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Many ethical/political dilemmas involve trade-offs between the
happiness or well-being of different individuals. How should we make
these trade-offs?

One approach: Assume certain kinds of interpersonal comparisons of
well-being are possible, (e.g. ‘ordinal level comparisons’, ‘cardinal
difference comparisons’, etc.). Then certain normatively attractive
axioms (e.g. anonymity, separability, etc.) suggest particular social
welfare orders (e.g. leximin, Nash, utilitarian), which tell us how to
make the trade-offs. This approach originates with Sen (1970).
Problem. It is not clear how (or even if) one can compare the
happiness/well-being of two individuals.

One response is to reject interpersonal comparisons altogether, and
insist that only Pareto optimality is meaningful (Robbins, 1935).
Another approach is to ‘operationalize’ interpersonal comparisons using
money —e.g. through financial ‘compensation’ (Kaldor-Hicks, 1939)
or ‘willingness to pay’ (Groves 1973; Clarke 1971). But utility varies
nonlinearly with wealth, and varies differently for different people.
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» This is especially clear in intertemporal wealth transfer: we save
(borrow) money because we believe our future self will derive more
(less) utility from it than our present self.

> In fact, we often choose between different future selves (e.g. 'l will be
happier if | go to university and get an education.’). How can we make
such choices without interpersonal comparisons?
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» We also have metapreferences (preferences over preferences —e.g. 'l
wish | wasn't addicted to cigarettes’, ‘I wish | could enjoy
Shostakovich'). These can only be understood as ‘interpersonal’
preferences, or interpersonal welfare rankings.

» On the other hand, these preferences (or welfare rankings) may be
incomplete, because:

» Some interpersonal comparisons may be impossible (e.g. between
psychologically disparate individuals).

» Our definition of ‘welfare’ may yield an incomplete ranking, even for a
single individual (e.g. Sen's (1985) ‘functionings and capabilities').

» Goals: (1) Construct a mathematical model of ‘approximate’
interpersonal comparisons.

» (2) Use these approximate comparisons to construct ‘approximate’
social welfare orders.
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¢ € ® encodes all information about a person’s health, wealth,
location, consumption bundle, sense-data, and other physical
circumstances.

> Let W be a space of possible ‘psychological types'. An element ¢y € W
encodes all information about a person’s personality, preferences,
knowledge, beliefs, abilities, memories, mood, etc. (e.g. the complete
structure and state of her brain).

» Each person’s psychophysical state is thus an ordered pair (1, ¢), an
element of the Cartesian product W x .

» Each ) € W defines a preorder (%) over U x .

(A preorder is a transitive, reflexive, (possibly incomplete) binary relation.)
> (%) restricted to {1} x ® is a ¥-type individual's preference/welfare

ordering over personal physical states (we assume it is ‘accurate’).
> (%) on the rest of ¥ x ® is a ¢-type individual's (interpersonal)

ranking of psychophysical states (which may be inaccurate).
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Model: Interpersonal preorders

An interpersonal preorder is a preorder ( =) on W x ® which encodes
whatever objective interpersonal comparisons of welfare can be made.
Thus, “(¢1, ¢1) = (2, ¢2)" means “Objectively, the psychophysical state
(11, ¢1) has greater welfare than the state (¢, ¢2).”

There are two properties which we might desire for (>).

» (Nonpaternalism) For any fixed 1) € W, and for all ¢1, ¢ € O,

((¢,¢1) > (%/sz)) — <(¢,¢1) - (¢7¢2)>
and  ((0:01) = (0.62)) = ((0:61) = (,02))

» (Minimal interpersonal comparability) For all 11,1, € W, and all
@1 € P, there exists some ¢ €  such that (¢1,¢1) = (2, ¢2) or
(Y2, ¢2) = (1, ¢1).
(These are both philosophically debatable. Actually, neither property is
required for any of the later results on social choice. However, it happens
that all of our examples satisfy these properties.)
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For example: let d be a metric on W (measuring ‘psychological distance’).
Suppose everyone has cardinal utility functions with the same ‘scale’, but
different ‘zero points’. Let v € (0, 1] be a constant. For any

(Y1,n), (2, ) € ¥ X R, we set
((¢1,f1) < (¢2,r2)) — <r1 + d(h1,92)7 < r2> :
Meanwhile, set (11, 1) ~ (12, r2) if and only if (¢1, 1) = (2, ).
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Let U be a set of utility functions for (). We say U yields a multiutility
representation for (=) if, for all (11, ¢1) and (¢2,¢2) in W x ®, we have

<(¢17¢1)i(¢27¢2)) — (u(d}l,qbl) > u(1)a, ¢2), for every u € U) .

(Thus, Theorem 1 says U(>=) always yields multiutility representation for
(=), as long as U(=) # 0). A theorem of Mandler (2006) implies that if
(W x &, =) has a countable, order-dense subset, then (=) has a multiutility

representation. (Ok (2002) and Evren & Ok (2009) prove similar results for
continuous orders. See also Stecher (2008).)
Practical examples:

» Each u € U measures blood concentrations of a mood-related neurochemical
or hormone (e.g. serotonin, dopamine, endorphin, oxytocin, cortisone).

» Each u € U represents the interpersonal welfare ranking of some competent,
impartial judge. (So U = ‘panel of judges'.)

» Each u € U measures some ‘functioning’ (Sen, 1985).
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Social preorders: Definition

e Let X' be a space of all possible ‘psychophysical states’. (For example, X
could be the space W x ® of the previous model, but it doesn't have to be).
Any x € X completely specifies a person’s psychology (e.g. beliefs, desires,
memories, preferences) and physical state (health, wealth, location, etc.)
Every human being, at any moment in time, resides at some point in X.

e Let 7 be a finite set indexing the population. A social state is an element
x € X7, which assigns a ‘psychophysical state’ x; to each i € Z.

e Let (>) be an (incomplete) preorder on X, encoding approximate
interpersonal comparisons of well-being (i.e. an interpersonal preorder).

e A (=)-social preorder is a (possibly incomplete) preorder (=) on X7 with
two properties:

(Pareto) For any x,y € X7, (Xi =Y, Vi€ I) — (X > Y>;
and (Xi — Vi Vi 61) — (X > Y).
(Anonymity) For all x € X%, if 0 : T—1 is any permutation, then

x=0(x). (Here, (=) is symmetric part of (>). Also, o(x) := x/, where
Xj 1= Xy() | € L.).
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For any x,y € X7, define x < y if and only if there is a permutation

o : IT—1 such that, for all i € Z, we have x; < y,(;).
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For any x,y € X7, define x < y if and only if there is a permutation

o : IT—1 such that, for all i € Z, we have x; < y,(;).
Theorem 2: () is a subrelation of every other social preorder.

Example: (Cost-benefit analysis) Let x,y € X%. Define:

Z, = {iel; x>y} = 'losers'in the transition from x to y;
Iy = {i€Z; x; <y} = 'winners' in this transition; and
To = ZI\(Z UZ;) = -everyone else.

Suppose that:
» 3 bijection 3 : Zo—To such that xjxyg(;) for all i € Zp; and

» dinjection « : Z) —1Z; such that, for every i € 7,
Xa(i) = Yi = Xi 2 Ya(i)

(i.e. we can match every ‘loser’ i € Z| with some ‘winner’ a(i) € Z; such
that the gains for a(/) outweigh the losses for /). Then x <'y.
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Again, let 7 := {1,2}, and let (s:w) be the
preorder on R? from previous slide.

Let B := compact, convex subset of R2 (e.g.
representing a bilateral bargaining problem).
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Again, let 7 := {1,2}, and let (:w) be the

preorder on R? from previous slide.

Let B := compact, convex subset of R2 (e.g.
representing a bilateral bargaining problem).
Let P := Pareto frontier of B.

Bargaining solutions pick a small (usually sin-
gleton) subset of P (usually by maximizing
5 some SWO on R?).

Let wkUnd (B,s% ) ={be B Ab € Bwithb < b'} (the weakly
undominated set) —the ‘bargaining solution’ defined by (>).
Equivalently: b € wkUnd (B,ﬁ) if and only if:

» there is no b’ € B which Pareto-dominates b; and

» there is no b’ € B such that by < b}, — § and by < b — 0.
Let P’ be the reflection of P across the diagonal. Let P := P’ — (4, 9).
Then b € wkUnd (B,s%p ) if and only if b € P and there is no b’ € P”
which Pareto-dominates b.
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Fix an interpersonal preorder (=) on X. For any x,y € X%, we set

(XEy

3w : T—7 (possibly not injective)
) = | such that Xi = Yoy forall i€l

Idea: For every person i in social state x (no matter how badly off), we can
find some person w(i) in social state y who is even worse off. Thus, even
the ‘worst off’ people in x are still better off than someone in y.

(If () is a complete order on X, then (2) is just the classical maximin

social welfare order.)

Recall (=) = all utility functions for ().

Theorem 3. Suppose U(>) # 0. Then for any x and y in X%,

(x2¥) — (minul) = min (), forallu € U(x)).
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Again, let 7 := {1,2}, fix 1» € W2, and let ( L¢) be

~ the preorder on R? from previous slide.
. Let B := compact, convex subset of R2.
Let P := Pareto frontier of B.

The appropriate bargaining solution for a social pre-
order is the weakly undominated set:

wkUnd (B, ana) ={beB; 2b eBwithb < b}

Suppose B satisfies No Free Lunch (NFL):

For any p,p’ € P, (pl < pi) — (p2 > pé) (i.e. P contains no vertical
or horizontal line segments).
Then wkUnd (5, > )={beP: b b <6},

(If § = 0, so that there is perfect comparability, then this is simply the
maximin bargaining solution.)



Metric social preorders

A social welfare order (SWO) is a complete preorder (» ) on R? satisfying:



Metric social preorders

A social welfare order (SWO) is a complete preorder (») on RZ satisfying:
(Pareto) For anyr,s € RZ if r; > s; for all i € Z, then r®s.
Furthermore, if r; > s; for all i € Z, then rps.



Metric social preorders

A social welfare order (SWO) is a complete preorder (») on RZ satisfying:
(Pareto) For any r,s € RZ, if r; > s; for all i € Z, then r®s.
Furthermore, if r; > s; for all i € Z, then rps.

(Anonomity) If o : T—1T is a permutation, and r € RZ, then r & o(r).



Metric social preorders

A social welfare order (SWO) is a complete preorder (») on RZ satisfying:
(Pareto) For any r,s € RZ, if r; > s; for all i € Z, then r®s.
Furthermore, if r; > s; for all i € Z, then rps.

(Anonomity) If o : T—1T is a permutation, and r € RZ, then r & o(r).

Let 2/(=) be the set of all utility functions for (>).



Metric social preorders

A social welfare order (SWO) is a complete preorder (») on RZ satisfying:

(Pareto) For any r,s € RZ, if r; > s; for all i € Z, then r®s.
Furthermore, if r; > s; for all i € Z, then rp s.

(Anonomity) If o : T—1T is a permutation, and r € RZ, then r & o(r).

Let (=) be the set of all utility functions for (>).
For any x € X% and u € U(>), define u(x) := [u(x;)]ier € RE.



Metric social preorders

A social welfare order (SWO) is a complete preorder (») on RZ satisfying:
(Pareto) For any r,s € RZ, if r; > s; for all i € Z, then r®s.
Furthermore, if r; > s; for all i € Z, then rps.

(Anonomity) If o : T—1T is a permutation, and r € RZ, then r & o(r).
Let (=) be the set of all utility functions for (>).
For any x € X% and u € U(>), define u(x) := [u(x;)]ier € RE.
A (>)-social preorder () is metric if there is some SWO (» ) such that,

for all x,y € XZ we have

(x > y) — (u(x) » u(y), forall ue U(t)) )



Metric social preorders

A social welfare order (SWO) is a complete preorder (») on RZ satisfying:
(Pareto) For any r,s € RZ, if r; > s; for all i € Z, then r®s.
Furthermore, if r; > s; for all i € Z, then rps.

(Anonomity) If o : T—1T is a permutation, and r € RZ, then r & o(r).
Let (=) be the set of all utility functions for (>).
For any x € X% and u € U(>), define u(x) := [u(x;)]ier € RE.
A (>)-social preorder () is metric if there is some SWO (» ) such that,

for all x,y € XZ we have
(x > y) — (u(x) » u(y), forall ue U(t)) )

Example: The approximate maximin preorder (I>) is metric: let (» ) be
the maximin SWO on R? (by Theorem 3).
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Characterization of approximate maximin: setup

> Let x,y € XZ. We say x and y are fully (>=)-comparable if the set
{xi}iez U{yi}iez is totally ordered by (>). (i.e. complete interpersonal
comparability between everyone in these two social states).

» The social preorder (&) is minimally decisive (MinDec) if x and y are
(>>)-comparable whenever they are fully (>=)-comparable.
(e.g: the approximate maximin preorder (a%) is minimally decisive.

But Suppes-Sen is not.)

> Suppose x!,x?, x3 € X7 are fully (=)-comparable. Their rank
structure is the complete order (>) on {1,2,3} x 7 defined:

vame{12h, YijeT, ((ni)z(m))) = (=)
» We say (>) satisfies minimally richness (MR) if, for any complete order

(>) on {1,2,3} x Z, there exist fully (>=)-comparable x!,x? x3 € X%
whose rank structure is (>). (An almost trivial assumption.)
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Extension and Refinement

Let (=) and (2) be two preorders on X2, Say (2) extends (E) if,

for all x,yEXI, (X?Y) = (X%Y).

(Example: any SWO extends the Pareto partial order on RY).
We say (2) refines (&) if,

for all x,y € X7, (X?Y) = (X§Y>,
and (x%y) — (x‘;y or x%ly).

(Example: the leximin SWO on R refines the maximin SWO on RZ.)
We say (£) has the same scope as (2) if,

for all x,y € X7, (foY) — (x‘f)’).

(Example: any two complete preorders have the same scope).
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i €I suchthat x; < y; X y; < xjforall j € Z\ {i}; yet xy.

(For example: the approximate maximin preorder (2) satisfies (MinCh).)
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metric (>)-social preorder.
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Characterization of approximate maximin

We say (I>) satisfies minimal charity (MinCh) if there exist x,y € X% and
i €I suchthat x; < y; X y; < xjforall j € Z\ {i}; yet xy.

(For example: the approximate maximin preorder (I>) satisfies (MinCh).)

Theorem 4. Suppose (=) satisfies (MR) and U(=) # (. Let ( =) be any
metric (>)-social preorder.

(a) If () satisfies (MinCh) and (MinDec), then (>) extends (E).
(b) (>) satisfies (MinCh) and has same scope as ( ) iff (>>) refines (©>).
(c) (>) extends (&) if and only if (=) is (&>).

Interpretation: (C>) has ‘maximal scope’ within the set of minimally

decisive, minimal charitable, metric social preorders.
Example: Let ( > ) be ‘leximin’ SWO on RZ. Define metric preorder (D)

by (x%y) — (u(x) %{ u(y), for all u e U(= ))
Then (le ) satisfies (MinDec) and (MinCh); thus () extends ( ")
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Now we turn to individual/social choice under risk. Let B be a space of
probability distributions (‘lotteries’) on X', which is closed under convex
combinations. A von Neumann-Morgenstern interpersonal preorder
(vNMIP) is an (incomplete) preorder (=) on 3 satisfying one axiom:

» (Linearity) For all p,p},p5h € P and s,s’ € (0,1) with s+ 5" =1,
(b= 0h) = ((sp+5'0h) = (s0+5ph)
Example: For any uv: X—R and p € B, let u*(p) :—/u dp = (the
X

expected u-payoff of lottery p.) Let U be a set of functions on X'. For any
p,p € P, define (P = Pl) = (u*(p) > u*(p') forallu e U).
We say U provides a multiutility representation for ().
If |X] is finite (so P = P(X) is finite-dimensional), then any ‘continuous’
vNMIP has a multiutility representation (Shapley and Baucells, 1998).
Also, if X' is a compact metric space, and ‘3 = space of all Borel measures

with weak* topology, then any continuous vNMIP has a multiutility
representation (Dubra, Maccheroni and Ok, 2004 or Evren, 2008).
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von Neumann-Morgenstern utility functions

> Let (=) be a vNMIP on ‘B, and let v : X—R.

» We say that v is a von Neumann-Morgenstern utility function for (=)
if, for all p, p’ € B,

(p=d) = (s0) = ().

» Example: if U is a set of functions providing a multiutility
representation for (=), then every positive linear combination of

elements of U is a vNM utility function for ().

» Let /(=) be the set of all vNM utility functions for (>=).
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Let P(X7) be the space of all probability distributions over X'Z.

Any risky social policy effectively selects some p € P(X7).

Thus, when choosing a policy, the social planner must choose over P(X7).
For any i € Z, let p; be the projection of p onto the ith coordinate (i.e. the
lottery over X which p induces for individual /).

Let BT .= {p € P(XZ); p; € P for all i € I}.

Let ( =) be a vNMIP on B. A (>)-von Neumann-Morgenstern social
preorder (vNMSP) is a preorder (&) on B®Z with three properties:

» (Pareto) For all p,p’ € BT, if p; = plforalli € Z, then p > p'.

Furthermore, if p; > p) forall i € Z, then p > p'.

» (Anonymity) If o : T—1 is any permutation, then for all p € B®Z,
= a(p).
» (Linearity) For all pq, py, P}, ph € P¥Z, and s, s’ € [0, 1] with
s+s' =1, if py<dp, and pi<dp), then (sp; +s'p}) < (sp2 +5'p3).
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The approximate utilitarian vNMSP

Let p € PPZ. We define the per capita average lottery of p:

_ 1
p = ] Zp; (an element of P).
i€
Define the approximate utilitarian (>=)-vNMSP (%) as follows:
for all p and p’ in P&T, (P > Pl) = (ﬁ - ﬁ) )
Theorem 5. (a) Every (=)-vNMSP on SB®Z extends and refines ().
That is, for all p and p' in P&7:
(pgp’> — (pEp’) and (p > p’) — <p > p’) .

(b) Also, if p & p', then Z u*(pi) > Z u*(p?h), for all u € U(>).

ieT i€l
(c) Suppose U(=) provides a multiutility representation for (=). Then

Vp, o € Pl (p > p/) — <Z u*(pi) > Zu*(pi) for all u GZ/{> |

i€Z €T
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Suppose (=) has a multiutility representation, so that
<p > p’) — (Z u*(p;) > Z u*(p}), for all u € Z/I(t)) .
! €T i€z
As before, suppose Z := {1,2} and X = W x ®, and fix ¥ = (1,2) € W
For any u € U(>), we define uy, := u(1p, ) : P2—R2.
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1
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As before, suppose 7 := {1,2} and X \IJ X <b and fix ¢ = (¢1,¢2) € VL.
For any u € U(>), we define uy, == u(1), ) : <D2—>R2_

Fix u® € U(>). Then uy, is affine transform of u%, for all other u € U(>).

\BY ri>ry,r<r,andS> -
C) ri<ry,ry>r,and S< -

> \J>

If we project (> ) through u¢, we get a preorder ( w) on R? shown above.

(Here, A and A are the minimum and maximum ‘u —ut|I|ty conversion ratios’
between 1; and 1), which are induced by the vNMIP (>=).)
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Approximate utilitarian bargaining solution [skip]

Let B C R? be a bargaining problem. The approximate utilitarian
bargaining solution wkUnd (B, %/:) is shown above. It is the set of all
points on P whose tangent slope is between —A and —A.

(Again, A and A are the minimum and maximum ‘uC-utility conversion ratios’
between 1; and 1, which are induced by (>).)

Remark. If (>) is any vNMIP, and (&) is any (>=)-vNMSP, and B is a
bargaining problem, then Theorem 5(a) implies that
-

wkUnd (B, E) wkUnd (B, 5) .
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Other topics.

» A profile-independent version of Harsanyi's Social Aggregation

Theorem. (ldea: represent approximate interpersonal comparisons by
treating the hedometer as a random variable.)

‘Approximate leximin’ social preorder (lexicographical refinement of
‘approximate maximin’, with ‘strong Pareto’ property).

» Partial characterization: when is a preorder metric?

» Extension of most results to infinite (or variable finite) populations.

» ‘Functorial’ interpretation of Arrow’s ‘Independence of Irrelevant

Alternatives’ in social preorder framework.

» ‘Welfarist’ account of the importance of personal liberty.

» Characterization of ‘approximate utilitarian’ social preorder in riskless

setting, assuming approximate interpersonal comparisions of welfare
gains/losses.

More ‘psychologically realistic’ constructions of interpersonal preorders.



Thank you.

These presentation slides are available at

<http://euclid.trentu.ca/pivato/Research/approx.pdf>

Preprints:

» Approximate interpersonal comparisons of well-being.
<http://mpra.ub.uni-muenchen.de/25224>

» Aggregation of incomplete ordinal preferences with approximate
interpersonal comparisons.
<http://mpra.ub.uni-muenchen.de/25271>

» Risky social choice with approximate interpersonal comparisons of
well-being. <http://mpra.ub.uni-muenchen.de/25222>

> Social choice with approximate interpersonal comparisons of welfare
gains. (preprint available upon request)
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