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Math 1100 — Calculus, Fall Term Test — 2009-11-10

& 2 1
1. Compute lim M

z—00 x3—4
—(z?+1 i 241 241
Solution: Let f(x) := E;_—:) let g(x) := sm(z;)?)(a_:—i—) and let h(x) := §3t4. Then
241 L@?+1 e+ 5
lim A(z) = lim :637—1— = lim P = lim 74963
T—00 z—oo ° — 4 Z—00 ﬁ(aﬁ — 4) z—oo | — =1
lim '+ :
x>0 ; _ 040 _ e _
L 4 1-0 1
lim 1-—
T—00 xT
Meanwhile, f(z) = —h(x), so lim f(z) = — lim h(z) 0.
Tr—00 T—00

Finally, for all z € Ry we have f(z) < g(z) < h(x), because —1 < sin(z) < 1. Thus, the Squeeze

Theorem implies that lim g¢(z) =
T—00

O

2. Let f(x) = v/3+ Tz. Use the ‘limit’ definition of the derivative to show that

f’(I) — #
N 2/3+ 7z
Solution:
fla) = lim f(x) — f(a) —  lm V3+T7z -3+ T7a
T—a xr—a T—a T — a

~ lm <\/3—|—7x—\/3+7a> <\/3+7a:+\/3+7a>

T—a r—a

(V3 +Tx)? — (V3 + Ta)?

- iﬂ(x—a)(\/3+7x+¢3+7a) -
= lim e —a) =
z—a (z —a) (V3 + Tz + /3 + Ta)

7 7

V3+Ta+V3+Ta

2v/3 4+ Ta

V3+Tr+ 3+ T7a

lim 34 T7x — (3+ Ta)

v=a (z —a) (V3+ Tz + 3+ Ta)
lim !

z—a \/3+Tx+ 3+ Ta

O

3. You can use any ‘differentiation rules’ you want to answer the following questions (e.g.
Leibniz product rule, chain rule, implicit differentiation, etc.):
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(a) Prove that cot/(z) = —csc(z)?, for all x € R where it is defined.

Solution: cot(x) = C?S(x). Thus, the quotient rule says that
sin(z)
, cos'(z) sin(x) — cos(z) sin’(z) —sin(zx) sin(x) — cos(x) cos(z)
cot'(z) = . = -
sin(x)? sin(x)?
_ —(sin(z)? + cos(z)?) -1 B 5
B sin(z)? ~ sin(x)2 esc(@)”
O
b) Prove that arccos'(x) = _—, for all z € R where it is defined.
(v @ = ==
Solution: Let y = arccos(z); then x = cos(y). Now,
cos'(y) = —sin(y) = —v/1—cos2(y) = —1— 22
Thus, the Inverse Function Theorem says
arccos’ () = ! S
T Wy |
as desired. O
4. Differentiate the following functions:
(a) f(z) = +/cot(z).
1
Solution: f = ho cot, where h(y) = /y. Now, W' (y) = ﬁ and cot/(z) = —csc?(z). Thus,
Y
the Chain Rule says
/ / / — CSC($)2
f(x) = hlcot(z)]-cot'(z) = | ——=.
2/cot(x)
O
(b) () = VI,
) ) . . , —csc(x)?
Solution: g = expof, where f is from the previous question. We have f'(x) = 27‘6() Thus,
cot(x
the Chain Rule says
—e cot(z) | csel(z)?
J@) = e/(f@)-F) = espl(f) fla) = =
2/cot(x)
O



(15) (¢) f(z) =z e . (224 1) tan(z).
Solution: Let L(z) := In[f(x)]. Then L'(x) = f'(z)/f(x), so f'(z) = f(x) - L'(x). But

L(z) = In <\/5 e (22 + 1)1 tan(x))
= In(vz) +In(e”) + In [(2? + 1)'°] + Inftan(z)]

1
= 3 In(z) + 2% 4+ 10In(2? + 1) + In[tan(z)]

, 1 2x sec? ()
so L'(x) = 5 + 22 + 10%2 1 (o)’
! — ) — Lo (a2 10 (1 20z sec?(z)
so fl(z) = f(x)-L'(x) = |[Vo-e  (z°+1)" tan(z) <2x + 2z + o] + tan(2)
O
(15) 5. Let C be the set of all points (z,y) in the plane satisfying the equation

Vity = 142242

Find a formula for the tangent slope at any point (x,y) in C.

Solution: We apply implicit differentiation. Suppose there is some function v : X —1R such that
r+yx) = 1422 y(x)? for all z € X.

Differentiating both sides of this equation, we get:

1 /
1+ 21 - y(x)% + 222y(z)y (), for all z € X.
2y/z+v(x)
Now we simplify and isolate /(). We have:

7' (z) 2 / 2 1
— - 22y(x)y () = 2z -7v(2) - —)—, for all z € X,
2y/x + () =)y (=) (=) 2z +vy(x)

and hence
b 20%y(z) | -y (x) = 2z-y(z)?— ;, forall z € X,
2/ x + y(x) 2y/z+vy(x)
and hence ()2 .
2¢ - y(x)" — —F—
V(xr) = - 22” ;HV(I) , forall z € X.
N (@)
If y = ~(x), this simplifies to:
e Ne==T Az 2T Ty —1
slope(z, y) " 2Vrty f—y4m2x;_9§/T , forallz € X.
(27,@ - 2x2y) / Y




