact, preference aggregation is a special case of judgement aggregation,
and the Condorcet paradox is a special case of the doctrinal paradox.
To see this, let A be a set with |A| ≥ 3. Let K ⊂ A×A be a subset
containing exactly one of (a, b) or (b, a) for each a 6= b ∈ A;
Any element x ∈ {±1}K defines a tournament ≺

x
on [1 . . .A], where a ≺

x
b

if and only if x(a,b) = 1 or x(b,a) = −1.

Let X pr

A ⊂ {±1}K be the set of all transitive tournaments —i.e. strict
preference relations on A. (X pr

A is called the permutahedron.)
Propositionwise majority vote on X pr

A is thus equivalent to Condorcet’s
pairwise majority vote: define a collective preference order by using majority
rule to decide questions of the form, “Is a ≺ b?” for all a, b ∈ [1 . . .A].
In this setting, the ‘doctrinal paradox’ takes the following form:

# a ≺ b b ≺ c a ≺ c
Alice (a ≺ b ≺ c) T T T
Bob (c ≺ a ≺ b) T F F
Carl (b ≺ c ≺ a) F T F

Majority T T F ←− a ≺ b ≺ c ≺ a (a cycle)
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(b) The following are equivalent:

(b1) X is McGarvey;
(b2) 0 ∈ int [conv (X )];
(b3) For every nonzero z ∈ RK, there exists x ∈ X with z • x > 0.
(b4) span(X ) = RK, and 0 is a strictly positive convex combination of

elements of X .
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In particular, Maj(X ) \ X is the range of possible ‘voting paradoxes’ which
can occur under propositionwise majority vote.
We say X is McGarvey if Maj(X ) = {±1}K. (‘Every paradox is possible’)
Question: What spaces are McGarvey?
For all x ∈ {±1}K, let Ox be the open orthant of RK containing x.
Theorem 1. Let X ⊂ {±1}K. Then

(a) Maj(X ) =
{
x ∈ {±1}K ; Ox ∩ conv(X ) 6= ∅

}
.

(b) The following are equivalent:

(b1) X is McGarvey;
(b2) 0 ∈ int [conv (X )];
(b3) For every nonzero z ∈ RK, there exists x ∈ X with z • x > 0.
(b4) span(X ) = RK, and 0 is a strictly positive convex combination of

elements of X .
(b5) cone(X ) = RK.
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Next consider the ‘truth functional’ judgement space:
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{
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}
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A convexity on K is a collection C of subsets of K such that ∅ ∈ C, and
K ∈ C, and C is closed under intersections.

Example. A metric graph is a graph where each edge is assigned a positive
real number specifying its ‘length’.
Let K be the vertices of a metric graph. For any j , k ∈ K, a geodesic
between j and k is a minimal-length path from j to k .
A subset C ⊆ K is convex if it contains all the geodesics between any pair
of points in C.
The set C of all convex subsets of K is then a convexity structure on K.
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For any J ⊆ K, define χ
J ∈ {±1}K by χJ

j := 1 for all j ∈ J and

χJ
k := −1 for all k ∈ K \ J .

Given a convexity structure C on K, let XC :=
{
χ
C ; C ∈ C

}
.

Judgement aggregation on XC is the problem of democratically selecting a
convex subset of K.
(This problem arises, for example, when a jury wishes to award prizes to
some selected subset of contestants according to some ‘quality metric’, or
when an expert committee tries to classify an unfamiliar entity within a
taxonomic hierarchy.)

Proposition 2. Let C be a convexity on K, and let XC be as above.

(a) For any J ⊆ K,(
χ
J ∈ Maj(XC)

)
⇐⇒

(
J is a union of elements of C

)
.

(b) Thus, XC is McGarvey if and only if C includes all the singleton subsets
of K.

(For example, the metric graph convexity is McGarvey.)
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For any X ⊂ RK, the symmetry group of X is the set ΓX of all invertible
linear transformations γ : RK−→RK such that γ(X ) = X .
Let Fix [ΓX ] := {r ∈ RK; γ(r) = r for all γ ∈ Γ}.
(For example, 0 ∈ Fix [ΓX ], because γ(0) = 0 for any linear transformation
γ : RK−→RK.)

Proposition 3. Let X ⊂ {±1}K and suppose span(X ) = RK.

(a) If Fix [ΓX ] = {0}, then X is McGarvey.

(b) In particular, if −X = X , then X is McGarvey.

Clearly, X cannot be McGarvey unless span(X ) = RK. Advantage of
Proposition 3 over Theorem 1(b2): it is easier to verify that span(X ) = RK

than to verify that 0 ∈ int [conv (X )]. The next result is often sufficient.

Lemma 4. Let X ⊆ {±1}K. Suppose, for every j ∈ K, there exist x, y ∈ X
such that xj 6= yj , but xk = yk for all k ∈ K \ {j}. Then span(X ) = RK.
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◮ Let A be a set with |A| ≥ 3.

◮ Let K ⊂ A×A be a subset containing exactly one of (a, b) or (b, a)
for each a 6= b ∈ A; thus, {±1}K represents the set of all
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◮ Let X pr

A ⊂ {±1}K be the space of preference orders on A.

◮ For any (a, b) ∈ K, there exist x, y ∈ X pr
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and y agree in every other coordinate.
(Example:

◮ let x represent an ordering of the form a ≺ b ≺ c3 ≺ c4 ≺ · · · ≺ cN ,
◮ let y represent the ordering b ≺ a ≺ c3 ≺ c4 ≺ · · · ≺ cN .)

◮ Thus, Lemma 4 implies that span(X pr

A ) = RK.

◮ Clearly, −X pr

A = X pr

A (if x represents the ordering a1 ≺ a2 ≺ · · · ≺ aN ,
then −x represents the ordering a1 ≻ a2 ≻ · · · ≻ aN).

◮ Thus, Proposition 3(b) yields McGarvey’s original result: X pr

A is
McGarvey.
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Every additively separable preference relation is separable (but not
conversely).
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◮ (However Hollard & le Breton (1996) and Vidu (1999) showed that
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A .)

◮ Explanation: X sep

A has many ‘redundant’ coordinates, which always
agree in value because of the separability constraints.
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◮ Can be shown: Maj(X sep

A ) = X sep

A ; thus, X sepr

A and X add

A are not
McGarvey.

◮ (However Hollard & le Breton (1996) and Vidu (1999) showed that
Maj(X sepr

A ) = X sep

A .)

◮ Explanation: X sep

A has many ‘redundant’ coordinates, which always
agree in value because of the separability constraints.

◮ Idea: Eliminate redundant coordinates, to obtain a subset K̃ ⊂ K such
that no two coordinates of K̃ are related by separability constraints.
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X sepr

A ⊂ X sep
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X add
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A is the space of additively separable preferences,

K̃ ⊂ K is ‘nonredundant’ set of coordinates.

◮ Let πeK
: {±1}K−→{±1}eK be the coordinate projection

◮ The restriction πeK
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A −→{±1}eK is a bijection.

◮ Let X̃ sepr

A := πeK
(X sepr

A ) and X̃ add

A := πeK
(X add

A ).

◮ We have −X̃ add

A = X̃ add

A , because −X add

A = X add

A . (If x ∈ X add

A

represents the preference order “≻” defined by utility functions
u1, . . . , uL, then −x ∈ X add

A represents the reversed preference order
“≺”, which is defined by utility functions −u1, . . . ,−uL).

◮ Can use Lemma 4 to show that span(X̃ add

A ) = R
eK.

◮ Thus, Proposition 3(b) says Maj(X̃ add
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Corollary: Maj(X̃ sepr

A ) = {±1}eK (result of Hollard, le Breton & Vidu).
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Let A and K be as in previous examples.
Let ΠA be the group of all permutations of A; then ΠA acts on the set of
tournaments on A by permuting vertices in the obvious way.
Let T be a collection of tournaments on A.
Say T is symmetric if π(T ) = T for all π ∈ ΠA.
For any x ∈ {±1}K, let Tx be the tournament defined by x.
Define XT :=

{
x ∈ {±1}K ; Tx ∈ T

}
.

Any tournament T ∈ T can be seen as a digraph. A directed Eulerian
circuit on T is a closed directed path through T which crosses every
directed edge (in the correct direction) exactly once.
Well-known known fact: (T admits a directed Eulerian circuit) ⇐⇒
(In-degreea(T) = Out-degreea(T) for every a ∈ A).
Theorem (Shelah, 2009) Suppose |A| ≥ 3. Let T be a symmetric set of
tournaments on A. Then(
XT is McGarvey

)
⇐⇒

(
∃T ∈ T with no directed Eulerian circuit

)
.

We can derive Shelah’s result as an easy consequence of Proposition 3(a).
(Most of the work: showing that RHS implies that span(XT ) = RK.)
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◮ Let 1 := (1, 1, . . . , 1) ∈ RK.
Let R1 ⊂ RK be the linear subspace it spans.

◮ Proposition 5. Let X ⊂ {±1}K and suppose Fix [ΓX ] ⊆ R1. Then X
is McGarvey if and only if span(X ) = RK and there exist
r < 0 < t ∈ R such that r1, t1 ∈ conv(X ).

◮ A coordinate permutation of RK is a linear map γ : RK−→RK which
maps any vector (rk)k∈K ∈ RK to the vector (rπ(k))k∈K, for some fixed
permutation π : K−→K.

◮ The set of all coordinate permutations in ΓX forms a subgroup, which
is isomorphic to a group ΠX of permutations on K in obvious way.

◮ ΠX is transitive if, for any j , k ∈ K, there ∃ π ∈ ΠX with π(j) = k .

◮ For any x ∈ {±1}K, recall #(x) := #{k ∈ K ; xk = 1}.
◮ Corollary 6. Let X ⊂ {±1}K and suppose ΠX is transitive.
X is McGarvey if and only if span(X ) = RK and there exist x, y ∈ X
with #(x) < K/2 < #(y).
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A

Proof. 1 represents the ‘complete’ relation “∼” such that n ∼ m for all
n, m ∈ N , whereas −1 represents the ‘trivial’ relation such that n 6∼ m for
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Claims A, B and C and Corollary 6 imply that X eq
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This would greatly diminish its practical relevance.

Question. What is the smallest number of voters required to realize the
McGarvey property of X ?

For any N ∈ N, let

∆∗
N (X ) :=

{
µ ∈ ∆(X ) ; ∀ x ∈ X , µ(x) =

n

N
for some n ∈ [0 . . .N]

}
.

= {profiles which can be generated by a population of exactly N voters}.
The Stearns number S(X ) is the smallest integer such that, for any
x ∈ {±1}K, there exists N ≤ S(X ) and µ ∈ ∆∗

N (X ) with Maj(µ) = x.
(S(X ) :=∞ if X is not McGarvey).

Example. Let A := |A|. Stearns (1959) showed that
0.55 · A/ log(A) ≤ S(X pr

A ) ≤ A + 2, while Erdös and Moser (1964) showed
that S(X pr

A ) = Θ(A/ log(A)).
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◮ Theorem 7 For any X ⊆ {±1}K, we have
σ(X ) ≤ S(X ) ≤ 4(K + 1)σ(X ).

◮ The upper bound in Theorem 7 is an overestimate.

◮ For example, Alon (2002) has shown that σ(X pr

A ) = Θ(
√

A); and in
the case of X pr

A , we have K := A(A− 1)/2; thus Theorem 7 yields
S(X pr

A ) ≤ O(A5/2), which is much worse than the estimate of
Θ(A/ log(A)) obtained by Erdös and Moser (1964).

◮ We can improve the estimate in Theorem 7, by making further
assumptions about the structure of X .
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by Alon and Vũ (1997) for the inverses of {0, 1}-matrices. They imply that
the Stearns numbers of some McGarvey spaces can be extremely large.



Estimates of the Stearns Number (30/37)

For any x1, . . . , xK ∈ {±1}K, let

δ(x1, . . . , xK ) := min {‖c‖∞ ; c ∈ conv(x1, . . . , xK )}.
Then let δ(X ) := min{δ(x1, . . . , xK ); x1, . . . , xK ∈ X and

0 6∈ conv(x1, . . . , xK )}.
Finally, let δ(K ) := δ({±1}K ).
Proposition 8. Let X ⊂ {±1}K.

(a) If X is McGarvey, then σ(X ) ≤ ⌈1/δ(X )⌉.
(b) For every McGarvey X ⊆ {±1}K, we have S(X ) ≤ 4(K + 1) ⌈1/δ(K )⌉.

However, there exist McGarvey X ⊂ {±1}K with S(X ) ≥ 1/δ(K ).

(c)
KK/2
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≤ 1

δ(K )
≤ K 2+K/2

2K−1
.

The inequalities in Proposition 8(c) are derived from inequalities obtained
by Alon and Vũ (1997) for the inverses of {0, 1}-matrices. They imply that
the Stearns numbers of some McGarvey spaces can be extremely large.
However, for the McGarvey spaces typically encountered in practice, the
Stearns numbers are often much smaller, as we now illustrate...
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Also, for all {n, m} ∈ K, χ
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A (it represents the equivalence
relation such that n ∼ m, but no other pair of elements are equivalent).
Thus, Proposition 9 says X eq

A is McGarvey, and
S(X eq

A ) ≤ N(N − 1)− 3.
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This seems obvious. But random polytopes in {±1}K have stochastically
‘thick’ boundaries. There is a big difference between “generically,
0 ∈ conv(X )” and “generically, 0 ∈ int [conv (X )]”.
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