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�Οροι. Definitions

α΄. Μονάς �στιν, καθ' ¿ν �καστον τîν Ôντων �ν 1. A unit is (that) according to which each existing

λέγεται. (thing) is said (to be) one.

β΄. 'ΑριθµÕς δ� τÕ �κ µονάδων συγκείµενον πλÁθος. 2. And a number (is) a multitude composed of units.†

γ΄. Μέρος �στ�ν ¢ριθµÕς ¢ριθµοà Ð �λάσσων τοà 3. A number is part of a(nother) number, the lesser of

µείζονος, Óταν καταµετρÍ τÕν µείζονα. the greater, when it measures the greater.‡

δ΄. Μέρη δέ, Óταν µ¾ καταµετρÍ. 4. But (the lesser is) parts (of the greater) when it

ε΄. Πολλαπλάσιος δ� Ð µείζων τοà �λάσσονος, Óταν does not measure it.§

καταµετρÁται ØπÕ τοà �λάσσονος. 5. And the greater (number is) a multiple of the lesser
$΄. �Αρτιος ¢ριθµός �στιν Ð δίχα διαιρούµενος. when it is measured by the lesser.

ζ΄. ΠερισσÕς δ� Ð µ¾ διαιρούµενος δίχα À [Ð] µονάδι 6. An even number is one (which can be) divided in
διαφέρων ¢ρτίου ¢ριθµοà. half.

η΄.'Αρτιάκις ¥ρτιος ¢ριθµός �στιν Ð ØπÕ ¢ρτίου 7. And an odd number is one (which can)not (be)

¢ριθµοà µετρούµενος κατ¦ ¥ρτιον ¢ριθµόν. divided in half, or which differs from an even number by
θ΄. �Αρτιάκις δ� περισσός �στιν Ð ØπÕ ¢ρτίου a unit.

¢ριθµοà µετρούµενος κατ¦ περισσÕν ¢ριθµόν. 8. An even-times-even number is one (which is) mea-

ι΄. Περισσάκις δ� περισσÕς ¢ριθµός �στιν Ð ØπÕ πε- sured by an even number according to an even number.¶

ρισσοà ¢ριθµοà µετρούµενος κατ¦ περισσÕν ¢ριθµόν. 9. And an even-times-odd number is one (which

ια΄. Πρîτος ¢ριθµός �στιν Ð µονάδι µόνV µε- is) measured by an even number according to an odd

τρούµενος. number.∗

ιβ΄. Πρîτοι πρÕς ¢λλήλους ¢ριθµοί ε�σιν ο� µονάδι 10. And an odd-times-odd number is one (which

µόνV µετρούµενοι κοινù µέτρJ. is) measured by an odd number according to an odd

ιγ΄. Σύνθετος ¢ριθµός �στιν Ð ¢ριθµù τινι µε- number.$

τρούµενος. 11. A prime‖ number is one (which is) measured by a
ιδ΄. Σύνθετοι δ� πρÕς ¢λλήλους ¢ριθµοί ε�σιν ο� unit alone.

¢ριθµù τινι µετρούµενοι κοινù µέτρJ. 12. Numbers prime to one another are those (which
ιε΄. 'ΑριθµÕς ¢ριθµÕν πολλαπλασιάζειν λέγεται, Óταν, are) measured by a unit alone as a common measure.

Óσαι ε�σ�ν �ν αÙτù µονάδες, τοσαυτάκις συντεθÍ Ð πολ- 13. A composite number is one (which is) measured

λαπλασιαζόµενος, κα� γένηταί τις. by some number.
ι$΄. �Οταν δ� δύο ¢ριθµο� πολλαπλασιάσαντες 14. And numbers composite to one another are those

¢λλήλους ποιîσί τινα, Ð γενόµενος �πίπεδος καλε�ται, (which are) measured by some number as a common

πλευρα� δ� αÙτοà ο� πολλαπλασιάσαντες ¢λλήλους measure.
¢ριθµοί. 15. A number is said to multiply a(nother) number

ιζ΄. �Οταν δ� τρε�ς ¢ριθµο� πολλαπλασιάσαντες when the (number being) multiplied is added (to itself)
¢λλήλους ποιîσί τινα, Ð γενόµενος στερεός �στιν, as many times as there are units in the former (number),

πλευρα� δ� αÙτοà ο� πολλαπλασιάσαντες ¢λλήλους and (thereby) some (other number) is produced.

¢ριθµοί. 16. And when two numbers multiplying one another
ιη΄. Τετράγωνος ¢ριθµός �στιν Ð �σάκις �σος À [Ð] make some (other number) then the (number so) cre-

ØπÕ δύο �σων ¢ριθµîν περιεχόµενος. ated is called plane, and its sides (are) the numbers which

ιθ΄. Κύβος δ� Ð �σάκις �σος �σάκις À [Ð] ØπÕ τριîν multiply one another.
�σων ¢ριθµîν περιεχόµενος. 17. And when three numbers multiplying one another

κ΄. 'Αριθµο� ¢νάλογόν ε�σιν, Óταν Ð πρîτος τοà make some (other number) then the (number so) created
δευτέρου κα� Ð τρίτος τοà τετάρτου �σάκις Ï πολ- is (called) solid, and its sides (are) the numbers which

λαπλάσιος À τÕ αÙτÕ µέρος À τ¦ αÙτ¦ µέρη ðσιν. multiply one another.

κα΄. �Οµοιοι �πίπεδοι κα� στερεο� ¢ριθµοί ε�σιν ο� 18. A square number is an equal times an equal, or (a
ανάλογον �χοντες τ¦ς πλευράς. plane number) contained by two equal numbers.

κβ΄. Τέλειος ¢ριθµός �στιν Ð το�ς �αυτοà µέρεσιν �σος 19. And a cube (number) is an equal times an equal

êν. times an equal, or (a solid number) contained by three
equal numbers.
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20. Numbers are proportional when the first is the

same multiple, or the same part, or the same parts, of

the second that the third (is) of the fourth.
21. Similar plane and solid numbers are those having

proportional sides.
22. A perfect number is that which is equal to its own

parts.††

† In other words, a “number” is a positive integer greater than unity.

‡ In other words, a number a is part of another number b if their exists some number n such that n a = b.

§ In other words, a number a is parts of another number b (where a < b) if their exist distinct numbers, m and n, such that n a = m b.

¶ In other words. an even-times-even number is the product of two even numbers.

∗ In other words, an even-times-odd number is the product of an even and an odd number.

$ In other words, an odd-times-odd number is the product of two odd numbers.

‖ Literally, “first”.

†† In other words, a perfect number is equal to the sum of its own factors.

α΄. Proposition 1

∆ύο ¢ριθµîν ¢νίσων �κκειµένων, ¢νθυφαιρουµένου Two unequal numbers (being) laid down, and the

δ� ¢ε� τοà �λάσσονος ¢πÕ τοà µείζονος, �¦ν Ð lesser being continually subtracted, in turn, from the
λειπόµενος µηδέποτε καταµετρÍ τÕν πρÕ �αυτοà, �ως greater, if the remainder never measures the (number)

οá λειφθÍ µονάς, ο� �ξ ¢ρχÁς ¢ριθµο� πρîτοι πρÕς preceding it, until a unit remains, then the original num-

¢λλ¾λους �σονται. bers will be prime to one another.
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∆ύο γ¦ρ [¢νίσων] ¢ριθµîν τîν ΑΒ, Γ∆ ¢νθυ- For two [unequal] numbers, AB and CD, the lesser
φαιρουµένου ¢ε� τοà �λάσσονος ¢πÕ τοà µείζονος Ð being continually subtracted, in turn, from the greater,

λειπόµενος µηδέποτε καταµετρείτω τÕν πρÕ �αυτοà, �ως let the remainder never measure the (number) preceding
οá λειφθÍ µονάς· λέγω, Óτι ο� ΑΒ, Γ∆ πρîτοι πρÕς it, until a unit remains. I say that AB and CD are prime

¢λλήλους ε�σίν, τουτέστιν Óτι τοÝς ΑΒ, Γ∆ µον¦ς µόνη to one another—that is to say, that a unit alone measures

µετρε�. (both) AB and CD.
Ε� γ¦ρ µή ε�σιν ο� ΑΒ, Γ∆ πρîτοι πρÕς ¢λλήλους, For if AB and CD are not prime to one another then

µετρήσει τις αÙτοÝς ¢ριθµός. µετρείτω, κα� �στω Ð Ε· some number will measure them. Let (some number)

κα� Ð µ�ν Γ∆ τÕν ΒΖ µετρîν λειπέτω �αυτοà �λάσσονα measure them, and let it be E. And let CD measuring
τÕν ΖΑ, Ð δ� ΑΖ τÕν ∆Η µετρîν λειπέτω �αυτοà BF leave FA less than itself, and let AF measuring DG

�λάσσονα τÕν ΗΓ, Ð δ� ΗΓ τÕν ΖΘ µετρîν λε�πέτω leave GC less than itself, and let GC measuring FH leave
µονάδα τ¾ν ΘΑ. a unit, HA.

'Επε� οâν Ð Ε τÕν Γ∆ µετρε�, Ð δ� Γ∆ τÕν ΒΖ In fact, since E measures CD, and CD measures BF ,

µετρε�, κα� Ð Ε ¥ρα τÕν ΒΖ µετρε�· µετρε� δ� κα� Óλον E thus also measures BF .† And (E) also measures the
τÕν ΒΑ· κα� λοιπÕν ¥ρα τÕν ΑΖ µετρήσει. Ð δ� ΑΖ τÕν whole of BA. Thus, (E) will also measure the remainder
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∆Η µετρε�· κα� Ð Ε ¥ρα τÕν ∆Η µετρε�· µετρε� δ� κα� AF .‡ And AF measures DG. Thus, E also measures DG.

Óλον τÕν ∆Γ· κα� λοιπÕν ¥ρα τÕν ΓΗ µετρήσει. Ð δ� And (E) also measures the whole of DC. Thus, (E) will

ΓΗ τÕν ΖΘ µετρε�· κα� Ð Ε ¥ρα τÕν ΖΘ µετρε�· µετρε� also measure the remainder CG. And CG measures FH .
δ� κα� Óλον τÕν ΖΑ· κα� λοιπ¾ν ¥ρα τ¾ν ΑΘ µονάδα Thus, E also measures FH . And (E) also measures the

µετρήσει ¢ριθµÕς êν· Óπερ �στ�ν ¢δύνατον. οÙκ ¥ρα whole of FA. Thus, (E) will also measure the remaining
τοÝς ΑΒ, Γ∆ ¢ριθµοÝς µετρήσει τις ¢ριθµός· ο� ΑΒ, unit AH , (despite) being a number. The very thing is

Γ∆ ¥ρα πρîτοι πρÕς ¢λλήλους ε�σίν· Óπερ �δει δε�ξαι. impossible. Thus, some number does not measure (both)

the numbers AB and CD. Thus, AB and CD are prime
to one another. (Which is) the very thing it was required

to show.

† Here, use is made of the unstated common notion that if a measures b, and b measures c, then a also measures c, where all symbols denote

numbers.

‡ Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also measures the remainder of b, where

all symbols denote numbers.

β΄. Proposition 2

∆ύο ¢ριθµîν δοθέντων µ¾ πρώτων πρÕς ¢λλήλους To find the greatest common measure of two given

τÕ µέγιστον αÙτîν κοινÕν µέτρον εØρε�ν. numbers (which are) not prime to one another.

∆
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�Εστωσαν ο� δοθέντες δύο ¢ριθµο� µ¾ πρîτοι πρÕς Let AB and CD be the two given numbers (which

¢λλήλους ο� ΑΒ, Γ∆. δε� δ¾ τîν ΑΒ, Γ∆ τÕ µέγιστον are) not prime to one another. So it is required to find

κοινÕν µέτρον εØρε�ν. the greatest common measure of AB and CD.
Ε� µ�ν οâν Ð Γ∆ τÕν ΑΒ µετρε�, µετρε� δ� κα� In fact, if CD measures AB, CD is thus a common

�αυτόν, Ð Γ∆ ¥ρα τîν Γ∆, ΑΒ κοινÕν µέτρον �στίν. measure of CD and AB, (since CD) also measures itself.

κα� φανερόν, Óτι κα� µέγιστον· οÙδε�ς γ¦ρ µείζων τοà And (it is) manifest that (it is) also the greatest (com-
Γ∆ τÕν Γ∆ µετρήσει. mon measure). For nothing greater than CD can mea-

Ε� δ� οÙ µετρε� Ð Γ∆ τÕν ΑΒ, τîν ΑΒ, Γ∆ sure CD.

¢νθυφαιρουµένου ¢ε� τοà �λάσσονος ¢πÕ τοà µείζονος But if CD does not measure AB then some number
λειφθήσεταί τις ¢ριθµός, Öς µετρήσει τÕν πρÕ �αυτοà. will remain from AB and CD, the lesser being contin-

µον¦ς µ�ν γ¦ρ οÙ λειφθήσεται· ε� δ� µή, �σονται ο� ually subtracted, in turn, from the greater, which will
ΑΒ, Γ∆ πρîτοι πρÕς ¢λλήλους· Óπερ οÙχ Øπόκειται. measure the (number) preceding it. For a unit will not be

λειφήσεταί τις ¥ρα ¢ριθµÕς, Öς µετρήσει τÕν πρÕ �αυτοà. left. But if not, AB and CD will be prime to one another

κα� Ð µ�ν Γ∆ τÕν ΒΕ µετρîν λειπέτω �αυτοà �λάσσονα [Prop. 7.1]. The very opposite thing was assumed. Thus,
τÕν ΕΑ, Ð δ� ΕΑ τÕν ∆Ζ µετρîν λειπέτω �αυτοà some number will remain which will measure the (num-

�λάσσονα τÕν ΖΓ, Ð δ� ΓΖ τÕν ΑΕ µετρείτω. �πε� ber) preceding it. And let CD measuring BE leave EA

οâν Ð ΓΖ τÕν ΑΕ µετρε�, Ð δ� ΑΕ τÕν ∆Ζ µετρε�, κα� less than itself, and let EA measuring DF leave FC less
Ð ΓΖ ¥ρα τÕν ∆Ζ µετρήσει. µετρε� δ� κα� �αυτόν· κα� than itself, and let CF measure AE. Therefore, since CF

Óλον ¥ρα τÕν Γ∆ µετρήσει. Ð δ� Γ∆ τÕν ΒΕ µετρε�· measures AE, and AE measures DF , CF will thus also
κα� Ð ΓΖ ¥ρα τÕν ΒΕ µετρε�· µετρε� δ� κα� τÕν ΕΑ· measure DF . And it also measures itself. Thus, it will
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κα� Óλον ¥ρα τÕν ΒΑ µετρήσει· µετρε� δ� κα� τÕν Γ∆· also measure the whole of CD. And CD measures BE.

Ð ΓΖ ¥ρα τοÝς ΑΒ, Γ∆ µετρε�. Ð ΓΖ ¥ρα τîν ΑΒ, Γ∆ Thus, CF also measures BE. And it also measures EA.

κοινÕν µέτρον �στίν. λέγω δή, Óτι κα� µέγιστον. ε� γ¦ρ Thus, it will also measure the whole of BA. And it also
µή �στιν Ð ΓΖ τîν ΑΒ, Γ∆ µέγιστον κοινÕν µέτρον, measures CD. Thus, CF measures (both) AB and CD.

µετρήσει τις τοÝς ΑΒ, Γ∆ ¢ριθµοÝς ¢ριθµÕς µείζων Thus, CF is a common measure of AB and CD. So I say
íν τοà ΓΖ. µετρείτω, κα� �στω Ð Η. κα� �πε� Ð Η τÕν that (it is) also the greatest (common measure). For if

Γ∆ µετρε�, Ð δ� Γ∆ τÕν ΒΕ µετρε�, κα� Ð Η ¥ρα τÕν CF is not the greatest common measure of AB and CD

ΒΕ µετρε�· µετρε� δ� κα� Óλον τÕν ΒΑ· κα� λοιπÕν ¥ρα then some number which is greater than CF will mea-
τÕν ΑΕ µετρήσει. Ð δ� ΑΕ τÕν ∆Ζ µετρε�· κα� Ð Η sure the numbers AB and CD. Let it (so) measure (AB

¥ρα τÕν ∆Ζ µετρήσει· µετρε� δ� κα� Óλον τÕν ∆Γ· κα� and CD), and let it be G. And since G measures CD,

λοιπÕν ¥ρα τÕν ΓΖ µετρήσει Ð µείζων τÕν �λάσσονα· and CD measures BE, G thus also measures BE. And it
Óπερ �στ�ν ¢δύνατον· οÙκ ¥ρα τοÝς ΑΒ, Γ∆ ¢ριθµοÝς also measures the whole of BA. Thus, it will also mea-

¢ριθµός τις µετρήσει µείζων íν τοà ΓΖ· Ð ΓΖ ¥ρα τîν sure the remainder AE. And AE measures DF . Thus, G

ΑΒ, Γ∆ µέγιστόν �στι κοινÕν µέτρον. [Óπερ �δει δε�ξαι]. will also measure DF . And it also measures the whole

of DC. Thus, it will also measure the remainder CF ,

the greater (measuring) the lesser. The very thing is im-
possible. Thus, some number which is greater than CF

cannot measure the numbers AB and CD. Thus, CF is

the greatest common measure of AB and CD. [(Which
is) the very thing it was required to show].

Πόρισµα. Corollary

'Εκ δ¾ τούτου φανερόν, Óτι �¦ν ¢ριθµÕς δύο So it is manifest, from this, that if a number measures
¢ριθµοÝς µετρÍ, κα� τÕ µέγιστον αÙτîν κοινÕν µέτρον two numbers then it will also measure their greatest com-

µετρήσει· Óπερ �δει δε�ξαι. mon measure. (Which is) the very thing it was required

to show.

γ΄. Proposition 3

Τριîν ¢ριθµîν δοθέντων µ¾ πρώτων πρÕς ¢λλήλους To find the greatest common measure of three given

τÕ µέγιστον αÙτîν κοινÕν µέτρον εØρε�ν. numbers (which are) not prime to one another.

ΖΑ Β Γ ∆ Ε FA B C D E
�Εστωσαν ο� δοθέντες τρε�ς ¢ριθµο� µ¾ πρîτοι πρÕς Let A, B, and C be the three given numbers (which

¢λλήλους ο� Α, Β, Γ· δε� δ¾ τîν Α, Β, Γ τÕ µέγιστον are) not prime to one another. So it is required to find

κοινÕν µέτρον εØρε�ν. the greatest common measure of A, B, and C.

Ε�λήφθω γ¦ρ δύο τîν Α, Β τÕ µέγιστον κοινÕν For let the greatest common measure, D, of the two
µέτρον Ð ∆· Ð δ¾ ∆ τÕν Γ ½τοι µετρε� À οÙ µετρε�. (numbers) A and B have been taken [Prop. 7.2]. So D

µετρείτω πρότερον· µετρε� δέ κα� τοÝς Α, Β· Ð ∆ ¥ρα either measures, or does not measure, C. First of all, let
τοÝς Α, Β, Γ µετρε�· Ð ∆ ¥ρα τîν Α, Β, Γ κοινÕν µέτρον it measure (C). And it also measures A and B. Thus, D
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