THEORY PROBAB. APPL. Translated from Russian Journal
Vol. 43, No. 2
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Abstract. The existence of the local sojourn time on the surface is established for multi-
dimensional 1t6 processes, and equations are derived for probability distributions. An explicit formula
of the type of the Tanaka formula is obtained for local time. Local time continuity is established.
The limiting properties of the local time are investigated for degenerating diffusion.
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Introduction. A vast literature is dedicated to problems connected with the
probability distribution of functionals of local time (see [1], [2], [3] and references
therein). The local time of scalar Brownian motion has been studied most thoroughly.
It seems natural to have a description of the local time distribution for more general
processes than Brownian motion (for example, for diffusion processes with a control-
dependent drift) in order to include in the stochastic theory of optimal control new
problems in which it is required to minimize and maximize the local sojourn time in
sets of zero measure. The existence of a local sojourn time on smooth hypersurfaces
was established in [4] for general multi-dimensional semimartingales but the distribu-
tion of local time was not studied there. Using the tool of Kolmogorov equations, we
obtain below a description of local sojourn time of a general multi-dimensional Markov
diffusion process on a time-dependent “piecewise smooth” or even fractal hypersurface
(Example 4.1); we derive special analogues of Kolmogorov equations and establish the
solvability of these equations, as well as the convergence of random variables whose
limit is usually called local time. An explicit expression of a local time in terms of
a stochastic integral is found, i.e., an analogue of Tanaka’s formula is obtained. The
limiting properties of a local time are investigated when diffusion disappears and the
1t6 equation transforms into an ordinary differential equation.

1. Statement of the problem. We consider on a probability space (2, F, P) an
n-dimensional Wiener process w(t) with independent components such that w(0) = 0.
Consider a random n-vector ¢ which is independent of w(t). Let a random process
y(t) of dimension n be a strong solution of the It6 stochastic equation

(1.1) dy(t) = f(y(t), t) dt + B(y(t), t) dw(t),

(1.2) y(0) = a.

The functions f(z,t): R" x R—R", B(z,t): R" x R— R"™" are bounded and
measurable. It is assumed that the function ((z,t) is continuous, the derivative
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9p(x,t)/0x is bounded, and b(z,t) = % B(x,t) B(x,t)" = 61 > 0 for some § > 0
for all z,t.

As is known [8, section I1.6], under such assumptions equations (1.1), (1.2) have a
weak solution (unique with respect to distribution). The collection (2, F, P, w(t), y(t))
introduced here is thus one of such weak solutions.

Let D C R" be some domain. It is assumed that either D = R" or the domain
D is bounded and has a C*-smooth boundary, a € D a.s..

Consider the first random exit times 7p = inf{¢: y(t) ¢ D}. Let a bounded
hypersurface I'(¢) C D of dimension n — 1 be given for almost all ¢ € [0,7T] and let
OI'(t) be its edge. We introduce the sets

€
F.(t,e)=qzxeD: inf |z—y| <=y,
ey ={eens t lo-yi<5)

€
1.3 I'(t,e) =<z e€D: inf |z—y|<=¢.
(1) ey ={oen: it lo-yi<3)
(It can happen that O'(t) = @ and then I"'(t,) = @.) For all t € [0,T7], € > 0 we give
arbitrarily Borel sets I'(¢, €) such that

(1.4) L.(t, e\I'(t, €) CT(t, ) CT.(t, ).

We will be interested in a local time spent by the process y(t) on I'(t) (until its exit
from D), i.e., in the limits, as ¢ — +0, of the variables

(1.5) L(t) = 1/0713 Ind {y(s) € T(s, )} ds.

€
For f, B, I'(t) of a general form it will be shown that, for any ¢ > 0, these variables
converge in the mean square to a random variable t(¢). The convergence in distribution
is established in section 5 and the convergence in the mean square in section 6 (note
that the limit does not depend on the choice of I'(¢,¢) in (1.4)). An equation will be
found for the characteristic function

(1.6) 6(z) =Ee*Y, sec.

Moreover, equations which are analogues of the backward Kolmogorov equation will
be derived (and their solvability shown in the respective classes of functions) for func-
tionals of the form

TpNAT R
(17) 61 = B(T), %:EA o (y(0), £) O dt

for a given number 7' > 0 and the function ¢.

2. Spaces and classes of functions. Let some number 7' > 0 be given. Denote
Q =D x(0,T). Below, || - || x denotes a norm in a space X, (-,-)x is a scalar product
in a Hilbert space X.

We introduce the spaces of (complex-valued) functions. For integers k > 0, let

k
H" = I/CI)/2 (D) be Sobolev’s Hilbert spaces, and let H ™" be the space dual to H" with
anorm | - || -1 such that, for u € H°, ||u/|z-1 is the supremum (u, v) o with respect
0
tove H, ||v]|gr £ 1.
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Let ¢,,, denote the Lebesgue measure in R™, and let B,,, be a o-algebra of Lebesgue
sets in R™. We introduce the spaces cF= C([0,T) —>Hk), xF = L2([07 T), By, ty, Hk),
vF = X" n """ with the norm ||ullyr = |Jullxr + |ullcr-1.

The norm (u,v)po is assumed to be well defined for u € H ™
(extending it in a natural manner from u € HO7 v E Hk).

Below let p € (1,2) be an arbitrary number for the case n =1,

k, v e HY as well

(2.1) RS <1, nl) for the case n > 1.
n—

We introduce the space W = W;Sl)(D) and its conjugate space W”, as well as the
space X = L™([0,T), By, £, W").

The following proposition is standard.

PROPOSITION 2.1. (i) If D is a bounded domain, then W* € H™ ", |lg|lg-1 <
cllgll+, where ¢ = c(n, D, p) is a constant, and X C X"

(ii) Let D = R", g € W* and assume there ezists a bounded domain D; C R"
such that (€,9) = 0 (Y& € W: supp& € R"\Dy). Then g € H, |||z < cllgllw-,
where ¢ = ¢(n, D, u) is a constant.

LEMMA 2.1. For & € H', ne H', we have &n € W and ||€nllw < cl|€llm 0l a1,
where ¢ = ¢(n, D, 1) is a constant.

Proof. Let r = 2/u, v’ = r(r — 1)_17 p=pr',me H. Wehave p = ur’ =
(2 — ), p(2—p) < —2)"" p<2n(n—2)"" forn > 2,

1/p , 1/r! 1/r u
1€, 0y = ( /D gﬂn“dx) (( /D e d:c) ( /D n2dw) )

<
1/p
(2.2) — ll ( /D gpdm) < el o],

with the constant ¢ = ¢(n, D, ). The latter estimate is obtained using the embedding
theorems for Sobolev spaces (see [5, p. 78]). Applying (2.2) to (9¢/0x;)n, (On/0x;) &,
we obtain the required result.

LEMMA 2.2. For & € H', geW” N H® we have

-1
fge H ~ and [&gllm-1 = cll€]mlglw-,

where ¢ = ¢(n, D, 1) is a constant.
Proof. We introduce the set BH' = {n € H" N Loo(D): |||z < 1}. Now

1€gllir-1 = sup (1, £9)mo £ sup (9, g)mo < sup |[n&llwllglhw-
neBH! neBH! neBH!
(2.3) <c sup nlla €l llgliwe £ clléllmllgliw-,
neEBH!

where c is the constant from Lemma 2.1. Hence we obtain the required result.
We introduce the parameter
0B(x, t)
6$i '

3. A parabolic equation with the coefficient from X. Let us introduce and
consider the parabolic equations which in what follows will be used to describe the

(2.4) P = {n, T, D, 0, sup ’f(;l:7 t)
x,t

, sup‘ﬂ(x, t)|7 sup
x,t

x,t,1
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evolution of functionals (1.6)—(1.7) and are analogues of the backward Kolmogorov
equation.
We introduce the operator A:

(3.1) AV = Z bij(x, ) +Zf1

,j=1

().

Here b;;, f;,z; are the components of the matrix b and the vectors f, x, respectively.
We shall consider the boundary value problem

(3.2) % + AV + gV =—p, V(x,t)|zeop =0, V(z, T) = R(x).
As is known (see [5]) for g € Loo(Q), ¢ € X ', R € H® = Ly(D) this problem is
uniquely solvable in the class yh

THEOREM 3.1. Let z€ C,he X, p € X_l, Re H" be given. Let g. € L.(Q),
gE X, he € Loo(Q), - € Loo(Q), R. € H® be functions such that g. = zh,., g = zh,
[lhe = Rllx = 0, |lpe — @|lx-1 — 0, ||Re — R||go — 0, e — 0. Let V. be the solutions
of problem (3.2), corresponding to g = g, ¢ = p.. Then, for e — +0 the sequence V,
has a limit V in Yl, which is uniform with respect to z: |z| £ 1, uniquely defined, and

(3-3) Vilys < c(llelx-2 + 1Rl o),

where ¢ > 0 is the constant depending on the parameters P, u, | g|lx-

Note that in the theorem, V is assumed to depend linearly on ¢, R for any given g.
Moreover, V =0if ¢ =0, R = 0 Hence it follows that the operator assigning the
solution V' to the pair (¢, R) € X~ ' x H" is also linear and homogeneous. We introduce
operators L(g), £(g) such that V = L(g) ¢ + L(g) R for the corresponding value of V'
from Theorem 3.1. According to the theorem, L(g): X ' — Y, £(g): H® - Y" are
linear continuous operators; by Lemma 2.2, gV € X -t

DEFINITION 3.1. We say that V is a solution in the class y! of problem (3.2)
with generalized g € X .

Proof of Theorem 3.1. First we shall show that substituting g = g. into (3.2) the
constant in inequality (3.3), where V' = V_, does not increase for ¢ — 0.

Below we use the simple inequality

2

‘ S

2
—&—% (Vu,v,v € R, v>0).

<
N
A
[N}
-2

Let v € H' N C*(D). For any ¢ € [0, 7] and the operator A = A(z,t) defined in (3.1)
we have the estimates

- R
(v7 132:21 i axiam]’)HO ( Z Ji axi)

- ov - 0b;; Ov
-3 (o ), = b 5k,
(v ia), o2

(Ua AU)HO

axl
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" ov
+ 3 follao |
ijz_l Oz || o
(% ov 5 || Ov
+ v i S -
ZH ”HO”f”LOO(Q HO P 8331 HO P 6%‘1 HO
2
2 ij 2
(3.4) + 5 ol (H ul ||fi||Lw<Q>> ,
i,j=1 ¢ Lo (Q)

with the constant C' = C(n). Hence for any v € H' and for any t € [0, T] we have

2
+01IIUIIH07

(3.5) (0, Av)po < %};

where the constant C; depends on the parameter P.
For any v € H' and for any t € [0, 7], we have

" || o
(v e 0) o = ol floe ) o = Co 3| 5ol e )l
i=1 7 0
0 Ov 2
(3.6) s 1 - 321 || 1o + Co|: (-, t)HHfu

where the constant Cp depends on n, D and the constant Cy depends on P.
For any v € H 1,

2
(v, gev)mo < 07 [lwllgellw~ < Csllvllm[|vll mollge lw-

5 < ~ ov
(3.7) <5 D lolln +Cs
=1

2
2
+ Csl[v]|,
HO

where the constants 63, C3 depend on sup, ||g: ||, J, n, D.
By virtue of (3.5)—(3.7) we have, for the solution V' = V. of problem (3.2) with

9=0e, ¢ = e, € € (0,4],

IVt )]0

T
= 2/t (Vs(a 8)7 A‘/s(a S) +gs‘/€('7 S) +§DE('a S))HO ds

(3.8) EZT{

where the constant Cy depends on P, y, |9l x-
Hence we immediately obtain

(3.9) IVellyr < Ce(lleellx-1 + [Rllzo) (Ve € (0, e1]),

= Vel Do

2

|7+ eI ol + et s>|\i,_1)}ds,
HO

where the constant C, depends on P, p, ||g|lx-
Let us show that the sequence {V.} is a Cauchy sequence in v'. Let g — 0,
€g — 0. Denote W =V, —V,,. We have

ow

(3.10) rr + AW + g, W =—=¢, W(x, t)|seop =0, W(z, T) =0,
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where £ = ¢, — ¢, + (9e, — g=,)Ve,. We obtain

(3.11) [Per = ¢esllx——0,  [lge; = o llx —0,

since {¢e, }, {ge,} are the Cauchy sequences converging in the corresponding spaces.
By Lemma 2.2,

T
H(gel _gfg) ‘/EQHX—I = /(; H(gé‘l _962) ‘/62(.? t)HH—l dt

T
< / 19ex — Gea -
0

T
< llge, — g€2||X/O HVEz(’ t)HHfl dt

(312) = HgE1 - gEQHXH‘/:?2HXl *)O

VE2(" t)HHl dt

for e — 0, eg — 0, by virtue of (3.9), (3.11). Therefore, ||£||x-:+ — 0. Applying
estimate (3.9) to the solution W of the boundary value problem (3.10), we obtain

(3.13) IWllys < Cligll -1 —o.

Hence it follows that the sequence {V.}, ¢ = ¢; — 0, is Cauchy (and therefore converg-
ing) in the Banach space Y. Estimate (3.3) follows from (3.9), the latter estimate
implying the uniqueness of V.

We will show that the sequence {V,} converges in y! uniformly with respect to
z€C: |z]£1. Let e — 0. Denote W =V, — V. We have

ow
(3.14) o T AW + g W = —¢, W(z,t)|zeop =0, W(z, T) =R, — R,

where £ = p. — ¢+ (9: —g) V. We have

(3.15) e = @llx-1—0,  llge = gllx = 2l|he = hllx —0

uniformly with respect to |z| £ 1. By Lemma 2.2,

T T
||(ga - g) VHx—l = /0 H(ge - g) VE (’7 t)HH—1 dt = /O ng N QHW* V(., t)HHl dt

T
(3.16) < llge —QHX/O V0] dt = llge — gllxllV ]I x1 —0

for ¢ — 0 and ||¢||x-1 — 0 uniformly with respect to |z| £ 1. Applying estimate (3.3)
to the solution W of the boundary value problem (3.14), we obtain

Wiy < Co(ll€llx-1 + | R = R||gro) —0.

Hence it follows that the sequence {V.}, ¢ — 0, converges uniformly with respect to
|z| < 1. Theorem 3.1 is proved.

4. On a class of hypersurfaces. It is natural to assume that to study func-
tionals of type (1.6)—(1.7) it is helpful to use equations (3.2) with g € X, p € X ",
such that as functions g., ¢., appearing in Theorem 3.1, one can take the functions
e 'Ind{x € I'(t,e)} for the hypersurface [(t) C D (the sets I'(t,¢) are defined by
(1.3)~(1.4)). In what follows it will be shown that the limit of ¢ 'Ind{z € T'(t,e)}
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belongs to both X ! and X for I'(t) from a sufficiently wide class of “piecewise cl-
smooth” hypersurfaces.

By ¢ we denote the jth unit vector in R".

Let T" be some surface. Denote by N(z,7) the number of intersections of the hy-
persurface I' by the ray from = = (21, %2,...,2,) to (T1,...,2_1,—00,%11,..., %),
the points Zy(x,j) being the corresponding intersection points; it is assumed that
N(z,j) = +oo if the ray is tangential to T.

We introduce functions v;: I' — R such that v;(z) = | cos ()|, where o (z) is
the angle between ¢ and the normal to T at the point x € I if this normal is defined;
v;(x) = 0(Vj) if & is the point of violation of smoothness at which the normal is not
defined. Let us define the functions

(4.1) Gj(x) = Vi (T (2, 7))

Assume that G;(x) = +o0 if N(a: J) = +oo.

THEOREM 4.1. Let a set T cR" be given, which is the union of a finite number./\/
of polyhedra 1" of dimension n—1 with pairwise nonintersecting interiors, r= Ui 1F
Let B: R" — R" be _some continuous bijective function, let the hypersurface rco
be such that I' = M( ). It is assumed that the functions B: F —R" are C'-smooth
bijections, B(x) = z, if x is the vertex of some I;, |n(z) — n;| < & if  belongs to
the interior part of I';, i = 1,. . N. Here T; = B(T';), n(z) is the normal to T in
z, n; is the normal to Ty, 6o <n” /2 (the direction of the normals is fized, |n(x)| =1,
|n,t| =1). Then N(z,j) < 4+oo for all j for almost all x. We define the generalized
functions

" 9G
4.2 = E J
( ) g pa O

Then g € W* N H ™', the functions g:(x) = efllnd{:c € I'(e)} converge to g in the
metric of W* and Hﬁl, and assume

lgllw- <X 1Gsln,mys  lglmr <Y 1Gslnab),

=1 =1

where v = p(pu — 1)"", Dy is a bounded domain in R" such that T C D; C D,
¢ = c¢(n, Dy) is a constant.

Remark 4.1. Tt is not difficult to note that the assumptions of Theorem 4.1 are
fulfilled for disks, spheres, and many other piecewise C'-smooth (n — 1)-dimensional
surfaces.

Proof of Theorem 4.1. Denote Sy = U@Fl, we have £,,(Sg) = 0. Consider a set
of open domains D; C D such that Dful 1D;, D; ND; =@ifi#j5,T; =I'nD,
(D;, D denote the closures of domains). Denote I';(e ) [(¢) N D;. Denote by

P;(x) the straight line passing through 2 and parallel to e, We consider func-
tions ¥(-,e): I'(e) —T'\Sy such that (x) € T; if © € T;(e), |[¢¥(x,e) — x| £ ce,
with constants ¢ such that these functions exist for all € < ¢, for some small ¢, > 0.
We consider functions Gj(z), # = (z1,...,2,). These functions are assumed to be
continuous in z;. The functions Gj(x) are assumed to be constant on each seg-
ment P;j(z) that lies in D\I'(¢) (each segment has its own constants), G;(z) = 0 if
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(T1,. o Tjo1,Yjs Tjgts - - - ) ¢ D(e) (Vy; < 2;), and 0G5 (z)/0x; = 571%2_(1&(%8))7
x € Pj(z) NT'(e). These conditions define Gj(z) uniquely.

We have Z?Zl 'ng(x) =1 (Vx € T'\\Sp). Then,

Zam 227?(7/1(% 5)):; x € T'(e),
S G =0 £ DR =, veD

We have (,,(z € R": P;j(z)N Sy #2)=0,j=1,...,n

By Proposition 2.1 [7], N(j,z) < 400 is fulfilled for almost all z (we can assume
the ray to be a solution of a trivial ordinary differential equation; then Proposition
2.1 [7] can be reformulated for this case). By the piecewise C'-smoothness of T' we
have N(x,j) < const. for almost all .

Let N =1,T =T besuch that n; = (ng ),.. n1 ) \n(j)| = nil/z,j =1,...,n;
then v;(z) = 6; (Vo € I'\Sp) for some 6; > 0. Denote by p;(x,e) the length of
a minimal segment that lies in I'(¢), with ends in OT'(¢), passes through x, and is

parallel to e We have 5_1uj (z,¢€) —>'yj_1(x). By the continuity of the normal on

the given C"-smooth surface I' = I'; we conclude that G5 (z) — G;(x) for & — +0 for
almost all x, 1 =1,...,n,

sup | G5 ()| < &7y (x, €) supj (v(a, ) < ¢,

where € Pj(2)NI(¢), the constant ¢ depending on I'. Therefore, ||G; —G||1, (p) — 0
ase — +0 (Yv > 1, i =1,...,n), or g. = Y., 0G;/dxj(x) — g in W". Let
uwe C*(D)NW* N H". We have

= Z /e)D (Gj(z) — Gj(z)) u(z) cos (n(z), e;) dv
- Z/ i(x)) 38;; (z) da
:_Z/ (@) ai:(”f)d%

since G; = G, on 0D (when D = R", the integrals on D in the second expression
vanish). Thus, for v = p(u — 1), we have

n

|<gs -9 u>| = Z (Gj - Gj)Ll,(D) ”u”W

j=1

Hence g, = 2?21 0G50z j(x) — g in W*. Theorem 4.1 in the above particular case
is proved.

Let A/ = 1 and let the normal n; have an arbitrary direction. We introduce
new coordlnates z; Zk 0;kxy, where 0 € R™ " is a matrix such that 6 =
@Y, ...,a") is

IREEEEE)

0" and |n1 | =n 1/2, n(lj)n(lj) >0,5=1,...,n, where n; =
the corresponding normal to T in terms of the new coordinates. We denote by
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N (x,7) the number of intersections of the hypersurface [ = 6r by the ray from
T = (T1,%9,...,%,) to (T1,...,T;_1,—00,T 41,.-.,Ly,), the points ik(x,j) being the
corresponding intersection points; it is assumed that N(z,j) = 4oo if the ray is
tangential to I'. Then, N(z,j) < +oo for all j for almost all z. We define the
functions C:'j () = E,]j:(‘fj ) 7;(Z%(Z, 5)). Here 7;(¥) are the corresponding functions
constructed by the rule indicated before the formulation of the theorem but in terms
of the new coordinates. Denote g = Z;L:1 0G;/0%;. As above, we obtain g.(z) =
Ind{z = 07'% € ()} — g in W*. Denote by AG;(z) a jump of the function G;
in = on the straight line P;(x) with respect to the order of growth of ;. We have
AG;(x) = 7v;(z). Denote by AG () analogous jumps in terms of the new coordinates.
The fact that the transformation of coordinates is actually a rotation implies that
AG; (@) =Y 0, ijAGk(H_li) if N(z,7) < 400, x € T'\Sy. Thus (&,g) = (£, g) for

Eew, &(x) = £(0x). Therefore, Theorem 4.1 is proved for this case.

Let N > 1, g;) () = Ind{z € T;(¢)}. We have g. = Zi\; ggi), géi) (x) —>g(i) €

W' in W, g = Sy 8G§7) /Ox;, where ng) are constructed in the same way as
in the formulation of Theorem 4.1 for the corresponding I' = I';. We have G(x) =
Zé\il G(z)(x). Hence we obtain the proof of Theorem 4.1.
We shall give an example of the surface I' = I'(¢) which changes in time, approach-
ing a fractal, and g = g(t) € X " holds for g(t) defined for each ¢ in Theorem 4.1.
Erample 4.1. Let n=2,T = 2,

I(t) = {(xl,xQ): 2o = sin (ml(l — t)fl/g) , 1 € [-1, 1}};

then g = g(t) € X .

5. Probability interpretation of a solution of a parabolic equation for
generalized g, . Below it is assumed that the assumptions of section 1 are fulfilled
for the process y(t) and equations (1.1)—(1.2). In addition, it is assumed that an initial
random vector a = y(0) has a distribution density p € H® = Ly(D). It is assumed
that for almost all ¢ € [0, T] the hypersurface I'(¢) is given, for which the assumptions
of Theorem 4.1 are fulfilled, g(t) are the corresponding elements of W* N H ~! defined
by Theorem 4.1, and g is the corresponding element of X -1

Let T'(t,e) be defined by (1.3)—(1.4), and let I.(¢) be the variables given by (1.5).

THEOREM 5.1. Let p € Ly(D), g € X.

(a) For any t > 0 there exists a random variable t(t) such that I.(t) — t(t) in
distribution as € — +0.

(b) Let z € C. We introduce the generalized function g, = zg. Let Vi = L(g1)g,
V =2V, (in other words, V = zL(zg)g). Then V € Y,

(5.1) 1+ (V(0), p) o = Jim B exp {21.(T)} =E exp {2 t(T)},
where the limit exists uniformly with respect to z € C: |z| £ 1.
COROLLARY 5.1. Under the assumptions of Theorem 5.1,

kt(t)

E" < 400,  Et@#)" <400 (VEk>0).

Remark 5.1. The existence of a local time of general multi-dimensional It6 pro-
cesses on a smooth hypersurface was in principle established in [4]. More precisely,
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in this paper the existence was proved of continuous nondecreasing processes f:(t) in-
creasing only on hypersurfaces and such that they can be obtained as a limit a.s. of
the variables I, (t) = Jo 9-(y(t)) dt, where g, are some nonnegative functions; however,
the question of whether, in the general case, one can take g. = g. (an indicator of the
hypersurface neighborhood with a normalizing multiplier) was left open.

In what follows, t(¢) are the variables given in Theorem 5.1.

THEOREM 5.2. Let the assumptions of Theorem 5.1 be fulfilled, z € C, ¢ € Xfl7
the function R € Lo(D) be measurable, ¢. € Lo(Q) be measurable functions such as
those of Theorem 3.1 for a given o, V = L(zg) ¢ + L(zg) R. Then,

(V(,0). ) o = lim B {R(ym) Ind {7 > T} exp{ 21.(T)}

Tp AT
(5.2) + /O exp { 21:(t) } ¢ (y(t), t) dt}.

Proof of Theorem 5.2. We introduce functions R, € CQ(D) such that |R. —
R|zgo — 0. We introduce the functions g.(z,t) = ¢ 'Ind{z € T(t,e)}, V. =
L(zg.) ¢ + L(zg.) R.. By virtue of [5, section IV.9] we have V_ € qu’l(Q) Vg > 1
We introduce the function

We have
4, W (1) = exp { [ setwto dr} AV, (y(8), 1) + 2g. (y(r), ) WD) dt.

Since V. € WqQ’l(Q) Vq > 1, we can apply the Itd formula [8, section II.10] to
d;V.(y(t),t). Using this formula, we obtain

E (W(rp AT) = W(0)) = E (W(rp AT) — Va(y(0), 0))

=-E /OTDATexp {z /Ot g:(y(r), r) dr}%(y(t), t) dt.

Therefore,

E‘/s(y(o)a 0) = (va(, 0)7 p)Ho

=E {R8 (y(T)) Ind{rp > T}exp (z /OTDA Je (y(t), t) dt)
(5.3) + /OTD exp {z /0 Je (y(r), 7“) dr} ©Oe (y(t), t) dt}.

By Theorem 3.1, we have V, — V in Y'. Hence we obtain the required result.
Proof of Theorem 5.1. Let us first prove part (b). Let

ge(z,t) = 'Ind{z e O(t,e)}, V. =2L(29.)g..

This means that V, is a solution of the problem

Ve

(5.4) o

+ A‘/;:‘ + ng‘/s = —20e, ‘/;(1'7 t) ‘xEBD = 0, V;(lL’, T) =0.
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Similarly to (5.3), by the It6 formula [8, section I1.10] we have
Tp AT t
Va0 =B [ o) e (= [ gl r)ar) a
0 0
Tp AT
(5.5) = Eexp (z/ g: (y(2), t) dt) -1
0

Therefore,

(5'6> (be(z) = (VE(> 0)7 p)Ho +1= Eexp{Zla(T)}'

Hence we obtain statement (b) of Theorem 5.1.

Let us prove statement (a). By Theorem 3.1, we have V. — V in Y uniformly
with respect to z € C: |z| £ 1. We introduce the function ¢(z) = (V(-,0), p)go + 1.
As has been proved, ¢.(z) — ¢(z) uniformly with respect to z € C: |z| < 1. By Levy’s
theorem this means that ¢(z) is the characteristic function of some random variable
t(T), to which the variables I.(T') converge in distribution. Theorem 5.1 is proved.

THEOREM 5.3. Let g € X ', V = L(0)g; then (V(-, 0), p)go = EH(T).

Proof. We have El, = (p, V.(+,0)) o, where V., = L(0) g., g.(x,t) = e 'Ind {z €
I'(t,e)}. By Theorem 5.1, El.(T) — Et(T) as € — +0, and, by Theorem 3.1, V. — V
in Y'. Hence we obtain the required result.

Remark 5.2. Using the approach of [9], [10], it is possible to obtain analogues
of Theorems 5.1-5.3 for non-Markov It6 processes y(t) under the assumptions of [9]
(i.e., when Bdw(t) = Bdw(t) + ﬁdw( ), where §, B are random functions which are

nonanticipative with respect to w(t), ﬁﬂT >0 > 0).

6. An explicit formula for local time and a strong convergence. Let
the assumption of section 5 be fulfilled. We retain all the notation of section 5 (in
particular, for g, I.(T), g.).

Below let 3;, j = 1,...,n, be the columns of the matrix # in (1.1), F; be the
flow of o-algebras of events generated by {a, w(s), s < t}. Let M(g): X " — H° be
the operator assigning the value V(z,t) |;—o = M(g) ¢ to the function ¢ € X

THEOREM 6.1. Let the initial vector a have a distribution density p € Lo (D),
g€ X_l7 and let the matriz §(x,t) be continuous. Let V = L(0)g. Then V € Y and
E |I.(T) — £(T)|> — 0 for e — 0, with the random variable

Tp AT
61 D) ao+2/ OV 01, 1) B, (0, 1) o 1),

Here, by 0V /0x we understand a Borel-measurable function which is a representative
of the equivalence class OV/0x € Ly(Q). The functions

&)= 2 (y(1), 1) B, (1), 1)

are such that E fo 1€;(t) \ dt < 400 (Vj), and for some sequence random time func-
tions & j(t), € = e, — 0, that are progressively measurable with respect to the flow F,
we have

T 2 T 2
E/ |€.(t) — &()|" dt — 0, supE/ &) dt < +o0 (V).
0 € 0
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COROLLARY 6.1. Let p(z,t) be the distribution density of the process y(t) that
has a break on D (i.e., p = M(0)*p). Then, using the assumptions and notation of
Theorem 6.1, we have

2

2 - ov
= /D ’V(a:, 0)‘ p(x) dx—l—;/@ ‘E):U (x, t) B;(x, t)| pla, t)ddt

LEMMA 6.1. Let, under the assumptions of Theorem 6.1, V. = L(0)g,,

-0) = 5 (D), 1) 5, (u(0) 1)
Then
Tp AT
(6.2) (.(T) = V.(a,0) +Z/ &) (1) dwy(t)

and E|I.(T) — £(T)|* — 0 for e — 0.
Proof of Lemma 6.1. Let p be the same as in Corollary 6.1. Note that p € L. (Q).
Denote

x,0 _ ToAT x,0
(7)) = ; 9= (y™" (1), t) dt.

For V, = L(0)g. we have g. = —0V,/0t — AV,. By Theorem 9.1 of [5, section IV.9]
V. e W(f’l(Q) (Vg > 1). For € D the Itd formula [8, section 11.10] implies that

~Ve(a, 0) =V.(y(rp AT), 7p AT) — Vz(a, 0)
TD/\T TD/\T
:—/O dt+2/ ), ) dw;(t).

Therefore,

n Tp AT
LD =V 0+ | % (w(0), )8 (v11), 1) sy 1)

j=1

Hence we obtain (6.2). The function 0V, (x,t)/dz is continuous and thus we conclude
that the functions &, ;(t) are progressively measurable with respect to the flow F;.
Denote W, =V, — V. We have

Tp AT Tp AT
D D 8W€
B[ g0 - g0 < o / o 0] @
0 xr
<c (x, t)dxdt
(6.3) < C”pHLoo(Q)HWE”Yl —0,

E|V.(a, 0) — V(a, 0)]” < c/ |W.(z, 0)|]° pl) da
D
(6.4) < clpllzo o) IWellyr — 0

by Theorem 3.1 (¢ > 0 is some constant). Lemma 6.1 is proved.
The proof of Theorem 6.1 immediately follows from Lemma 6.1 and (6.2)—(6.4).
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We shall derive an analogue of Tanaka’s formula for the case with stationary
coefficients (see [1], [2], [11], [12]).

THEOREM 6.2. Let p € Loo(D), B(x,t) = B(x), f(z,t) = f(z), T(t) =T be time
independent, and let the function B(x) be continuous. Let F(x) be a solution of the
problem AF = g, F|yp = 0 in the class H'. Then, F € C(D) and (a.s.)

Tp AT
65)  HT) = F(y(rp AT)) Z / 6F () 8, (y(1)) duw; (1),

By OF/0x we understand here a Borel measurable function which is a representative
of the equivalence class OF /0x € Ly(D). The functions

&)= 5y (1) 5,(4(2)

are such that E fo &) dt < +o0 (V)) and B fo €. (t) =& @) dt — 0 for some

sequence of functions 5;,5( ), € = e, — 0, progressively measurable with respect to the
flow F; and such that

T ~ 2
sng/O &) dt < +oo0 (V).

Proof. Let F, be a solution of the problem AF, = g., F.|sp = 0 in the class
H'. We assume that (4.1), (4.2) hold for g. By Theorem II1.14.1 of [6], F € C(D),
F. € C(D), and

(6.6) IF: = Fllepy —0,  [|[Fz = Fllg —0.
Let V. = L(0)g, U, =V, + F.. We have

Ue (z, t) + AU (2, t) =0, U, t)|pecop =0, U.(T, z) = F(x).

(6.7) ~

Denote

68) &)= D20, 06 W0), &)= T (1) 6 (1),

By Lemma 6.1,

n Tp AT
(69 L) = U@ 0) = F@+ Y [T G0 dus)
We have
(6.10) -(0) = T (1), 1) 3, (u(1)) — &.2(0),
(6.11) F.(y(rp AT)) =U.(y(rp AT), 7o AT).

By the It6 formula [8, section I1.10] and (6.7),

(6.12) U.(y(rp AT), 70 AT) = U.(a, 0) +Z/TD o0 y(t), t) B (y(t)) dw; (2).

Relations (6.6)—(6.12) yield the proof of Theorem 6.2.
Remark 6.1. One can obtain an analogue of Theorem 6.2 for D = R". In that
case, (6.5) is fulfilled for the function F' which is a solution of the equation AF = g in
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the class of functions of polynomial order of growth. The well-known Tanaka formula
for Brownian local time can be written in the form (6.5), where n = 1, D = R,
y(t) = a+w(t), D = {0}, F(z) =2z".

7. Local time continuity.

THEOREM 7.1. Let the assumptions of Theorem 6.1 be fulfilled and let the nota-
tion of this theorem be retained. Let there exist a collection of hypersurfaces {T'(t)} =
{Th(®)}, Tp(t) =To(t) +h, h € A, where A C R" is some open set, T, (t) C D (Vh),
0 € A. Let t(T) = t(T,h) be the corresponding variables for T'(t) = Tj(t), h € A.
Then E [§(T, h) — (T, 0)]> — 0 for h — 0.

Proof. Let g(t) = gh(t), G?(ac,t) be the corresponding functions (4.2), vh =
LO)g", W" = V" — V°. We have

LG
g"(0) = 5 (D).
j=1 "

Obviously, G;—l(.%',t) = G(;(x —h,t), ||G;L — G?HLg(Q) —0ash—0,j=1,...,n, then
lg" — ¢°llx—+ — 0. By Theorems 3.1 and 6.1,

2 2 ) ’
E [i(T, h) — §(T, 0)[° < cB [V"(a, 0) — V"(a, 0)| —l—cE/ o (v, )|
0
h
gc/ HW}L(x, O)||2p(x)d:r+c/ oW (z,t)| plz, t)dxdt
D Q ox

h h 0
<clpllo @ W'yt <cllplloolly’ —g llx-—1 —0

for some constant ¢ > 0. Theorem 7.1 is proved.

THEOREM 7.2. Let the assumptions and notation of Theorem 6.1 be retained. Let
Ty € [0,T], Ty € [0,T]. Then E|E(Ty) — £(Tp)|* — 0 for Ty — Ty.

Proof. Let g € X_l, P € X_l, w;i(t) = g(t) for t < T, p;(t) = 0 for t > T,
i = 0,1. Let V; = L(0)y;, W = V; — Vy. Obviously, |[¢1 — ¢ollx-1 — 0. By
Theorem 3.1, ||W||y: — 0. From here on, the proof of Theorem 7.2 is similar to that
of Theorem 7.1.

THEOREM 7.3. Let the assumptions of Theorem 6.2 be fulfilled. Then there exists
a version off(T) a.s. continuous with respect to T .

The proof is an immediate corollary of (6.5).

8. Diffusion degeneration. The author’s papers [7], [13] deal with a number of
questions connected with the limiting properties of processes under diffusion degener-
ation (including distributions of functionals of nonsmooth functions [13] and moments
of the first exit from the domain [7]). Here the approach of [7], [13] is applied to the
limiting properties of a local time in the case of diffusion tending to zero. It is estab-
lished that the local time of random paths tends in a certain sense toward the local
time of the limiting smooth function after averaging over the initial values (although
the paths always remain stochastically nonsmooth and no averaging is performed with
respect to the Wiener process).

Let us consider the collection of diffusion coefficients

(8.1) B=05  Bslz,t)=VeB(,t),
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where the number § > 0, B(z,t): R" x R" — R"™*" is a matrix function such that
B(z,t) B(z,t)" = I. We assume that, for § > 0, all the assumptions of section 1
are fulfilled, D = R", the derivatives 0" f(z,t)/02™, 0" B3(x,t)/0z™ are bounded,
m = 1,2, 3, 4, a random initial vector a has a distribution density p € L. (R"),
and B(x,t) is a continuous function. It is assumed that the hypersurface I'(t) C R"
depends on time and the assumptions of Theorem 5.1 are fulfilled for it, g(¢) is the
same element YW* as in Theorem 4.1, and g € x '

For 6 > 0 we denote by t;(T) the variable introduced in Theorem 6.1 and use the
notation ys(t), Ls(0), Ms(0) for the corresponding processes y(t) and the operators
L(0), M(0) introduced in sections 3 and 6.

In particular, the operator M;(0): X% H" assigns the function V(,0) € H',
where V = Ls(0) ¢, 6 > 0, to the function ¢. Passing from parabolic equations to first
order equations, we introduce similar operators for § = 0. By Theorem 4.2.1 of [14]
(referring to more general equations), the operator Mg(0): H ' - X' is continuous.
We define the operator Mq(0): X' = H ! as its conjugate.

Similarly, by Theorem 4.2.1 of [14] the operators Lj(0): X* — X* M;(0): H" —
X" are continuous and their norms are bounded with respect to 6 € [0,1], k =0,1,2.
For the conjugate operators this implies the following.

PROPOSITION 8.1. The operators Ls(0): X % — X% Ms(0): X F = H™* are
continuous and their norms are bounded with respect to 6 € [0,1], k =0,1,2.

Let g.(z,t) = Ind{z € T'(¢,e)} as above. We denote

k

(8.2) us.e = M;5(0) ge, us,0 = M;(0) g.

LEMMA 8.1. (a) The norms ||usc|g—1 are bounded uniformly with respect to
€ (0,1], 6 € [0,1].

(b) For V. = L5(0) go, Vs = Ls(0) g the norms [V o(,8)lli—1, [Va(»8)ll—s are
bounded uniformly in t € [0,T], € € (0,1], § € [0,1].

Proof. For fixed ¢ = 0 statements (a) and (b) follow immediately from Proposition
8.1; statement (b) for all ¢ is obtained by a change of the initial time.

Denote by y(f’o(t) a solution of equations (1.1), (1.2) with 8 = 0 and the initial
condition y(0) = x, z € R".

PROPOSITION 8.2. The equality

T
%A Ind{y(?o(t) €l'(e, t)} dt = uO,s(‘r) = VO,e(xv 0)

holds in H® = Ly(R™). Moreover, for § > 0 we have

T
éE/O Ind{y;s(t) € (e, t) } dt = (p, us.c) po-

(Here the first equality follows from Theorem 1.1 of [13], the second one from our
Theorem 5.3.)

THEOREM 8.1. us. — ugo weakly in H ' asé— 0, —0.

By Proposition 8.1 and Theorem 8.1 it is evident that the following definition is
natural.

DEFINITION 8.1. For the collection of paths {yg’o(t)}xeRn, we call ug o € H'a
local sojourn time on I'" up to time T.
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Note that if ugg € H' is fulfilled, then ug g = ugo(z) is a Lebesgue measurable
function of z. We shall give an example in which ugo € H O; the local time is given

for any = = y; ’0(0) and is not a generalized but a bounded measurable function of x.

Ezample 8.1. Let n = 1, D = R, T'(t) = {0}. Tt is assumed that the func-
tions f(x,t), B(x,t) are measurable and bounded together with all derivatives with
respect to z, |B(xz,t)| 2 1, the number § = 0, the function f(-,¢): [0,7] — C'(R) is
piecewise-continuous, |f(0,t)| = ¢; (Vt), where ¢; > 0 is a constant. Then ugo(z) =

Z,ivzl s(0),) | £(0,0;,)] ", where N is the number of visits of zero by the process yg (¢
for t € [0,T), 6, are visit times, k =1,..., N, s(t) =1 for t € (0,T), s(0) = s(T) = 3.
Proof of Theorem 8.1.
LEMMA 8.2. The sequence ug converges weakly to ug o asd — 0 in the space H "

Proof. We introduce the set BT = {¢ € H': &(z) = 0, €, (rny = 1}. For
¢ € BT denote ps = Mj;(0)¢. Note that the function ps(z,t) is the distribution
density of the solution y(t) = ys(t) of equations (1.1), (1.2) provided that the vector
y(0) has the distribution density () with (8.1) taken into account. As is known,
E sup, |ys(t) — yo(t)|2 — 0. Hence it follows that ps — pg weakly in X% asd— 0. By
Proposition 8.1, ||ps||x: < const. (Vé € [0,1]). Therefore,

(8.3) ps — po weakly in X' as § — 0.

Hence it follows that
(8.4) (ué,o — UQ,0, &)mo = (9, ps — Po) xo — 0

holds for any £ € B*. The linear span of B% is dense in Hl; hence, by Lemma 8.1
and relation (8.4), we obtain Lemma 8.2.

Let us continue the proof of Theorem 8.1. By virtue of Lemma 8.1 it is sufficient
to prove that us. — up o weakly in H2asd — 0,e —=0. Let £ € H27 Us,1, Uso be
given by (8.2). We have

(use — u,0,&) o = Ri(6) + Ra(9, €),
where
R1(6) = (us0 — w00, §) o, Ry(8, €) = (use — us0, §)mo-
We have R{(6) — 0 for 6 — 0 by Lemma 8.1,
R2(57 5) = (MJ(O) (gs - g)a g)Ho = (gs -9 ME(O) g)Ho
19e = gllx-1[|M5(0)€][ 41 = const. [|g- — gllx—1[1€]| a2

A

Theorem 8.1 is proved.

Let F,, Fyw be the o-algebras of events generated by the initial vector a in (1.1)
and the Wiener process w(s), s € [0,T], respectively; let (Q, F,P) be the initial
probability space, Q = {w}.

Let Vs = Ls(0)g, ﬁgj) be the columns of the matrix B5. By Theorem 6.1 we have

85 G =Ve.0+ Y [T (0. ) 5 (1s0). 1) du )

Denote

(8.6) ns =ts(T) —E{t;(T) | 7}, Ws =E{ns | Fw}.
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From (8.5) we have
(8.7) 15 = Z/ D5 (ysl0), 1) B (s (1), £) ().

THEOREM 8.2. (a) For any p € H" we have

(8.8) Ets(T) —(up,0, p)ro  as 6 — 0.
(b) Let p € H>. Then,

(8.9) E [775]° < 6 - const. .

Proof. Relation (8.8) follows from (8.5) and Lemma 8.2. Let us prove (8.9). Let
p(z,t,w) be a density of conditional (given Fy) distribution of the process ys(t), i.e.,
for any domain G ¢ R",

/Gp(a:, t,w)dr = P{y(;(t) € G}.

Recall that C* = C([0,7] — H").

PROPOSITION 8.3. Let the vector a = ys(0) be independent of w(t) and have a
distribution density p € H°. Then there exists a density of conditional (given Fy)
distribution of the process ys(t): p = p(x,t,w) € L*(Q, F,P,C°).

If p € H”, then p(a,t,w) € L*(Q F,P,C"), and

E |[p(- w)||o < const. E|p|Fn, k=0, 1,2

This proposition follows from Theorem 2.2 of [10]; the latter estimate holds by
Theorem 4.2.1 of [14] due to the properties of the parabolic equation for p derived in
Theorem 5.3.1 of [14].

Let us continue the proof of Theorem 8.2. We have

*—i s [ 2 0 8 e, e 1 ) d
775*‘ 0 wj R o1 z, 5) z, plz, 1, w)ar,

E [75]° 7EZ/ dt/n

< const. EZ/ VoG DI 189 @, 6) ple, £, w) e de

2
Ws (4, 1) 8D (a, 1) pla, 1, w)| e

< §const. E||p(-, w < §const. E|p||7e.

Ip®

The inequality preceding the last one is fulfilled by virtue of (8.1) and Lemma 8.1 (a).
Theorem 8.2 is proved.

Remark 8.1. Let p € WQk(Rn), k> n/2+2 6 > 0 be fixed, the derivatives
9" f/ox™, 8" 3/0x™ be bounded, m = 1,...,k + 2. By the approach used above for
Theorem 8.2 one can prove that for ¢ — +0 there exists in the space LQ(Q,}",P) a
limit of the variables I (x,t), where z € R", t > 0,

l(z,t) =E{l.(z, t) | Fw}, I(x, t) = 6%/0 Ind{|y(7°) —z| < s}dr.
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(Note that for n > 1 no limit of the variables I.(x,t) exists without conditional av-
eraging, since, as is known, there does not exist a local time of a multi-dimensional
process at this point.)

To conclude, we would like to note that, based on Theorem 3.1, control problems
with functionals depending on a local time were solved in [15], [16]. Moreover, The-
orems 4.1 and 5.1 enable one to interpret the problems solved in [17] as local time
control problems.
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