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Stochastic Controls with Terminal Contingent Conditions

Nikolai Dokuchaev* Xun Yu Zhou'

Abstract

This paper considers a nonlinear stochastic control problem where the system
dynamics is a controlled nonlinear backward stochastic differential equation and
the state must coincide with a given random vector at the terminal time. A neces-
sary condition of optimality in the form of a global maximum principle as well as a
sufficient condition of optimality are presented. The general result is also applied
to a backward linear-quadratic control problem and an optimal control is obtained
explicitly as a feedback of the solution to a forward-backward equation. Finally, a
nonlinear problem with additional integral constraints is discussed and it is shown
that the duality gap is zero under the Slater condition.

Key words. backward stochastic differential equation, adjoint equation, maxi-
mum principle, linear-quadratic control, Lagrangian, duality gap.
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1 Introduction

Stochastic maximum principle has been extensively investigated since 1960s [7, 10,
2, 1, 8, 13, 16]. The research on the problem has mainly focused on the dynamic

systems governed by the It6 (forward) stochastic differential equations with initial states
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specified. However, in studying (among others) the derivative securities (or contingent
claims) which are now becoming increasingly popular financial tools for investment
and risk hedging, one typically encounters stochastic systems where the terminal states
are pre-determined, following the so-called backward stochastic differential equations
(BSDEs). A good example is the option pricing problem where the replication of the
option follows a backward equation. This calls for the research on evaluating and
optimizing the performance of backward stochastic systems.

Linear BSDEs was initially introduced by Bismut [3] when he was studying adjoint
equations associated with the stochastic maximum principle. The nonlinear extension
was introduced by Pardoux and Peng [13]. Research on BSDE theory and applications
has been very active in recent years. For a updated and systematic account of BSDE
theory, see [15, Chapter 7].

In this paper, we study an optimal control problem where the dynamics follows a
BSDE and therefore the terminal state must coincide with a prescribed random vector
contingent on the terminal situation. This sort of problems come out naturally when we
study a (forward) stochastic linear-quadratic control problem [4]. More interestingly, it
can be used to model some optimal control problem of contingent claims. For example,
part of the control may represent the rate of capital injection or withdrawal from a
replication of a claim in order to achieve certain goal.

A control problem for BSDEs was considered in [9], where a necessary condition of
optimality was obtained for a system with a state-linear drift. For a general controlled
nonlinear BSDE, a stochastic maximum principle in a local form was derived by Peng
[14]. In this paper, we attempt to prove the stochastic maximum principle in the global
form. Note that the major difficulty in doing this is that the state of a backward
system consists of two variables y(¢) and z(¢). The second one, z(t), is hard to handle
because there is no convenient pointwise (in t) estimation for it, as opposed to the
first variable y(t). This calls for a more delicate estimation of the variation of z(¢) in
some Banach space when carrying out the spike variation approach that is typical for
deriving a necessary condition. After the maximum principle is derived, the result is
applied to a backward linear-quadratic (LQ) problem via a Riccati-like equation and an

optimal control is presented in a closed form. Then we investigate when the derived
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stochastic maximum principle becomes sufficient. Finally, we study a problem with
a finite number of additional integral constraints and show under the standard Slater
condition that the duality gap is zero. As a consequence, necessary and sufficient
conditions of optimality in a form of a duality equality are obtained.

The rest of the paper is organized as follows. In Section 2 the optimal control
problem with BSDE dynamics is formulated. Section 3 is devoted to the necessary
conditions of optimality (maximum principle). In Section 4 a linear-quadratic problem
is studied as a special case. Section 5 deals with the sufficient conditions of optimality.
In Section 6 a constrained problem is treated. Finally, Section 7 gives some concluding

remarks.

2 Problem Formulation and Preliminaries

Let T' > 0 be fixed. Consider a standard probability space (€2, F,P) and a standard
d-dimensional Wiener process w(t) (with w(0) = 0) which generates the filtration F; =
of{w(r) : 0 <r <t} augmented by all the P-null sets in F.

Let ¢ be an n-dimensional Fp-measurable random vector. Consider the following

control problem:

Minimize J(u(-)) = Eg(y(0)) + E/OT o(t,y(t), z(t), u(t))dt, (2.1)
Subject to { dy(t) = f(t,y(t), 2(t), u(t))dt + z(t)dw(t), t<T, 22
y(T) =¢.

Here u(t) = u(t,w) is an m-dimensional control vector, y(t) = y(¢,w) an n-dimensional
vector, and z(t) = z(t,w) an n X d matrix, w € Q. The pair z(t) = (y(t), 2(t)) is the
state process.

In (2.1) and (2.2), f(t,y,2,u,w) : RxR* x R x R™ x Q — R, o(t,y, z,u,w) :

R xR"” x R4 x R™ x Q — R, and g(y) : R® — R are given measurable functions.

Assumption 2.1 The random functions f(t,y,z,u,t) and o(t,y, z,u,w) are continu-
ous for fired w € Q and are progressively measurable with respect to Fy for fixed (y, z,u).

The function g(y) : R™ — R™ is continuous.
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Assumption 2.2 There exist continuous deriva-
tives 0% g(y) /0y, 0" f(t,y, z,u,w) /Oy, D" f(t,y, z,u,w) /02", O*p(t,y, z,u,w)/Oy* and
Fo(t,y, z,u,w)/0zF, k =1,2. Moreover, the following estimates hold:

oty 2, u,w)| + ()] < Collyl® + [2* +1),
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where Cy, > 0 are constants, k = 0,1,2, and z; are the columns of the matriz z,

i=1,..,d

2

+ (t7 y? Z’ ,U/, w) +

(t?y7z7u7w)’ +

Assumption 2.3 There exists a number p > 2 such that & € LP(Q, Fr,P; R™).

Let A be a given non-empty subset of R™. Consider a right-continuous and non-
decreasing filtration A; consisting of complete o-algebras such that A; C F;.

Introduce a set U of admissible controls consisting of all functions u(t,w) : [0,7] x
2 — R™ which are progressively measurable with respect to A, u(t,w) € A a.e. a.s.,
and EfOT |u(t,w)|P < 400, where the number p is defined in Assumption 2.3.

Notice that A; # F; allows one to consider some smaller but important classes of
controls. For example, the case when A; is the completion of {2, (}, corresponds to
a problem when only deterministic controls are admissible. The case A = F(;_p)vo
corresponds to the problem with a time delay A > 0 in control.

Let E be an Euclidean space and r > 1 be a number. Introduce the set ./{/lvr(E) of

all functions ((¢,w) : [0,T] x © — E which are progressively measurable with respect
r/2y1/r
to ¢ and such that ||C[| s, () :{E<fOT HC]QEdt) } < 4o00. Let the Banach space
M.,.(E) be the completion of M,.(E). We also introduce the following space
Y, = M. (R"), Z, = M. (R™Y), X =Y, x Z5,C, = L"(Q, Fp,P; C([0,T] — R")).
The following concerns the existence and uniqueness of solutions to the BSDE (2.2).

Theorem 2.1 ([9, p. 54]) For any u(-) € U, there exist an unique pair (y(-),z(-)) €
(Y, NCp) x Zy, such that (2.2) holds.
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3 Necessary Condition of Optimality

Assume that the process (z°(-), u°(-)) = (¥°(-), 2°(-), u%(+)) is an optimal solution of the
control problem (2.1) and (2.2). Consider the following forward Ito equation:

av(t) = {= (35 o+ (%), 0 b+ L= (8)) i) + (32), ) Jawi(o)
¥(0) = 51(4°(0))".
(3.1)
Here and after we use the notation that (¢)o(t) = ¢(2°(t), u’(t)) for any function ¢(-).
Furthermore, w;(t) are the components of the vector w(t), and z;(t) are the columns of
the matrix z(t).

Introduce the function H : [0,7] x A x © — R

H(t,u) £ )" f(t,9°(), 2° (), w) — ot 5" (1), 2°(1), w).

Proposition 3.1 [1]. The conditional expectation H(t,u) = E{fl(t, u)|At} ex-
ists, and there exists a wvariant H(t,u) : [0,T] x A x @ — R of H(t,u) (i.e.,
P (H(t,u) = H(t,u), Y(t, u)) = 1) such that the process H(t,u(t)) is Ai-adapted for
any u(-) € U.

The function H (¢, u,w) is the so-called regular conditional expectation [6, 1]. We assume

from now on that H(t,u) = H(t,u,w) is such as determined by Proposition 3.1.

Theorem 3.1 (Maximum Principle) The following inequality holds:

H(t,u(t,w),w) = max H(t,v,w), a.ete]|0,T], P-a.s. (3.2)
ve

The rest of this section is devoted to the proof of Theorem 3.1. Let p denotes an
arbitrary pair (¢',v") € (0,t] x L>®(Q, Ay, P; R™) such that v'(w) € A P-a.s.. For each
p and € > 0, introduce the set Q(e) = {t € [0,T] : |t —t'| < e/2}. Specify a number
e, so small that Q(e) C [0,T]. Construct a variation u(-,e|p) of u°(+) in the following
way. Let u(-,0|u) = u®(:). For e € (0,¢,], let

() Q)
u(t’gm)_{v' if t € Q(e). (33)

The resulting set of curves in the space U is called a wvariation bundle. The parameter

p enumerates the curves, and the bundle vertex is at u%(-).
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Let u be fixed. Denote u®(-) = u(-,e|u) and z°(-) = (y°(-), 2°(:)) the corresponding
solution of (2.2). Furthermore, we shall employ the notation (¢).(t) = ¢(x°(t), u®(t))
for any function ¢(-).

Introduce the set X C X such that any z(-) = ((),z(")) €
(2.2) for some u(-) € U. By definition, for any z(-) = (y(-), 2(+))
process y(-) such that (g(-),2(:)) € X and dy(t) = y(t)dt + z(t)d
following functional L : XxU—R:

La() () 2 BT vty (£t u(0).2(6),u(t) - 700 )t
~Eg(y(0)) ~ B ¢(t.(t). 2(1) u(t)dt.

Note that in the above definition z(-) is not necessarily the state corresponding the

X is the solution of
S )Z' there exists a
)-

w(t). Introduce the

(3.4)

control u(-). Then

J(2°(-),u’()) = J(2*(-),w () = L(a°(-),u(-)) = L(2°(-), u’("))
= L(z°(-),u()) = L(2°(),u())
+L(2°(),u () = L(2°(),u’(-))
Lemma 3.1 We have
é(L(-’If&(-), u?() = L(a%(-),u"()) =0 as &—0+.
Proof. Introduce the processes
D) 2 (gj) (OB (t) + <§:>Z (), i=1,...d (3.5)

It can be easily seen from Ito’s formula that

T T T
| vy pde = oy () - w0yy0) - [ doeyy - [ v atdul
0 0 0

d T _
_;/o Vi(t)*2i(t)dt
Hence (3.4) can be rewritten as
L(z(),u(") = E{—zp(T)*y(T) +9(0)*y(0) + Jy d(t)y(t) + g D(t)*z(t)dw(t)
FE Bz Od T 0 (0, 20),ut)de

—Eg(y(0) — E J§ @(t,y(t), 2(t), u(t))dt.
(3.6)
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Let
h(t) 2 45 (6) —4°(8),  h(t) 2 25(t) — (),

and denote by h; the columns of the matrix h. Then h(T) = 0, and

T T ~
L(a®,uf) — L(a°, ue)—E{¢(0)*h(0)_¢(T)*h(T)+/O dw(t)*h(t)+/0 () h(t)dw(t

+Z / G0 Ra(t)dt = g(y(0)) + 9(4°(0))

T

[0y (5657 0,270, 0) - 100,20, 0 0)) de
T

~ [ (6t @020, w5 0) - o600, 20000 0) e

0

- E{w<o>*h<0> + / Sty + [ R

+i [ dwrhoa-Zwopmo+ [ {uer(2) o t>+§;(§fi)0<t>ﬁi<t>),
- (?:)O(t)h(t) _ i(g:)o(t)ﬁi(t)}dt — o+ —as = —ag + o1 — as,
where
20 2 B(9(7(0) + s°(0) - 2 4(0)A0) ),
ap =E Tal(t)dt as=E Tal(t)dt

d
aalt) 2 (157 (0), 20,0 ()= (890,20, (0) (5 ) Oh)=3_(

Let us now introduce the following proposition.

Proposition 3.2 For anyr € (1,p|, v € (0,1), there exists a constant C' =

0 such that
IRlle, + Bz, < C'e”.

C'(r,v) >
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Proof. As in the proof of [9, Theorem 5.1], for a small enough 7" > 0 it can be shown
that

pv

R T »
I, + 11, < const ([ [1(t.°(0, 2200 0(9) - $0.5°0), 20(0), 200"t

(To get this one only needs to slightly modify the proof in [9] by replacing the Cauchy-
Schwartz inequality by the Holder inequality.) By (3.3),

HthT + H?LH%T < conste?, Ve € [0,¢,).

The general case of an arbitrary 7' > 0 can be obtained by subdividing the interval
[0,7T] into a finite number of small intervals, using the flow property of the backward
equation (see [9, Proposition 2.5]). This completes the proof of Proposition 3.2. O.

Lemma 4.1 then follows immediately from the following result.
Proposition 3.3 Fori=0,1,2, e Yoy =0 as c—0+.
Proof. For a scalar random process 0(t), introduce the process

2(t) 2 (1 - 0(t)2°(t) + 0(t)z°(¢).

Denote (¢)g(t) = ¢(2%(t),u(t)) and (¢),(t) = ¢(2?(t),u’(¢)) for any function ¢(-). It
can be easily obtained from the Mean-Value Theorem that there exists a process 6(t)

such that

won=lsr{((4),0-(5) o) $((22),0- (22) i)

Hence |ai(t)| < |ai(t)| + [@2(t)|, where

o 2r{((20),0- (22) oo+ $3(20) - (29) )i}

(2

w2 vor{((3F) 0 - (57), 00 S((35),0- (35) 0o}

Furthermore, let 7/ € (2,p), v € (1/2,1) be arbitrary, » = r'(+' — 1)~!, and R = 2r. It
can be easily seen that ¢ € Cj for any p < p, hence [|9)[|c , < +oc. By Proposition 3.2,
we have

1/r

E [ ") < Calltle, {2 ( | oon fo)2ar) |
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~ 2
< const [ e, (IAllen + 71z ) < const |[¢lle, C'(R, v)<>
Hence
1 T
fE/ [aa(t)|dt -0 as e—0+.
€ 0

Furthermore, one has

B [ ol < 2aiule, B | i+ Fepas(|5 |+ |2
< 2acalvlle, {B( | _qnon+moa) L

< const ’\I/J\\cr,{E(/Q(E)(\h(t)y 1 Iﬁ(t)y)th)m (/Q(s) dt>r/2}1/r

< const [[¢lc,, (IAlly, + [1Bllz, ) v < const &*+1/2 = o(c).

e}

02

Hence a1 = o(g). This completes the proof of Proposition 3.3 for ¢ = 1. The proof for
1 =0 and ¢ = 2 is similar. This completes the proof of Proposition 3.3 and hence that
of Lemma 3.1. O

Lemma 3.2 Letv e A, t' € [0,T), and Q,, € Ay be fized. Let us(-) 2

= (t,v") with

u(-,elp), where

A [, w) ifwéQ,
V(w) =
v if we Q.
Then

%(L(mo('),us(-))fL(xO(-),uo(o))) — H{' Wt w),w)—H{t ,v,w) as &— 0+, a.et’.

Proof. By (3.4),
LE0(),u() = L(0(),u%() 1 [T
= {w)(f(

9

t,y" (1), 2°(t), w* (1)~ £ (t,5°(1), 2°(1), u° (1))
—p(t,y"(8), 2°(), u* (1)) + (£, 4° (1), 2° (1), uo(t))}dt
(t'+e/2)AT
- /t / Pdw ( ),t,u})—H(’U,t,W))—)

(t'—e/2)VvO0
/ P(dw)(H('(,w), ¢/, 0) — H(v,t',w)) as e— 0+
Qpu
for a.e. ¢/, P-a.s. This convergence holds for any 2, € Ay. This completes the proof

of Lemma 3.2. O

Theorem 3.1 then follows from Lemma 3.1 and Lemma 3.2.
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4 Application: A Linear-Quadratic Problem

In this section, we apply Theorem 3.1 to a linear-quadratic problem as a particular case
of the control problem (2.1)-(2.2).

Let T > 0, the probability space (2, F,P) and the d-dimensional Wiener pro-
cess w(t) be such as defined in Section 2. Let p > 2 be a given number, and
& e LP(Q, Fr,P;R"™) be a given random vector.

Consider the following control problem:

T
Minimize J(y(-), 2(-), u(-)) = ;E(y(o)*Gy(O) + /0 u(t)*F(t)u(t)dt), (4.1)
= 4 Ci(t)z z(t)dw
Subject to { Ay(t) = (A@u(E) + BOu) + Xl Cilt)=(t)) dt + =(0)dwlt),
y(T) =¢.
Here u(t) = wu(t,w) is an m-dimensional control vector, y(t) = y(t,w) is an n-

dimensional vector, z(t) = z(t,w) is an n X d dimensional matrix with z;(¢) being
the columns of z(t). The pair z(t) = (y(t), z(¢)) is the state process.

In (4.1) and (4.2), A(t) = A(t,w) : [0,T] x Q2 — R™", B(t) = B(t,w) : [0,T] xQ —
R™™ Ci(t) = Ci(t,w) : [0,T] x Q@ — R™" T'(t) = ['(t,w) : [0,T] x @ — R™*™ are
bounded matrix processes which are progressively measurable with respect to F;, and
G € R™" is a given (deterministic) matrix.

We assume that G = G* > 0, ['(t,w) = T'(t,w)* > 01, for all t,w, where 6 > 0, and
I,, is the unit matrix in R™.

Introduce a set Uy of admissible controls consisting of all functions wu(t,w)
[0,7] x 2 — R™ which are progressively measurable with respect to F; and such
that B [ |u(t,w)[Pdt < +oo.

Let u°(-) be an optimal control, and (y°(-), 2°()) be the corresponding state process.

Then the adjoint process (-) is the solution of the following equations:

{ —dy(t) = Ay p(t)dt + YL, Ci(t)*(t)dwi(t),
$(0) = Gy°(0).

Theorem 4.1 There is a unique optimal control u°(-) for the problem (4.1)-(4.2) in

(4.3)

the class Uy. Moreover, u®(-) has the following representation.:

W(t) = D(t) " B(t) (1), (4.4)
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Proof. The cost function (4.1) is a positive quadratic functional of controls because
of the assumptions on G and I'(t). Hence by standard convex optimization theory an
optimal control exists. Moreover, in the present case, the adjoint equation (3.1) has

the form (4.3). By Theorem 3.1,
Y()*B(t)ul (t) — ul(t)*T(#)ul(t) > (t)*B(t)v — v*[(t)v, Vv € R™.

This implies (4.4). Hence (4.4) is the only control which satisfies the necessary condi-
tions of optimality. It then must be the optimal control. This completes the proof of
Theorem 4.1. O
Assume now that there exist a random n x n matrix process P(t) = P(t,w) with
the following properties:
(i) P(t) is progressively measurable with respect to Fi;
(ii) P € L*([0,T] x Q);
(iii) the following equation holds:
{ dP(t) = — [P(1)A(t) + A(t)* P(t) + P()B(t)L(t) " B(t)* P(t)] dt — S Ci(t)* P(t)dwi(t),

P(0) = G.
(4.5)

This equation will play a role similar to the Riccati equation in forward LQ control
theory. Note however that this equation does not have the symmetric property and
the solvability of it in general remains open. However, the following gives a sufficient

condition for the existence of its solutions.
Lemma 4.1 Let C;(t,w) = ¢;(t,w)l,, where I, is the unit matriz in R™*™, and ¢;(t) =
ci(t,w) : [0, T]xQ — R, are bounded scalar processes which are progressively measurable

with respect to Fy. Then there exists P(t) satisfying the conditions (i)-(iii) above.

Proof. Introduce the processes

d
q(t) = q(t,w) = exp{—Z/O ci(s,w)dwi(s)}, Ly(t) =Ty(tw) = q(t,w)_lf‘(t,w).

For fixed w, let Q(t) = Q(t,w) be the solution of the following conventional Riccati

equation

{ G =—QA®) — A Q) — Q)BT (1) ' B1)*Q(t) — 5 Xy ci(t)Q(1),

Q(0) =G.
(4.6)
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This equation has a solution Q(t) = Q(t,w) > 0. Furthermore, it can be easily seen

that
1

< < —
0<Qt)<G - / )+ A QLs) — 5 Y eils

1=1
Hence any solution Q(t) = Q(t,w) of (4.6) is uniformly bounded, and it can be easily
seen that () is progressively measurable with respect to F;. Let P(t) = q(¢)Q(t). It
can be verified directly that this matrix process satisfies (i)-(iii). This completes the

proof of Lemma 4.1. O

Theorem 4.2 Assume that there exists P(t) such that the conditions (i)-(iii) above
hold. Then the optimal control u®(-) for the problem (4.1)-(4.2) can be represented as

u’(t) = T(&) "' B()" P(1)y(1), (4.7)

where y(t) is the solution of the equation

{ 45(t) = [A(t) + BOT ' B(1)* P()] §(0),
(4.8)
9(0) = y°(0).
Proof. Let 9(t) £ P()§(t). We have
dij(t) = dP(t)j(t) + P(t)d(t)
d
= {— (P(t)A(t) + A(t)*P(t) + P(t)B(t)r(t)*lB(t)*P&)) dt=Y Ci(t)*P(t)dwi(t)}g(t)
=1
+P(t) (A(t) + B(t)l“_lB(t)*P(t)) 7(t)
d
— ~{a@rPo) - X cuty Pt fi(e) = - Z Ci(t) (1) dwq(t).
i=1

So v(t) satisfies the same equations as (). Hence ¢(-) = (-) by the uniqueness. This
completes the proof of Theorem 4.2. O

Note that (7(-),y"(-),2"(:)) satisfies the following so-called forward-backward
stochastic differential equation (FBSDE):

B()D'B(t)" P(H)] (1),
dy <t> - (A(t)y%) T+ BT (0 B) POF(E) + Sy Ci(t)z(0)) dt + =()dw(t),
(0

(4.9)
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Therefore, the optimal control (4.7) is a “feedback” of the solution to the equation
(4.9).

The following result is straightforward.

Corollary 4.1 If C; = 0 (Vi) and A(t), B(t) are deterministic, then the matriz P(t)
is deterministic and §(t) = Ey°(t).

5 Sufficient Condition of Optimality

In this section, we examine when the necessary condition of optimality (3.2) becomes
sufficient. We assume that A; = F;. Let u°(-) be an admissible control and z°(-) =
(¥°(+), 2°(+)) be the corresponding state process. Introduce the function H : [0,T] x
R” x R4 x R™ x Q) — R:

H(t,y, 2,u,0) 2 00 f(ty, 2,u,0) — ot Y, 2,0,0).

(Note the natural relationship between H and H that appears in the maximum princi-
ple.)

Before stating the main result, we need to have some more notation. Let v: X — R
be a locally Lipschitz continuous function, where X’ is a convex set in R™. The Clarke

generalized gradient of v at T € X, denoted by 0,v(Z), is a set defined by
0,0(2) = {p e R": p'¢ <0(&€), VEERY,

where
0/m o\ A v(z + h) —v(x)
v7(Z;€) = lim SUP e ¥, 44 heeX i hs0d 5 )

Theorem 5.1 Let A be either an open set or a convex set in R™. Assume that the
function g(-) is convex, and the function H(t,y, z,u,w) is concave and Lipschitz con-

tinuous in (y,z,u) for fived (t,w). Then u°(-) is an optimal control of the problem

(2.2)-(2.1) if it satisfies (3.2).

Proof. Let u(-) be an arbitrary admissible control, z(-) = (y(-), 2(:)) be the corre-

sponding state process, and

h(t) = y()=y°(1),  h(t) = 2(0)=2"(1),  AL(E) = Fly(t), 2(8),u(t), )= F(5° (1), 2°(), u"(2), ).
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We have h(T) = 0, and
T d -
O(T) h(T) — (0)"h(0) = /0 (dp(t)*h(t) +(8)*dh(t) + Y i) hi(t)dt)
i=1

where h;(t) is the columns of the matrix h(t), and the processes ¢;(t) is defined in (3.5).

Hence
o[ s () o (35,0
RO AS() - §(¢(t)*<gi)o(t> (52) ®)uto)

oH
“E - E _
w0 =2 [[{~(37) om0 - (3
Denote (0(5,u)H)o(t), etc., be the Clarke generalized gradients of H evaluated at
(2°(t),u°(t)) = (°(t), 2°(¢),u’(t)). The maximum principle (3.2) yields 0 € (9,H)o(t),
a.e.t, P-as.. By [17, Lemma 2.3], ((9:H)o(t),0) € (O(z,u)H)o(t) for ae. t, P-as. It
then follows from [17, Lemma 2.2(4)] that

) (Oh(t) + (0" Af0) .

d
Hy(t), 2(8), u(t), ) — HEO (), 2°(0), u2(2), 1) < (0, H)o(t)h(t) + 3 (D= H)o()hi(t)
=1
Hence
—E(0)h(0) < E/ u(t), t) + H(y (), 2°(8), u"(t), 1) + Y ()" Af(1))
= E/O ((t,y(t), 2(t), u(t)) — @(t,y°(t), 2°(1), u®()))dt.
Furthermore,

o(0) = 96°(0)) = (52 ) h0) = 0(0)"h(0).

due to the convexity assumption on g(-). Therefore,

E(g(y(0)) — 9(y"(0))) + E/OT(w(t, y(t), 2(), u(t)) — o(t,5°(t), 2°(t), u"(1))dt = 0.

This completes the proof of Theorem 5.1. O
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6 Problem with Integral Constraints

In this section, we assume that o{wi(s), s <t} C A; (Vt), where wi(t) is the first
component of the Wiener process w(t) in (2.2). In particular, this assumption excludes
the case of only deterministic controls.

Consider the following functionals

D, (u(-)) = Egi(y(0)) + E/OT wi(t,y(t), z(t),u(t))dt, i=0,1,2,...,N, (6.1)

where u(-) € U is a control, and the pair z(t) = (y(t), z(¢)) is the state process which
evolves correspondingly to the equation (2.2). We assume that the functions g; and ¢;
have similar properties as specified in Assumptions 2.1 and 2.2.

Consider the following problem:

Minimize ®¢(u(-)) over u(-) € U, 6.2)
Subject to @1 (u(-)) <0, ..., dy(u(-)) < 0. '
We assume the following Slater condition:
Ju(-)eU: P1(u(r)) <0,...,Pn(u(-)) <0. (6.3)
Set
Up={u(-)eU: &1(u(-)) <0,....ox(u(-)) <0},
and introduce the Lagrangian
N
L(u(-), 1) = @o(u() + Y pi®i(ul)),
i=1
where p = (p1, ..., n) € R™. We write p > 01if y; >0, Vi=1,---,n.
Theorem 6.1 (i) The following relation holds:
inf ®o(u(-)) = inf sup L(u(-), ) =sup inf L(u(-),p). (6.4)

u(-)eU; u(-)el u>0 p>0u(-)EU

(ii) The supremum on the right-hand side of (6.4) is achievable for a finite p.
(iii) Fach pair (p,u(-)) achieving supinf in (6.4) with

N
u(-) €U, Y wi®i(-) =0 (6.5)
i—1
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is a saddle point of the problem, i.e., it is the solution of the problem inf sup as well
as the solution of the minimization problems with constraints (6.2).
(iv) For each optimal control u(-) of the problem (6.2), there exists a finite 1 > 0
so that (u,u(-)) is the solution of the problem
sup inf L(u(). 1), (66)

and (6.5) holds.

The proof of this theorem will be given later in this section. Notice that the second
equality in (6.4) shows that the so-called “duality gap” is zero for the constrained
problem (6.2). Theorem 6.1 not only establishes the existence of Lagrange multipliers,
but also shows how to calculate them. Moreover, Theorem 6.1 gives necessary and
sufficient conditions of optimality as well as a sufficient condition of optimality (items

(iv) and (iii) respectively).

Corollary 6.1 Let u(-) be an optimal control for the problem (6.2). Then there exists
w >0 such that the following hold:
(i) p is a solution of the problem (6.6).
(ii) (6.5) holds with u(-) = a(-).
(iii) The maximum principle (3.2) holds with H(-), 1 (-) defined for the following
90, 9():
N

N
g(y) = gO(y) + Z /“ngl(y)) QO(t, Y,z,u, w) = 900(1:) Y, z,u, w) + Z Hlspl(t) Y,z,u, w)
i=1 i=1

To prove Theorem 6.1, we employ the method which was originally proposed in

[5] for optimal stopping with constraints. To start with , let us introduce the vector

function ®(u(-)) = (Po(u(-)), ®1(u(-)), ..., P x(u(-)).
Lemma 6.1 For any ui(-) € U, ua(-) € U and § > 0, there exists u(-) € U such that
20 (u(-)) — @(ur(-)) — P(uz())] < 6. (6.7)

Proof. For € > 0, let

ug(t,w) ift>e

ue() Eu(), uge(t,w) = {

ui(t,w) ift<e.
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It can be easily seen that
D(uge(-)) — P(uz(-)) ase—0+.
Hence it suffices to prove that for any € > 0, § > 0 there exists u(-) € U such that
20 (u(-)) — ®(ure()) — P(uge())] < 0. (6.8)

Now fix e > 0. Consider the random number & 2 wi(e), where wi(t) is the
first component of the process w(t). Set B(-) = (¢o(-), 01(-), .., on (), G() =
(90(-);91(-); -, gn (+))- Let

D) 27000 + [ Pt ul6) 20, u(0)i (69)

where u(-) € U, and the pair z(t) = (y(t), 2(t)) is the state process corresponding to
Let Z;(z) : R — RN*! be defined as

Zz(x) = E{F(uz,s())’é. = ZC} p(x), i=1,2, (6'10)

where p(x) is the probability density function of wi(e). In view of our assumptions,
Z; € L1(R).

Consider the (2N + 2)-dimensional function Z(xz) £ [Z)(z), Zo(x)]. By [5, Lemma
5.1], there exists a set D C R such that

‘ /Zl da:f/ Zi(x)dz| < é 2 ZQ(CE)dIE*/ Zy(z)dx §§. (6.11)
-2 R\D R 2
Set (o) EeD
u(t,w) if€eD,
u(t,w) 21 for t € [0, 7).
U2,e(t7w> if & ¢ D,
Then u(t,w) = ui(t,w) for t < e, hence u(t,w) is progressively measurable with
respect to A¢, and u(-) € U. Furthermore,
B(ul-)) = /R E{L()l¢ = o} pla)de = [ BAL@O)IE = o} pla)de
+/ E{T(u()|¢ = «} p(x dx_/ Zi@dr+ [ Zo(x)da, (6.12)
R\D
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and

O(uie() = [ Zila)de. (6.13)
R
Then (6.11)-(6.13) yields (6.8). This completes the proof of Lemma 6.1. O
Let us denote by ®(U) the closure of the set ®(U) = {®(u(-)) : u(-) € U} ¢ RV HL,

Lemma 6.2 The set ®(U) is convex.

Proof. Let z1, z9 € ®(U), a € (0,1) be arbitrary. It is suffices to prove that for any
0 > 0 there exists u(-) € U such that

lazr + (1 — a)zg — @(u(+))] < 6. (6.14)
By definition of a closure, there exist u;(-) € U such that
)
[@(ui() —zl <3 i=1.2 (6.15)

Let a = ijof ¢;27% where ¢; € {0,1}. Introduce the numbers Qg = > 2, q =

1,2,---. We have ay — a as ¢ — +o00. Let k& be such that

|k = af (|@(ur ()] + [@(u2(-))]) <

B,

. (6.16)

Introduce the sets
m
An 2 {a €(0,1):a= Zaz‘i, ¢ €4{0,1} },
i=1

Zn 2 {2 € RV 2 =a0(ui() + (1 - @)@(ua()), GEAn}, m=1,2,..k
Any element of Zm can be presented as either the middle or one of the edges of an
interval connecting points which belong to Zm—1. The number of elements in Zj, is finite.

It can be easily seen from Lemma 6.1 that for any z € Zj, there exists u(-) = u(-, z) € U

such that |®(u(-, 2)) — z| < /4. Hence there exists u(-) € U such that
|k ®(un () + (1 = ag)@(ua(-)) = S(u(-))| < % (6.17)
By (6.15)-(6.17), the inequality (6.14) holds for this u(-). This completes the proof of
Lemma 6.2. O
Consequently, Theorem 6.1 follows from Lemma 6.2 and [5, Theorem 1.1] (see also
[11, Theorem 0.1]).
Remark. Tt can be seen that the proof of Theorem 6.1 does not really depend on

the specific structure of the equation (2.2). Hence this approach can be easily extended

for a wide class of stochastic optimization problems with constraints.
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7 Concluding Remarks

Study on controls of BSDE systems remains a relatively new endeavor and many re-
search problems are open. For example, for the backward LQ problem we derived a
Riccati-like equation which however lacks the symmetry property. What is a more
appropriate Riccati equation? Can we have an optimal state feedback control in the
conventional sense (i.e., the control is a function of the state (y, z))? Also, possible ap-
plications to contingent claims in finance promise great potential of the BSDE control

problems.
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