Mathematics 1120H — Calculus II: Integrals and Series
TRENT UNIVERSITY, Winter 2024

Solutions to the Final Examination
11:00-14:00 on Saturday, 13 April, in the Gym.

Time: 3 hours. Brought to you by Credan Bimaniok.

Instructions: Do parts A, B, and C, and, if you wish, part D. Show all your work and
justify all your answers. If in doubt about something, ask!

Aids: Open-book aid sheet, most any calculator, one head-mounted neural net.

Part A. Do all four (4) of 1-4.
1. Evaluate any four (4) of the integrals a—f. [20 = / x 5 each/

o 1 /2
a./o mdw b. /4xe‘”2+1dx c./o sin”(:z:)cos(a:)da:

1 € 1
d. /xz_ld:c e. /1 In(z) dx f. /4_x2d:1:

SOLUTIONS. a. Since we have oo as one of the limits, this is an improper integral and
should be evaluated using a limit. Along the way we will use the substitution w = z + 2,

0 t
9 149 Then

so dw = dx, and change the limits accordingly: .

/ ———dx = lim ——dz = lim — dw = lim w3 dw
0 (IIZ‘ -+ 2)3 t—o00 0 (LL‘ + 2)3 t—00 2 w3 t—o00 2

t42

-1 1 11
tir?o<2(t+2)2 +8> Org=g -0

since 2(t +2)2 = co as t — oco. O

b. We will use the substitution u = 2? + 1, so du = 2z dx and 4z dz = 2 du. Then:
/4mem2+1 dx = /e“Qdu —2"+C=2"T 4O O

c. We will use the substitution z = sin(z), so dz = cos(x) dx, and change the limits as we
0 =w/2

o along: r
& g'z 0 1

18

/2 1 Looqs g8 1
/ sin'”(z) cos(z) dx = / ATdr= 2| =

1
- = —0=— 0
18 18 18 18

0



1 1
d. Observe that = , so we will have to use partial fractions to
x? -1 (x —1)(x+1)

decompose the integral:

I 1 A N B Alx+1)+B(z-1)
2-1 (r—1)(x+1) =z—-1 z+1 (r—1)(x+1)
_Ar+A+4+Bx—-B (A+B)x+(A-DB)
(=D +1) (= 1(z+1)

Comparing coefficients of powers of x in the numerators at the beginning and the end, we
see that we must have A+ B =0 and A — B = 1. Adding these equations together gives
us 2A =1,s0 A = % = 0.5, and plugging this back into either equation lets us solve for
B =—35=-0.5. Thus

Lo e -
/xQ—ldx_/(x—l)(:v+1)dx_/x—1dx+ X1
1/ 1 d 1/ 1 d Substitute v = x — 1 and w = x + 1,

:i z—1 a:—§ r+1 * so du = dzx and dw = dx.
1 1 1 1 1 1

1 1

1
e. We will use integration by parts, with u = In(z) and v' = 1, so v’ = = and v = z. Then
x

€ 81 e

/ln(x)da::xln(x)ﬁ—/ —-xdmzeln(e)—lln(l)—/ 1dz

1 1 T 1
=e-1-1-0-2z2[]=e—-0—(e—1)=e—-e+1=1 O

f. We will use the trigonometric substitution x = 2sin(t), so dr = 2cos(t) dt. Note that
then sin(t) = g and cos(t) = \/1 — sin2(t) = \/1 — %_

LR ! cos(t)ydt = | —2e0)
/4_:,;2 dx_/4—(2sin(t))22 (6)di /4—4sin2<t) “

_ 2 cos(t) [ 2cos(t) . 1
B / 4 (1 —sin’(t)) = / 4cos?(t) "= / 2 cos(t) “
1 1

=35 /sec(t) dt = %ln (sec(t) + tan(t)) + C = §ln (coi(t) + 2)?(?)) +C

1 1 z : . .
= —ln + 2 LC . Wth}'l you may simplify
2 x2 2 at your leisure. :-) W
11— 1— 2
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2. Determine whether the series converges in any four (4) of a—f. [20 = / x &5 each/

a. Z,féﬂ b 3L n>2 e Y

n=0 n=2 n=0

o0

3n— 1 0 OS .
d'nz%(n%—l z_: f. Zne

SOLUTIONS. a. Z 3 1 Z e ] converges by the Generalized p-Test because it
n n

b. We will apply the Alternating Series Test.
(=" 1 =1 (="

= i =0, so Ii
In (n?) n0o In (n?) = o 0% In (n?)

(="
In (n?)
iti. Since n? and In(z) are both increasing functions, In (n?) < In ((n + 1)?) for all
=H"|_ 1 1 G
In (n2) In((n+1)2)|

7. lim = 0 too.

n—oo

i1. Since In (ng) > 0 for all n > 2,

alternates sign because (—1)" does.

n > 2. It follows that

T m(mt1)?)

—1)n

oo
Hence, by the Alternating Series Test, the series E ﬁ converges. []
n

n?)
c. We will use the Ratio Test.

(n+1)4+1

I; Ap41 — I PR} — 77,—|—2 i . Tl—|—2 1
nLHc}o G, _nl—{go "ﬂ—tl _n1—>Holo antl n+1 _n—>oo'n—|—1 e
™ n—oocomn+1 % T n—>ool+% ™ 140 =« T

n-+1

It follows by the Ratio Test that the series Z converges. [

n=0
d. We will use the Ratio Test.

g(n+1)—1

n (G ) 3" 1!
lim | = g (LEDN i )1 (T;,:_l)
n— oo an n—oo (nTl)' n—oo (n -+ )

3
— lim 73 0«
n—oo N + 2 — 00
> 3n— 1
It follows by the Ratio Test that the series Z —1)' converges [].



cos (n2) |cos (nQ)‘ 1 . ) =1
e. Observe that 0 < 3 = 3 < 3 since |cos(z)| < 1 for all z. Since Z o
cos( 2) . .
converges by the p-Test, it follows that Z converges by the Basic Comparison
n=1
cos (nQ)

Test, from which it follows that Z

n=1

converges absolutely, and hence converges. []

f. We will use the Ratio Test.

(n + 1)%2e(n+1)

nZ4+2n+1 ent
m .
n2e—mn

n—00 n? e n

An+1
Gnp

lim

n—oo

= lim

n—oo

n— o0

, 2 1\ _, 1 1
=lm (1+-+ 5 )e =-(14+0+0)=-<1
n o n e e
Thus g n%e”™ converges by the Ratio Test. W
3. Do any four (4) of a—f. [20 = 4 x 5 each]

a. Find the centroid of the region above y = 0 and below y = 2 for 0 < z < 2.
b. Find the arc-length of the curve y = = + 41, where 0 < z < 4.

c. Find the sum of the series Z Za
n n

d. Find the volume of the sohd obtamed by revolving the region between y = x — 4
and y = 1, where 4 < x < 5, about the y-axis.

—n)"
23"

o0
e. Determine whether the series E converges or diverges.

f. Find the area of the finite region between y = = and y = z*.

SOLUTIONS. a. The region in question is the square with corners at 4
(0,0), (2,0), (0,2), and (2,2). This has four lines of symmetry: = = 1,
y=1,y=ux, and y = 1 — z. Since the centroid of a region must be

on any line of symmetry of the region, it follows that the centroid N
of this region must be on the point where these four lines intersect, SN I
namely (1,1). O . ' h

,,,,,,,,,,,,,,,,,

b. We plug Z—z = %(w + 41) = 1 into the arc-length formula:

d
arc-length = /Ul%— y da:—/ \/1+12dx—/ V2dx

= =V2-4-v2.0=4v2 O



— 1 - 1
c. Note that nzl i = 1; m The partial fraction tricks we use to help
integrate rational functions tell us that for some constants A and B we have
1 _A+ B  An+1)+Bn (A+Bn+A
nn+1) n n+l  nh+l)  nn+l)

Comparing coefficients of n in the numerators at the beginning and end tells us that
A+ B=0and A=1,s0 B=—1. It follows that

ZOO ! _Z‘X’ CONNEE O Y S U O I O O I
—n24n  am+l) Zln o n+l] (102 2 3 3 4
1 1 1 1 1 1
-1 _ -4z N S W co.=1 e =1.
S P P R

We give two solutions, using the disk/washer method and the cylindrical shell method,
respectively.

i. Disk/washer method. The disks are perpendicular to the axis of rotation, i.e. the y-axis,
so we use y as our variable. Note that 0 <y < 1 over the given region. The disk at y has
inner radius r = 4 — 0 = 4 and outer radius R = x = y + 4, since y = x — 4 on the right
border of the region. It follows that:

1 1 1
V:/ T (R* —r?) dy:/ T ((y +4)* — 47) dy:/ 7 (y* 4+ 8y + 16 — 16) dy
0 0 0

1 3 AL 3 2 3 2
) Y 8y 1 8-1 0 8-0
= y) dy = = 4+ = = — — —
/Oﬂ(y+y)y 7T(3+2>0 7T(?’+2 W3+2
1 1 12 137
— Z44)—7x-0= -+ —)—-0=—~13.6136
7r(3+) ™ 7r<3—|—3> 3

1. Cylindrical shell method. The shells are parallel to the y-axis, so they are perpendicular
to the z-axis, so we use z as our variable. Note that 4 < x < 5 over the given region. The
cylindrical shell at x has radius r = x —0 =z and height R=1—-y=1—(x—4) =5—uz,
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since y = x — 4 is the right border of the region. It follows that:

5 5 5 522 43
V:/ 27r7’hda::/ 27r:c(5—a:)dx:27r/ (5x —2?) do =2 | = — =
4 4 4 2 3

_ 5-5° 5%\, (547 4%\ _, (125 125\ (80 64
— T T 3 ™\ T2 3 )7\ e 3 ™27 3

11 1\ 2 12570 112
:27r-125-(———)—27r(40—21——):ﬁ—%@:ﬂ——ﬁ

3 6 3 3 3

1
% ~ 13.6136 [

e. We will use the Root Test.

(=n)"

1/n n" 1/n n — oo
= lim = li =o0>1
23"

lim |an|1/n = lim — im —

n—oo n— o0

> n
-n
It follows that Z % diverges by the Root Test. [
n=0
f. Here is how the curves y =  and y = z* intersect.
[3]: plot(x,x,-1,1.5) + plet(x~4,x,-1,1.5)

[3]:
5 4

-1 -0.5 0.5 1 1.5

It’s pretty obvious from the graph that the two curves intersect only when x = 0

4

and z = 1, and that in between y = x is above y = x*. One could also work this out

algebraically: = = z*

exactly when 2 = 0 or 22 = 1, which last happens only when z = 1.

Between £ = 0 and z = 1, y = z is above y = 2* because ¢ < x when 0 < z < 1; for

example, (%)4 = % < % It follows that the area of the region between the curves is:

1 2 5\ |1 2 5 2 5
0 2 5 /1o 2 5 2 5




4. Find the centroid of the “bent finger” region below y = 3 for
0 <x <3, and above y = 2 for 0 < z < 2 but above y = 0 for
2<x<3. [12]

SOLUTION. To help with the shortcuts used in this solution, consider the diagram below.

A .’
I
#

Observe that the line y = x is a line of symmetry for the “bent finger” region, so the
centroid must be on this line. This means that we only need to compute one of Z or ¥,
since we must have § = Z. Also, the region can be subdivided into five unit squares, so it
has area M = 5. No need to do calculus to compute this! :-)

To compute Z or y, we still need to compute the moment M, or M,, respectively. We
will compute M,,.

3 2 3
M, = / x - [length of vertical cross-section at x| dx = / x(3—2)dr — / z(3—0)dx
0 0 2
2

3 2217 322 /22 02 3.32  3.922
= rdr + 3xrder=—| + —| =(——-—— |+ —
o ) 2, 2, 2 2 2 2
4 27 12 19
SR T R R

M. 19/2 19
It follows that z = —2% = —/ = — = 1.9. Since, as was previously noted, z = gy

5
for this region, it follows that the centroid of this “bent finger” region has coordinates

(z,9) = G—g%) =(1.9,1.9). m



Part B. Do either one (1) of 5 or 6. [14]

5. A solid is obtained by revolving the .
region below y = 2, and above y =
11—z for 0 <z <1 but above y =
xr—1for 1 <z <3, about the y-axis.
Find the volume of this solid. [14]

v

\—/I T T

SOLUTIONS. We give three solutions: one using the disk/washer method, one using the
cylindrical shell method, and one using the formula for the volume of a cone.

i. Disk/washer method. Here is a sketch of the solid with a couple of disk/washer cross-
sections drawn in:

A

The disks/washers are stacked vertically and are perpendicular to the axis of revolu-
tion, the y-axis, so we use y as our variable. Note that the original region has 0 < y < 2.
When 0 < y < 1, the cross-section at y is a washer with outer radius R = x = y + 1 (since
y = x — 1 on the right edge of the region) and inner radius r =x = —y+1 (sincey =1 —=x
on the left edge of the region for 0 < y < 1), and when 1 < y < 2, the cross-section at
y is a disk with radius R = x = y + 1 (since y =  — 1 on the right edge of the region)
and inner radius r = z = 0 (since x = 0, i.e. the y-axis, is the left edge of the region for
1 <y <2). It follows that volume of the solid is given by:

V:/O ™ (R* —1r?) dy:/) m((y+1)* = (—y+1)?) dy+/1 m((y+1)*—0%) dy

1
:”/ (" +29+1) = (v° — 2y +1)) dy“/ (> +2y+1) dy
0 1
2

1 2 3
:7r/ 4ydy+7r/ (y* +2y+1) dy:7r2y2|(1)+7r(%+y2+y)
0 1

1

93 13 2% 7T 25
:27r-12—27r-02+7r(§+22+2)—7r(§+12+1):27r+§7r—§7r:T7T O



1. Cylindrical shell method. Here is a sketch of the solid with a couple of cylindrical shells
drawn in:

A

/TN

v

T T S T

The cylindrical shells are parallel to the axis of revolution, the y-axis, and perpen-
dicular to the z-axis, so we use x as our variable. The cylindrical shell at x has radius
r=x—0=xand height h=2—(1—-2)=1+2xwhen0<z<1l,andhasr=2—-0==z
and height h =2 — (z — 1) =3 — z for 1 <z < 3. It follows that the volume of the solid
is given by:

3 1 3
V= / 2rrhdx = / 2rx(1 4+ x) dx + / 2nx(3 — x) dx
0 0 1

1 3
:27r/ (:Jc2+x)da:+27r/ (—x2+3x)da:
0 1
x3  z? ! x3 32 3
—on 4+ or [ L 2
(T a5+

_o 13_'_12 5 03_'_02 i 33+3-32 5 13+3-12
3T 372 E E
5 7 27 7 25 25w
=27— =270+ 27— 4+ 2r— — 27— =271— = — [
e e e R
111. Cone volume formula. The formula for the volume of a right circular cone with radius

2
r at the flat end and with height his V =

mreh
as a cone with radius 3 and height 3 ...

. The solid in question can be thought of

... from which two smaller cones, each of radius and height 1, have been removed. Thus

g 121 2 o 2
the volume of the solid is W:; S _ o _ i T 25w

3 3 3 3

9



6. Find the arc-length of the curve y = v/4 — 22, where 0 < z < 2,

a. using the arc-length formula and calculus [10/, and
b. without using the arc-length formula or calculus. [4/

SOLUTIONS. a. We plug

dy _d s Dyl oy 4y e
dr ~ dx 4 x_dx(4 a:) _2(4 x) dm(4 a:)
1 —1/2 _ -1/2  —z
=5 (4 —27) (—22) = —z (4 —27) Ve

and the fact that 0 < x < 2 into the arc-length formula and integrate away:

arc-length = /\/1+ dx d:c—/\/ —562) dx_/ _x2
/\/—x2 —902611‘_/\/—7902 /\/ﬁdw

Substitute = 2 5111(9) so dz = 2cos(#) df, and change the limits

as we go along: 0 2
' 0 0 =w/2

4 cos 0)

2cos d@—/
/ \/4— 4SlIl 0 \/4 1—sm

/2 /2
:/ 4 cos(6) 40 — 2 cos(0) d@z/ 540 — Qe‘ﬂ/g
0 2y/cos?(0) 0 cos(6) 0

d0

b. Observe that y = v4 — 22 > 0 for 0 < z < 2, and that

y=Vid-12 =y’ =4—2* =2 +¢y* =4
This means the curve in question is the part of the circle of radius 2 centred at the origin
for which y > 0 and = > 0, which is one quarter of the whole circle. The whole circle has

circumference 27r = 27w - 2 = 4x, one quarter of which — the arc-length of the curve in
question —is 7. W

10



Part C. Do either one (1) of 7 or 8. [14]
7. Find the Taylor series at 0 of f(z) = e3®

a. using Taylor’s formula, [10] and
b. without using Taylor’s formula, at least directly. [4/

SOLUTIONS. a. We build the usual table to winkle out what f(")(0) is in general. Note

that %e?’m = e3m%3x = 3e3%,
no fM() f(0)
0 e3® 1
1 3e3” 3
2 32€3w 32
3

33€3w 33

It’s pretty easy to see that f()(0) = 3" for n > 0. Plugging this into Taylor’s formula
tells us that the Taylor series of f(z) = €3* at 0 is:

= f™(0 = 3" 9 27
Z—f ( ):1:”:Z—x”:1+3x—i——x2+—x3+--~ O
n! n! 2 6
n=0 n=0
o tn
b. Recall from class or textbook that e’ = Z — for all £. Substituting ¢t = 3z into this
n!
= (32) & 3”n_0
equation gives us 3% = Z — = Z — " for all . Since a power series equal to a
o n! o n!

function must be the Taylor series of the function, it follows that the Taylor series at 0 of

o 37’L
e3% is E —z".
n!
n=0

11



oo
8. Consider the power series Z =142+t 425+,
n=0
a. Determine the radius and interval of convergence of this power series. [6/
b. What function has this power series as its Taylor series? [4]

c. What power series is equal to the product

n=0

(ix") (i(—x)") =(l+z+2*+2°+ ) (l—az+2®—2®+--) 7 [4]

SOLUTIONS. We give two solutions to each of parts a and c.

a. By force of habit. As usual, we apply the Ratio Test.

22(n+1) 2n+2

Ap+41 X

Qnp

lim

n—oo

= lim
n—oo

= lim
n—oo

= lim |x2‘ = ‘x2|

x2n 132” — 00

It follows by the Ratio Test that the series converges (absolutely) when ‘332| < 1, i.e. when
—1 <z < 1, and diverges when |£B2‘ > 1, ¢.e. when z < 1 or when x > 1. Thus the radius
of convergence of this power series is R = 1.

It remains to determine whether the power series converges when x = +1. Observe
that for x = 1, 2?® = 1. Hence, when = = +1, lim z°" = lim 1 =1 # 0. It follows by

n—oo n—oo
the Divergence Test that the series diverges when x = 4+1. Thus the interval of convergence

of this powers series is (—1,1). [

(o, @]
a. By recognition. Z 2?" = 14+2% + 21+ 2%+ -+ is a geometric series with common ratio
n=0
r = x?. It follows that it converges exactly when |r| = |#?| < 1, i.e. when —1 < z < 1,
and diverges otherwise, so it has radius of convergence R = 1 and interval of convergence
(-1,1). O

oo

b. ZmQ” =142 +2"+2%+ ... is a geometric series with first term a = 1 and
n=0

common ratio r = 2. Using the summation formula for geometric series, it follows that

o
Z 2" = 7 a - =1 1x2 when the series converges. When a power series is equal to a
n=0
oo
function, that power series is the Taylor series of the function, so ZxQ” is the Taylor
n=0
series of the function f(z) = . 1902' O

12



c. Algebra! We multiply the series out:

(Zx ) (Z —:c)”) —(ltzta® 4 ) (L—eta® —ab o)

n=0
=1 -
+

+ z? -
X

_|_

+

_|_

T
xT

|
8 8 8 8
W oW W w
LR 8 8 8
O N NN
+

=1+ 2? Zx%

0 (@)
c. They’re all geometric series! Observe that Zx” and Z(—x)” are both geometric

n=0 n=0
series, with common ratios of x and —z, respectively, and hence are equal to and
—x
1 1
= @) =152 respectively, when they converge. Using our solution to part b, it follows
— (x x
that

(Z7) (Ser) =5 rem S

n=0
[Total = 100]

Part D. Bonus problems! If you feel like it and have the time, do one or both of these.
32. Show that In (sec(z) — tan(x)) = —In (sec(x) + tan(z)). [1]
SOLUTION. Dream on! Also, tinker with how sec(z) and tan(x) are related in ways similar

to computing /sec(:r) dz. H

2 x 5. Write a haiku (or several :-) touching on calculus or mathematics in general. [1/

What is a haiku?

seventeen in three:
five and seven and five of
syllables in lines

ENJOY YOUR SUMMER!
P.S.: You can keep this question sheet. (Souvenir, paper airplane, fire starter, the pos-

sibilities are endless! :-) The solutions to this exam will be posted to the course archive
page at http://euclid.trentu.ca/math/sb/1120H/ in late April or early May.
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