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ABSTRACT: This paper introduces a new class of hybrid dynamical systems. We
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1. INTRODUCTION

In classical filtering theory (see e.g. Anderson and Moore [1]), the standard assumption
is that all data transmission required by the algorithm can be performed with infinite
precision. However, in some new models, it is common to encounter situations where
observation and control signals are sent via a communication channel with a limited ca-
pacity. This problem may arise when a large number of mobile units need to be controlled
remotely by a single decision maker. Since the radio spectrum is limited, communica-
tion constraint are a real concern. In Stitwell and Bishop [7], the problem of design
of large-scale control systems for platoons of underwater vehicles highlights the need
for control strategies that address reduced communications, since communication band-
width is severely limited underwater. Another class of examples is offered by complex
networked sensor systems containing a very large number of low power sensors. Further-
more, nowadays, it is becoming more common to use networks in systems, especially in
those that are large-scale and physically distributed. All these new engineering applica-
tions motivate development of a new chapter of control and state estimation theory in
which control and communication issues are combined together, and all the limitations

of the communication channels are taken into account. Communications requirements,



International Journal of Hybrid Systems. 1 (2001), No 1, pp. 33-50. 2

especially regarding bandwidth limits, are often challenging obstacles to control systems
design. In these problems, classical Kalman estimation theory cannot be applied since
the estimator only observes the transmitted sequence of finite-valued symbols. In fact,
we need to design a hybrid dynamical system which consists of two subsystems. The
first subsystem, that is called Coder, receives real-valued measurements and converts
them into a finite-valued symbolic sequence which is sent over the limited capacity com-
munication channel. The second subsystem (Decoder) receives this symbolic sequence
and converts it into a real-valued state estimate. In other words, such state estimators
with bit-rate constraints form an important subclass of so-called hybrid dynamical sys-
tems. In general, hybrid systems are those that combine continuous and discrete event
dynamics and involve both real and symbolic variables; e.g., see Matveev and Savkin [3].

A natural question to ask is how much communication capacity is needed to achieve
a specified estimation accuracy. The problem studied in this paper was introduced by
Wong and Brockett [8], where some algorithms and models were proposed and inves-
tigated for the case of bounded random disturbances. A case of decreasing Gaussian
disturbances was studied by Nair and Evans [4], where the idea to code the Kalman
state estimate was proposed. However, the main results of these papers were restricted
to the case of scalar systems.

In this paper, we investigate a state estimation problem involving constraints on bit-
rate communication capacity for a discrete-time partially observed system of an arbitrary
order with non-decreasing Gaussian disturbances. It is assumed that the observation
must be coded and transmitted via a digital communication channel with a limited
capacity. A recursive estimation algorithm is proposed and investigated for the case
when system may be unstable. In this case, any large deviation of disturbances implies
increasing all the following values of the state vector. We show that our algorithm
provides state estimation with a bounded average error. Moreover, we obtain sufficient
conditions of a convergence of the average error to zero as the digital communication
channel capacity increases. As in the paper of Nair and Evans [4], our recursive coder-
estimator includes the Kalman state estimator. It should be pointed out, that the
proposed state estimation method is different from those described in literature; it is
computationally non-expansive and easy to implement in real time. The most restrictive
feature is that the algorithm is not adaptive to reducing of noise to zero, i.e. there is
a given minimal level of tracking error which remains fixed even if the noise dissipates
with time; we are not able to extend our proofs for a modification of the algorithm
without this feature. (It can be added that we provided some numerical experiments
with such modifications, but it appears that they lost stability; moreover, we have not
found any proofs for other algorithms in literature for the case considered). However, the
algorithm is adaptive to changing (i.e. increasing or decreasing) of the noise level above
some minimal level which corresponds the minimal level of error. The obtained results

can be extended to the case of uncertain linear systems (see e.g. Savkin and Petersen
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[5], Savkin and Petersen [6]).

The remainder of this paper proceeds as follows. In Section 2, we introduce the
class of systems under consideration and state the problem of estimation via limited
capacity communication channels. Section 3 contains some well-known properties of the
Kalman state estimator. In Section 4, we formulate the state estimation problem with
communication constraints for a fully-observed system. Section 5 presents our recursive
coding-estimation scheme. The main results of the paper are given in Section 6. Section
7 presents an illustrative example. Section 8 contains brief conclusions. The proofs of

all the results of Section 6 are given in Appendix.
2. PROBLEM STATEMENT

Consider the following discrete-time linear system

Xit1 = A1 Xy + BiW;, (2.1)

Y, = Hi Xy + DiWy,

where X; € R is the state, W; € R? is the random disturbance input, Y; € R™ is the
measured output, t =0,1,2,... .

We assume that the vectors X, and W; are Gaussian, E|W;|? < const (Vt), EW; =0,
and W; does not depend on Wy, W1, ..., W;_1 and Xj.

Suppose estimates of the current state are required at a distant location, and are to
be transmitted via a digital communication channel such that only M bits of data may be
sent at each time . We consider a system which consists of the coder, the transmission
channel, and the decoder. Using an observation of Y7, ..., Y3, the coder produces a M-bit
word h; which is transmitted via the channel and then received by the decoder; the
decoder produces an estimate )?t which depends only on hq,...., h;.

Let A be the set A = {h} of words h = (h(l),....,h(M)), such that () € {0,1}.
The set A consists of 2M elements.

Let h; € A be the signal which is produced by the coder, th be an estimate of X,
which is produced by the decoder.

Introduce the following vector and matrix norms:

n
|z[| 2 max |z@] for zeR", [|A|2 max 3 |AG)| for Ae R
i=1,...,n i— n

=l1,..., =l1,...,

=1
We consider this problem as a problem of choosing the deterministic measurable
functions ®; : (R™)! — A, and F; : (A)! — R", t = 1,2,... such that
h; = (I)t(Yl,Yg, ,Yi) € A,

Xt = Ft(h17h27 "'7ht) € Rna
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and the following estimate holds:
E|X; — X;| < const (V¢ > 0).

Here | - | denotes the standard Euclidean norm. The main difficulty of this estimation
problem is in a case of non-stable system, when any large deviation of disturbances
implies increasing all the following values | Xy|.

It is well known that under some standard assumptions on Ay, B;, Hy, Dy, there
exists so-called Kalman estimate X/ of X; which minimizes the average error
E|XZE — Xp|%.

In this paper we propose an estimation algorithm which involves the Kalman esti-
mation. The Kalman estimate is supposed to be computed, coded, transmitted via the
channel and then decoded. The block diagram of our state estimation system is shown

in Figure 2.1.

(KE) e
Kalman Xi Cod hy Decod _.Xt
Filter oder ecoder

: Channel

Wy Y
— System

Figure 2.1: Block diagram of the estimator.

3. BASIC PROPERTIES OF THE KALMAN ESTIMATE

It is well known that the Kalman estimate X;” satisfies the following equations:

XKP = A,XKP 4V},
' I (3.1)
X5 = BX,,

where
Vig1r = P (Vi — H X[P).

The matrix P, is calculated recursively from the corresponding Riccati equation (see, e.g.,
Anderson and Moore [1]) and is uniformly bounded under some standard assumptions

on the system. The estimation error
A2 X, — XFE

is independent on X/ *. The vectors X/®, A; are Gaussian, EA; = 0, E|A|? < const
(see, e.g., Anderson and Moore [1]).

Let us discuss basic properties of V;. We have that
Vigr = P (Ve + HiAy — HiXy) = P (DWW + HiAy)

Hence the vectors Vi are Gaussian, EV; = 0, E|V;|? < const (V¢ > 0).
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Furthermore,
App1 = A1 Ay + BiWy — Vi
= A1 Ay + BWy + P H X [F — PY:
= At+1At + B:W, + P,H, (Xt — At) — BY;.
Hence

Ay = (App — PLHy) Ay + BgWy — PLDW,.

By the assumptions on Wy, we have that E(XX*)'A; = E(XX#) A = 0 for s < t. Hence
XX7 is independent on Ay, and E(XX7?) P.H;A; = 0. Moreover,

E(XX®) P,D,W; =0,
E(X)")Vig1 = B(X[") PHA + E(X] ) P.DW; = 0.

Then the vector V; is independent on X {7, X5, ..., X" . As stated earlier, the vectors
Viy1 are Gaussian, EV; = 0, E|V;|2 < const (Vt > 0).

It may be concluded that the initial problem of estimation X; may be stated as
follows: FEstimate the state of the fully-observed system (3.1) under bit-rate constraints
in the case of Gaussian disturbances Vi which do not depend on the previous states and

have bounded variance.
4. STATE ESTIMATION FOR THE FULLY-OBSERVED SYSTEM

Consider the process

Tt — AtItfl + bt + Vt, (4 1)

To = Xg.
Here Ty is a deterministic vector, v; are random disturbances, ¢t > 0, z¢,v¢, by € R™ and
Ay € R™", We assume that Ay, by and Ty are known.
In this paper, |a] denotes the integer part of a real number « > 0, such that
la] =max{z € Z:z < a}.
Let

1>

f =ML l/éPl/nJ, 0§V", LésupHAtH.
>0

We suppose that the following assumptions hold:
Assumption 4.1 v > 1, v > L.
Assumption 4.2 Vectors v; are Gaussian, v; is independent on ©1,T9, ..., Ti—1,
Ev, =0, E|w]?® <6 (Vt>0),

where § > 0 is a given constant.
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Also, we assume without a loss of generality that L > 1.
5. ESTIMATION ALGORITHM

The estimate Z; of the process x; will be found as a solution of the following equations:

Ty = ATy + by + c, t>0, (5 1)

Ty = T,

Here
cp = Ct(hl, ....,ht) € Rn, hy = (I)t(J?l, ...,xt) e A. (52)

The words h; are to be calculated by the coder. The vectors ¢; are to be calculated by
the decoder. In (5.2), A is the set of words introduced in Section 2, C; : A' — R",
®; : R™ — A are deterministic measurable functions. We consider the problem as a
problem of choosing the functions Cy(-), ®(-) such that E|z; — Z:||" < const (V¢ > 0)
for a given constant r > 1.

We assume below that the set A is the set of pairs A = {(v,s)}, where v = 0 or
v=1,s€{l,...,0}. Note that the set A consists of 20 = 2™ elements and # < 6.

Furthermore, let numbers [ > 0, ¢ > 1 and an integer R > 1 be given parameters.

For any A > 0, set D(\) 2 {z € R": ||z|| < A}.

Consider a discrete subset D(\) = {yj()\)}?:1 C D() such that for any z € D())
there exists a vector y € D()) such that ||z —y|| < Av~'. It can be easily seen that such
a subset D(X) does exist.

For any A > 0, introduce the following maps Si(z,A) : R" — {1,....,0}, Sa(z, A) :
R" — {1,....,0} and F(z,)) : R* — D(\):

S1(2,%) = min {argmin jeqs,...) l35(%) .
Sa(z,\) = max {k €{l,...0}: v ¢ D()\aR(k_l))},
F(z,\) =y;(A), where j=Si(z,)\).

Note that if z € D(A) and S(z, A) = j then ||y;(A) —z|| < |lyi(A) — =] (Vi=1,...,0)
and |ly;(A) — z|| < Av~L If z € D(X) then |[F(z,\) —z| < v L

Introduce the following vectors:

gt é Tt — Atij\tfl - bt, t Z 1. (53)

Let Iy £ /. Then the following sequence of hy, l;, ¢; is to be computed:

(i) The coder produces a word hy = (7, s¢) and a number [;, where

0 if z¢€ D(lt_l) SI(Et,lt—l), if Y =0
= ;oS = _ .
"=V it meDl)’ T SGuley), =1,
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lt,l/a if Yt = 0, Iy 1 > l/a
lt = lt,1 if Yt = 0, lt,1 = l/a (54)
lt = aRstlt_l if Yt = 1.

(ii) The word h, is transmitted via the channel.

(iii) The decoder computes I; by the rule (5.4), and then it calculates

o — F(ht,ltfl) lf Yt :0
"o if =1

(iv) Finally, the decoder computes Z; by the formula (5.1).
6. THE MAIN RESULTS

In this section we show how to choose parameters [, a, R of the state estimation algorithm
from Section 5 to guarantee that the average estimation error is bounded or converges
to zero.

Introduce the process of the estimation error
A ~
Zt = Tt — T¢.

Theorem 6.1 Consider the system (4.1) and the estimation algorithm described in the
Section 5 with given parameters a > 1 and R > 1. Suppose that

Le (z,a@) . (6.1)
a
Then for any r > 1 there exists a parameter | > 0 and a constant Cy > 0 such that
E|zr|" < C. VT > 0. (6.2)

Starting from now, we assume that r > 1 is fixed. To formulate sufficient conditions
on [ to guarantee (6.2) we need to introduce the following constants: Let r > 1 be a
given number, and

W 2 min{s € {2,4,6,..} : i > r}, (6.3)
i /2)120/2
patomt, Gié% for i=24,... (6.4)
T

Theorem 6.2 Suppose the assumptions (6.1) hold and the parameter | > 0 satisfies the

inequality

G,
> .
Al —a7T)(arT = 1)
Then there ezists a constant C, such that the inequality (6.2) holds.

iz (6.5)
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To give an upper estimate of C, we need to introduce the following constants:

_ 2
A RO N
/6_0’ ) CU_ (L_1)27 (66)
Furthermore, for any p > 1, introduce the following constants:
A .. . BPL A BPLI
qp:mm{zE{Q,éL,G,..}: i > p, 5 <1}, Q,,ZW, (6.7)
5(p) & p\L/p A gp GQpﬁquerCgp/Z Qp
=sup (E|v , = 1+ , 6.8
(o) & sup (B l), 1) 2 5 T ST N )
Theorem 6.3 Under the assumptions of Theorem 6.2, the inequality (6.2) holds with
I ) '
0= L (1707 4 21y 22} (6.9
7 L—-1

where p > 1 is an arbitrary number, p' = p(p—1)~L

The following theorem gives sufficient condition for a convergence for the case of

increasing channel capacity M.

Theorem 6.4 Suppose a time T > 0 is fized, and I~ + v~ — 0, where v = PMJIJ.
Then El|z||” — 0 uniformly on t <T.

The proofs of all the results of this section are given in Appendix.
7. ILLUSTRATIVE EXAMPLE

To illustrate the results of this paper, we consider a deconvolution problem similar to
those considered in Chen and Chen [2]. The block diagram of deconvolution system is

shown in Figure 7.1.
Signal Model Channel Model

(1) -~
Ty Ut Y; Ut

0.702 0.4 )
z271,982+1 202 [F O State Estimator —
+ o

Figure 7.1: Deconvolution system.

Combining the signal model and the channel model, we obtain the following system:

x 198 -1 o || xW 0.707
x| = 10 ol x® |+ o |nY
X&) 04 0 02| x? 0

Y, = X+l
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In this state space description, Xt(l) and Xt(2) are the state variables of the signal model.

In addition, u; = Xt(?’) is the state variable of the channel model, Y; is the measured
signal. To apply our results to this deconvolution problem, we consider a corresponding

system of the form (2.1). In this case, the matrices A;, By, K;, D; are given by

198 —1 0 0.707 0

A = 1 0 0], Be=1]o0 0|

| 04 0 02 0 0
Kt:[()Ol]aDt: 0 1]-

Also, the constants n, d, L are given by n =3, d =2, L = 2.98.

To illustrate the performance of our coder-estimator, we consider the Gaussian noise
signal W; = (ngl), n§2)) with EW, =0, EW,W/ = 0.8 - I. Also, we take initial condition
Xo = (1,—1,1)". We consider the system in the cases of a communication channel with
capacity M = 8 and M = 10 bits. We apply the estimation algorithm from Section 5
with the parameters [ = 10.2, R = 20, and a = 1.3 for M = 8, a = 1.53 for M = 10.
Figure 7.2 shows the true value u;, the Kalman estimate, and the resulting estimates of
the signal u; for times ¢ = 150,200 in the cases of communication channel with capacity
M =8 and M = 10 bits. Figure 7.3 shows the true value u; and the resulting estimate
of the signal u; for t+ = 1,200 in the case of the communication channel with capacity
M = 10 bits.

8. CONCLUSIONS

This paper describes a new class of hybrid dynamical systems. It considers a state
estimation problem involving bit-rate communication capacity constraints for a discrete-
time partially observed system. The observation must be coded and transmitted via
a digital communication channel with a limited capacity. Classical estimation theory
cannot be applied since the estimator only observes the transmitted sequence of finite-
valued symbols. A recursive estimation algorithm is proposed and investigated. We
show that our algorithm provides state estimation with a bounded average error which
converges to zero as the digital communication channel capacity increases. The proposed
state estimation method is computationally non-expansive and easy to implement in real-

time systems.
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APPENDIX: PROOFS

Let l;, ¢; and z; be computed by the algorithm, ¢ =1,2,... .
Introduce a sequence {s;, 7, ti};":og of triplets of integer random times, such that the

following conditions hold:
(i) so=10=0,1<s; <75 <t; <siy1 (Vi >1);
(ii) if s7 = 1 then ty = 0; if s1 > 1 then ty = 1;
(iii) if ¢ & Uj>1 {ss, 85 + 1,...it; — 1,4} and ¢ > 0 then [; =1/q;
(iv) if t € Ujsi {si, 8 + 1, ...,y — 1,73} then I, > 1/a, v = 1;
(v) if t € Uis1 {m + 1,...,t; — 1} then I; > [/a, v, = 0;

(Vi) ift € Ui>1 {ti Dty < Sip1 — 1} then [; = l/a, v = 0.
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Introduce the following random sequences:

G —si+1, mEt—7 for i=0,1,2,..,

Ly

)
lsi—l

Co2 —no, G2+ log, for i=1,2,... (A.1)

We assume that
Z—1 = 0, S 1=T7_1=t_1= 0, 5_1 = 0, n—-1 = 0, C—l = 0.

Let T > 0 be a fixed deterministic integer number. Introduce random integer
variables m and k such that s, <T < s;,+1 and k =m — 1. Let F' be the o-algebra of
random events which is generated by the random values {(j, 7%}, and F” be the o-algebra
of random events which is generated by the random values {(x, Tk, D, Sm, Zs,,, —1 }-

We will use the notation Ind for the indicator function.
Proposition A.1 If vy, =0 then ||z < ltfl <l.

Proof. The equation (5.3) can be rewritten as follows:

Zr = Ayy 1 — ATy 1 + g (A.2)
Hence
Z = Agzp—1 + v (A.3)
We have that z; = z; — ¢,
zp = Aze1 vy — ¢, 29 =0. (A.4)
Then ||z|| = || < li—1/v, and v > a. Hence ||z¢|| < ;. This completes the proof.0

Proposition A.2 If1; <t <sji1,j > 1, thenl, <1a% WM Ifs; <t <15, 5 > 1,
then

JaSi-1—ni—1+REA(E=s+1)) < | < la§j—1—nj—1+R§(§j/\(t—8j+1)), ji=1,2,...

Proof. Proposition A.2 follows immediately from the description of the algorithm.O

Proposition A.3 The random wvariable Ind{k > 1} is F'-measurable and F'-

measurable.

Proof. We have that k& < 1 if and only if {;, < 0, 7, = 0. It means that Ind{k > 1}
is F'-measurable. Furthermore, 7' C F”, hence Ind{k > 1} is F”-measurable. This

completes the proof of Proposition.
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Proposition A.4 Let ¢ = (2/)(1),2/)(2), ...,w(”)) be a Gaussian random n—dimensional
vector such that
|E1/)(i)| <a, Varyp® <c? Vi=1,..n

where a > 0, ¢ > 0 are fized. Then the following estimate holds:

K

G
Pl > u) < —°— Vu>a, Vi=2,4,6,..,

u—af*

where the constants G, are defined by (6.4).

Proof. (i) Let n =1, Esp = 0, E¢)> = 1. Then

P(p>u) =P < —u)= L [t 7t

iy —1
+ _ 2
— Ay = fee = (25 4(%)) <
for all ¢ = 1,2, ... . This completes the proof of Proposition for this case.
(ii) Let n = 1, By = 0, E¢p? = 2. Let ¢»/c = 1).. Then

P(p>u) =P <—u) =P (4 >"2) =P (o< —2) < \/%_ﬂ'ifq

for all g =1,2,... . This completes the proof of Proposition for this case.
(iii) Let n =1, E¢p = o, || < .. Let 1pg = ¢ — 1, B2 = c?. Then E¢pg = 0, and

R
N
Q

@"_‘
B

<

oo

)

P (| >u) =P (g <—u—3)+P(go>u—7p)

1 q29c3¢ 1 ¢29c3¢ V2 ql24c%

S Vor (u—pym T Vor (ut)E = Vr (u-a)

for all g =1,2,... . This completes the proof of Proposition for this case.
(iv) Let n > 1, then

V2 nql21c%

P[] > u) =P (3i: [y N

) <n max P(0]] > u) <

for all ¢ = 1,2, ... . This completes the proof of Proposition. O
We assume below that a number > 1 is fixed, and the number p is defined in (6.3).

We use the notations ¢, @ for the constants ¢,, @, defined in (6.7) with p = r.

Lemma A.1 The following estimate holds:
Ind {k > 1}<ar<’“E {a " |F'} — 1) <0 a.s.
Proof. For j > 0, introduce random events
09 2 {1z 4l < lrprj1s NErrjrall > b} - (A.5)

Substituting (5.5) into (A.4), we have that the event Q) implies

Irp+j—1
l2re+5ll < %, [ Az ti+12r+5 + Vit ll = loggge
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Hence Il Il
. a .
[ Ar g1 2m 4]l < —2H= < =t
v v
It follows that the event QU) implies
L
sl > bt (1= 22) = L (A.6)

Furthermore,
P (np = j|F) <P (|Znajerll > b NZnall <l 1l F), 521
Let w 2 G,6"h™". We have that
P (m = j|F") <P (o451l > lr15hF) .

It follows from Proposition A.4 that

G 0" w
Pk =j1F) <o =
lTkﬂh“ lTk+j

By (A.1), we have that I, ; = a’l;,. Moreover, from Proposition A.2 we have that

l;, = a‘kla~1. Hence

wi
waTT _ W mi—nle

P(np=35F) <
(e =317) < I

Then

ngc: a™"IP (ny = j|F) < & ng— i =1k =i

w o —ulk (k ]“ r) —Mﬁk al— ralle—Dw—r)_q wa —ultu—r+(Cp—1)(k—r) w _a""Sk
< wa E < 5 2 ar—T—1 < ar—T—1 < ’

Hence

Ind{k > 1}E {a "™ |F'}

< Ind{k > 1} {EJC‘IH a”" P (g = §|F') + a7k TTP (g > (i + 1|f,)}
< Ind{k > 1}<% ok aTCk’“> < Tnd{k > a6 (g2 +a7)  as

The equation (6.5) implies that
w 1 77,
l_”ia“ﬂ"—l—’_a Sl.
This completes the proof of Lemma A.1.0
Introduce the following matrices:

A

At,s) 2 A A Ay for s<t,  Alt—1,0)21. (A7)

Here I is the unit matrix. Furthermore, introduce the following random vectors:

t
o 2 At sm)zs, 1+ S A+ Do, where = s, + 1,50 +2,.

J=sm



International Journal of Hybrid Systems. 1 (2001), No 1, pp. 33-50. 15

Proposition A.5 For the conditional probabilistic measure P( - |F"), the random vec-

tors Zym are Gaussian, and the following inequalities hold:

I8z 7} < Dot bt (A.8)
B {|[2m — B {zmlF}|" 17"} < CoLZ+D) s, (A.9)

where Cy is defined by (6.6).

Proof. By Assumption 4.1, the vector v,y 1 does not depend on x4, x4 1, .. for any deter-
ministic t. Moreover, (5.2) implies that there exist deterministic measurable functions
¢ : R™ — R™ such that #; = ¢y(z1,....,2;). We have that z; = 2; — z;. Hence v
does not depend on 2, z;_1,... . Furthermore, the vectors vs 44, 4 = 1,2,.., are Gaus-
sian and independent on z,,, 1 for the conditional probabilistic measure P( - |F"), and
E {Zim|F"} = A(t, sm)2s,,—1-

Furthermore,

~ ls,,— — _j
1Zomll < 224 A5 < 2

B {Iin ~ B il 7Y [P} =B (0, A5+ 10;) 177}
< [zi, (1 + v )
< 4§ <Z] o L7 ’)2 = §” (Zt-_%m Lt—f—5m>2 < 52 <Lt—8m Sl L—j)

2
2 —8m 1 2 L2(—sm+1) 2(t—sm+1
S 5 (Lt § I—L*I) 5 W C[]L (t sm+ )

Hence (A.8) holds. Further,

2

Hence (A.9) holds. This completes the proof of Proposition.
Proposition A.6 The following estimate holds:

Liq62q0(1/2
4B (5 — L 1)s
Proof. After substituting (5.5) into (A.4), we obtain that

P, >i+1|F") <G Vi>1, Vq=24,6,..

Comti =0,  Zspti = Zoptiom = Zsm+i  for 4 =0,..., Ty, — S (A.10)
Moreover, it can be easily seen, that
P (&n > i+ 1F") <P ([lzs, il > lsria|F"), i>1.
Furthermore, if s, <17 < 7, then

lsm—l 2 éa lsm—l—i—l 2 lsm—LBia

Loy — ; : i l (i—1) .
lopyi1— ==L > 1, 1 (51 - L7> > LBl > w52,
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where
w1 é ﬁ — L.
By Propositions A.4-A.5 and (A.10), it follows that
G,Lc” _ GypLcy”
(lsm‘}’i*l - lsmflLi/V)q - wi]lqlﬁzq

This completes the proof of Proposition A.6.

P (&, >i+11F") <

Vg =2,4,6, ...

Lemma A.2 The following estimate holds:
E{gt |7} < f(r) as,
where f(-) defined by (6.8).

Proof of Lemma A.2. We have that P (&, > 1|/F") <1 and

G el G, G2t OQ/ 2 +

too
B{5rerl "} <6+ AP (G =ik IF) <67 Z Q

19w]
where Q = Q,. Then

quB2q+ng/2 Q
l9w] 1-Q°

E{ﬁr£m|f”} Sﬁr-i-

where ¢ = ¢,. This completes the proof of Lemma A.2.
Proof of Theorem 6.1-6.3. Let m and k be the random numbers defined above for

the integer T' > 0. Consider the following random events:

Qoé{T<81}, Qlé{slngn}, QQé{Tl<T<32}, Qg {82<T}

(A.11)
It is easy to see that
P (u;’;ogzi) =1, P(QiNQ)=0, i#j i,j=0,3
QOZ{mZO}, 91UQQU93:{’ITL:]_}, 93:{m22}:{k21}
We have that
3
E|zr[|” <E{[lzr|"1Q} P(20) + D EInd {Q} 27|
i=1
If T < s then ||zr|| <1/v, hence
lT‘
E {llzr[I"|$20} < = (A.12)

Set
T
Ve E: (T,§+1)
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If 5, < T < Ty, then 2 = A(T, 8,,)2s,, 1 + V, where A(T, ) is defined by (A.7). By
(6.1),

A(T, 5| < LTsmt1 < o Femd
AT, sm) || < < (A13)

VIl < S, LT I logll < LT sm ¥t 520, Lom =3 oy

Consider the random event ' 2 {sm <T < 7p,}. We have that

r

EInd {Q}|V]" < E(Ind{Q’}LTsm“ T L5m11||vj||>

J=5m
, / ] o\ 1/p
< (Bma @y =) (B(SL,, Lm ) ) (A1)

’ 1//7, . r r 3 r
< (orree) " (S, pre s @l < s el

Further, we have that [|z|| <[/v for t < s — 1 and Q; C Q. Clearly,

1/r

(Exnd{gzl}uzTHr) e (Exnd{m}HZ(T,sl)zsl1||’“> 4 (EInd{Ql}HVH’")l/r.

Then (A.13) and Lemma A.2 imply that

1/7‘ 1/1,. ,—7.
<EInd{Q1}||zT||"> < L(BImd{@}1re)" 4 frpyi/ dee)

) (A.15)
[ r rp' 0
< G+ S o) R
If 71 < T < s9, then ||z7| < I; <IB, hence
EInd {Q}|zr|” < I"EInd {Q:}55 = I"EInd {Q} 5 <I"f(r). (A.16)

By the definitions, it follows that
lzr] < laSm=1q"Mm=1qF0%m if T> o m>2
lzrll < [A(T, sm) 25—t | + VI if T < 7y m > 2.
In other words,
(1 - Ind{Q'}) Ind {Qs}[|zr[| < (1 — Ind {Q'}) Ind {Q3}laSm=1a m=1 gom,
Id {9} Tnd {2} lzr| < Tnd {82} nd {8} (AT, sz, 1]+ IV ).
Note that L < 8 = af?, and if Ind {Q3} # 0 then m > 2. From (A.13), we have that

Ind {Q3} ||zs,,—1/| < Ind {Qg}lacm‘lafnm‘l,

Ind {Qs} [|A(T, sm)2s,, —1]| < Ind{Q;;}laCm‘la*"m‘lBgm.

It means that

Tnd {2}l 27]] < Ind{sz3}<za4mla—nmlﬁfm v Ind{Q’}HVH).
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Hence
1/

1/r r 1/r
<EInd{Qg}||zT||r> gE(Ind{Qg}zWCm—lamm—lf;’"fm> +E(Ind{93n9'}y|vy|’"> .

In other words,
<E Ind{sz3}y|zT||’"> v <K+ KM, (A.17)
where
K 2 'EInd {Q}a™Sm—1q=mmm-1876m K, 2 EInd {Q5 N QM|V]".
By (A.14), it follows that

Ko SBLA{@HVIF < fr)' 7 200 (A.18)

By Proposition A.3, the random variable Ind {Q3} = Ind{m > 2} is F'- measurable
and F"- measurable; Ind{k > 1} = Ind{m > 2}. By Lemma A.1 and Lemma A.2, it
follows that

K <Blnd{Q}||zr|" = BE {I'a’é a1 g76n Ind {Q3}|F |
— E (I" Ind {Q3}a"Sn—1 B {q= "1 grém | F
( { ) (A.19)
B e al)
< (B (071 Tnd {k > 1}E {a 1 | F1}) <17 f(r).

By (A.12)-(A.19), it follows the inequality (6.2) for the constant (6.9). This completes
the proof of Theorems 6.1- 6.3.0

Proof of Theorem 6.4. Let [ > 0 be such that (6.5) holds for | = I. Introduce random
events 2o 2 {t<s1},t=1,...,T. Let g 21— P(Qp;). We have that ||z < /v for
t < si. Let Cy = C,(p) be the constant defined in Theorem 6.3 with r = p. By Theorem
6.3, it follows that if I > 1, [/v < 1, v > La + 1 then

E||z|"

IN

L P(Q,) + B(1 — Ind {Q0,})|2]"
U P(Qoy) + (Bl|z)2) " (B(1 - Ind {20,})2)"/

T

IN

IN

L P () + Co(2r)/2 (1 = P(Q0)) /2 = L (1 — &) + Cu(2r)1/26, .

Let x 2 min{i € {2,4,...} : i > 2r}. Similarly the proof of Lemma A.l, we obtain

that
G0

[5ht "

By (6.9), it follows that there exists a constant ¢; > 0 such that Ci(p) < ¢1(I? + 1) for

all [ > 1, v > max(La + 1,1), p € [r,2r]. Hence

TG
Ikhk

This completes the proof of Theorem 6.4.

&SP<ﬂ§tﬂ%HH>LH%hﬂ)étquUMH>m)§t
Z_

6tC* (2T) <

[
a(l® +1) =0 as M— 400, |—+00, ——0.
v



