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"Eotwoav nindot ot ABI', ZH®, nat év abrolg Spota
noAdywve Eotw & ABI'AE, ZHOKA, Sigpetpor ¢
OV udrhwv Eotwoay BM, HN- Aéyw, 6 éotiv g
10 &no ™ BM tetpdywvov mpog 1o &nd e HN
1eTpdywvoy, obtwg 1 ABI'AE molbywvov mpodg 10
ZHOKA nolbywvov.

"EneledySwooy yxo ot BE, AM, HA, ZN. ot énel
6potov 10 ABI'AE noldywvov 1090 ZHOKA mhovyove,
{on gotl sot 1] 010 BAE yovie 1] d0nd HZA, nal éonv
®g 1 BA npog v AE, obtwg ) HZ npog v ZA. 8o
M tplywvd éott 1@ BAE, HZA piov yoviey pd ywvia
fonv éyovta v Omo BAE 17 Omdo HZA, mepl 88 tég
foag ywviag té¢ TAELPXS dv&Aoyov lcoywviov &po éoti
10 ABE tpiywvov 1% ZHA tprydve. fon &po gotiv 7
omo AEB yovie ) dno ZAH. &\ 7 pév dno AEB
7 0mo AMB éotwv Ton émt y&p Tg abTHg mepupepeiog
BeBrraoty: 1 8& dmo ZAH 1 Ond ZNH' xat 7 O7o
AMB &pa ) 010 ZNH éouv Ton. Eom 88 nol OpIn 7
om0 BAM 6p9% ) dnd HZN Yon sal 7 howny &po 17
howny) éotty Ton. looywviov &pa éott 10 ABM tpiywvov
@ ZHN tpiywve. &viloyov &pa éotiv wg 1) BM mpog
v HN, obtwg 1) BA mpog v HZ. &\A& o0 peév g
BM mpog v HN Aéyov Simhaciwy éotly 6 105 &nd
™ BM tetpaydvov mpodg 10 &no e HN tetpdywvoy,
00 8¢ ¢ BA mpog tyv HZ Simhaoiwy éotiv 0 100
ABI'AE molvydvov mpog 10 ZHOKA nokbywvov: ol
0g &po 10 &nd ™ BM tetpdywvov mpog 10 &mo TG
HN tetpéywvov, obtwg 10 ABI'AE molbywvov mpog 10
ZHOKA nolbywvov.
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Proposition 1

Similar polygons (inscribed) in circles are to one an-
other as the squares on the diameters (of the circles).
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Let ABC and FGH be circles, and let ABCDE and
FGHKL be similar polygons (inscribed) in them (re-
spectively), and let BM and GN be the diameters of the
circles (respectively). I say that as the square on BM is to
the square on GN, so polygon ABCDE (is) to polygon
FGHKL.

For let BE, AM, GL, and F'N have been joined. And
since polygon ABCDE (is) similar to polygon FGHKL,
angle BAE is also equal to (angle) GFL, and as BA
is to AE, so GF (is) to F'L [Def. 6.1]. So, BAFE and
GFL are two triangles having one angle equal to one
angle, (namely), BAFE (equal) to GFL, and the sides
around the equal angles proportional. Triangle ABF is
thus equiangular with triangle FGL [Prop. 6.6]. Thus,
angle AEB is equal to (angle) FLG. But, AEB is equal
to AM B, and FLG to FNG, for they stand on the same
circumference [Prop. 3.27]. Thus, AM B is also equal
to FFNG. And the right-angle BAM is also equal to the
right-angle GF'N [Prop. 3.31]. Thus, the remaining (an-
gle) is also equal to the remaining (angle) [Prop. 1.32].
Thus, triangle ABM is equiangular with triangle FGN.
Thus, proportionally, as BM is to GN, so BA (is) to GF'
[Prop. 6.4]. But, the (ratio) of the square on BM to the
square on GN is the square of the ratio of BM to GN,
and the (ratio) of polygon ABCDE to polygon FGHK L
is the square of the (ratio) of BA to GF [Prop. 6.20].
And, thus, as the square on BM (is) to the square on
GN, so polygon ABCDE (is) to polygon FGHK L.

Thus, similar polygons (inscribed) in circles are to one
another as the squares on the diameters (of the circles).
(Which is) the very thing it was required to show.

Proposition 2

Circles are to one another as the squares on (their)
diameters.
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"Eotwoav nonhot ot ABI'A, EZH®, Siépetpor 8¢
a0T@Y [Eotwoav] ot BA, ZO* Aéyw, du éotiv g 6 ABI'A
norhog Tpog tov EZH® sdxhov, obtwe 10 &no tiic BA
TETPAYWVOY TPOC TO &TO THg ZO TeTpdywvov.

E

Ei yep pn éouv g 6 ABI'A udxhog mpog tov
EZH®, obtwg 1 &nd g BA tetpdywvov mpog 10
&no g 2O, ot ©g 10 &no g BA mpog 10 &no
™Me 20, obtwg 6 ABI'A ndndhog Htor mpog Elaoodv
w 100 EZH® udsdov ywplov N mpodc uetlov. Eotw
TEOTEPOY TPOG EAXGOOV TO X. uan &yyeypdpdw eic Tov
EZH® xdudov tetpdywvov 10 EZH®. 10 81 éyye-
YOUUUEVOY TETPRYWVOV MELOV oty 7] 10 Wpov Tod
EZH® xdxhov, énedinep éav dwx v E, Z, H, ©
onpeiov épantopévag [eddelac] 100 uduhov &ydywpey,
TOD TEPLYPOPOUEVOD TEPL TOV MOUAOY TETPAYWVOL Tiuto)
éott 10 EZH® tetpdywvov, 100 8¢ meprypapéviog te-
TPoUYWVoL EM&TTWY gotlv O ubdrhog dote 10 EZHO
gyyeypappévoy Tetpdywvov pellév gott tob Mpicewg
100 EZH® uduhov. tetpnodwoav diya at EZ, ZH,
HO®, OFE nepwpépeton natax ¢ K, A, M, N onpela,
nal éneledySwoav of EK, KZ, ZA, AH, HM, MO,
ON, NE- ot Exaotov &pa v EKZ, ZAH, HMO,
ONE tptydvev petlldv oty 3 10 Ao tod xod autd
TUNRATOG TOD nuMhov, énednmep dv dwx v K, A, M,
N onpelwy epantopévag To0 #OXAOL &YRYWUEY Xl &voL-
mAnpwowpey T éni v EZ, ZH, HO, OFE ebdadv
napaAAASYpoppe, Exaoctov v EKZ, ZAH, HM®,
ONE tptydvov Apov Eotoar 100 %od Eavtd mopaddn -
Loypdupon, GAAX TO 7wty Eowtd TpRpo Elottdv dot
700 mapadlAnhoypdupou Gate Exaotov v EKZ, ZAH,
HM®, ONE tprycdvey peildy éott 1ob fuioewg 10b nad’
EAVTO TUNUXTOS TOD OHAOL. TEUVOVTES 87 T&G LTOAEL -

Let ABCD and EFGH be circles, and [let] BD and
FH [be] their diameters. [ say that as circle ABC'D is to
circle EFGH, so the square on BD (is) to the square on
FH.
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For if the circle ABCD is not to the (circle) EFGH,
as the square on BD (is) to the (square) on F'H, then as
the (square) on BD (is) to the (square) on F'H, so circle
ABCD will be to some area either less than, or greater
than, circle EFGH. Let it, first of all, be (in that ratio) to
(some) lesser (area), S. And let the square EFGH have
been inscribed in circle EFGH [Prop. 4.6]. So the in-
scribed square is greater than half of circle EFGH, inas-
much as if we draw tangents to the circle through the
points F, F, G, and H, then square EFGH is half of the
square circumscribed about the circle [Prop. 1.47], and
the circle is less than the circumscribed square. Hence,
the inscribed square EFGH is greater than half of cir-
cle EFGH. Let the circumferences EF, F'G, GH, and
HE have been cut in half at points K, L, M, and N
(respectively), and let EK, KF, FL, LG, GM, MH,
HN, and NE have been joined. And, thus, each of
the triangles FKF, FLG, GMH, and HNFE is greater
than half of the segment of the circle about it, inasmuch
as if we draw tangents to the circle through points K,
L, M, and N, and complete the parallelograms on the
straight-lines FF, FG, GH, and HE, then each of the
triangles EKF, FLG, GMH, and HNE will be half
of the parallelogram about it, but the segment about it
is less than the parallelogram. Hence, each of the tri-
angles EKF, FLG, GMH, and HNFE is greater than
half of the segment of the circle about it. So, by cutting
the circumferences remaining behind in half, and joining
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nopévag mepupepeiog Siya nod émlevyvivteg edVelag nod
T0UTO &el Tolobvieg notoheiPopéy Tver ATOTUNPATE TOD
ubrhov, & Zotow Eh&oocovia TG LmepoyMS, 7 Lrepéyel
6 EZH® nduhog 100 X ywplov. &delydn yap &v 0
TpdTw Jewphpott 0B Sexdtov Pifiiov, St 8o pe-
ved®y dvicwv énxetpévoy, ¢xv &no Tob pelloveg dport-
pe37] petov ] 10 Ntov ual 00 uxTaAstmopévon uetlov ¥
10 Mptov, xol tolto &el yiyvnra, Aewpdnoetal tt uéyedog,
6 Eotouw Eloooov 100 éumetpévov Eldooovog peyédoug.
AehelpSw odv, ol fotw T ém v EK, KZ, ZA,
AH, HM, M®, ©N, NE tufpatae 100 EZH® ninhov
gNdtTovar g drepoyg, 1 brepéyer 6 EZH® xixdog tob
2 ywplov. Aowmov &px 10 EKZAHMON noldywvov
Helloy ot ol X ywplov. éyyeypdwSw xol eic TOV
ABI'A nordov 19 EKZAHMON nolvyove Spotov
noldywvov 10 AEBOITIAP: Eotv &po G 10 &nd ¢
BA tetpdywvov mpog 10 &nd g ZO 1etpdywvoy, obTwg
10 AEBOITIAP moAibywvov mpog 10 EKZAHMON
TOAMOYWVOV.  &ANX nol O¢ TO &md THe BA tetpdywvov
mPOg 10 &mo g ZO), obtwg 6 ABI'A udxhog mpog
0 X yowplov: nal og &pa 6 ABI'A xdnhog mpdg 10
2 ywplov, obtwg 10 AEBOITIAP noldywvov mpodg 10
EKZAHMON mnolbywvov: &voadlkaé &po og 6 ABI'A
7OMAOG TPOG TO €V adT® TOALYWYOVY, 0LTWG TO X YwpElov
npog 10 EKZAHMON moAbywvov. peilwv 88 6 ABI'A
#nOuAog TOU év ahT® moAvyvoyw  pellwy &po xal O X
ywptov 100 EKZAHM®N molvywvov. & noid Ehot-
Tov' 6mep €otiv &30vatov. odx &puo EoTiv K TO &TO TG
BA tetpdywvov mpog 10 &nd g ZO, obtwg 6 ABI'A
nouhog mpog Ehaoodv 1t 100 EZH® udnkov ywplov.
opolwg ON detbouey, 1t 00OE Mg 10 &nd ZO mpodg 10
&no BA, obtwg 6 EZH® xdudog mpodg Elacody Tt t0b
ABI'A ndudov ywplov.

Aéyw 87, é1t 008 h¢ 10 &no ™ BA mpog 10 &mod
Mg ZO, obtwg 6 ABI'A sdnhog mpodg petlldv 1 t0b
EZH® ubdxhov ywplov.

Ei y&p Suvatdv, Eotw mpog petllov 10 2. dv&maity
&oo [Eotiv] ¢ 1O &nd T ZO tetpdywvov mpog 1O
&no e AB, obtwg 10 X ywplov mpog tov ABI'A
nhrhov. A G 10 X ywplov npdg tov ABTA ndxhov,
obtwg 6 EZHO xdnhog mpog Elattov 1t 106 ABI'A
nouAov ywplov not g &po 1O &nd T ZO mpog 10
&no e BA, obtwg 6 EZH® udurog mpog Ehaoody
1t 100 ABI'A udnhov ywplov: dnep &ddvatov édelydn.
obn &puo éotlv ©g 10 &no g BA tetpdywvov mpog
10 &no g 20O, obtwg 6 ABI'A udxhog mpog petildv
7 100 EZH® ndrdov ywplov. &delydn 8¢, St odde
npog Ehaooov Eotty &po 0g TO &mo ¢ BA tetpdywvoy
nEOS 10 4o g ZO), obtwg 6 ABI'A udnhog mpog tov
EZH® nixdov.

Ol &pa ndnhot TPoOG AANAOLE eloly GG T& &TO TGV

straight-lines, and doing this continually, we will (even-
tually) leave behind some segments of the circle whose
(sum) will be less than the excess by which circle EFGH
exceeds the area S. For we showed in the first theo-
rem of the tenth book that if two unequal magnitudes
are laid out, and if (a part) greater than a half is sub-
tracted from the greater, and (if from) the remainder (a
part) greater than a half (is subtracted), and this hap-
pens continually, then some magnitude will (eventually)
be left which will be less than the lesser laid out mag-
nitude [Prop. 10.1]. Therefore, let the (segments) have
been left, and let the (sum of the) segments of the circle
EFGHon EK, KF, FL, LG, GM, MH, HN, and NE
be less than the excess by which circle EFGH exceeds
area S. Thus, the remaining polygon FKFLGMHN is
greater than area S. And let the polygon AOBPCQDR,
similar to the polygon FKFLGMHN, have been in-
scribed in circle ABCD. Thus, as the square on BD is
to the square on F'H, so polygon AOBPCQDR (is) to
polygon EKFLGMHN [Prop. 12.1]. But, also, as the
square on BD (is) to the square on F'H, so circle ABC'D
(is) to area S. And, thus, as circle ABCD (is) to area S,
so polygon AOBPGQDR (is) to polygon EK FLGM HN
[Prop. 5.11]. Thus, alternately, as circle ABCD (is) to
the polygon (inscribed) within it, so area S (is) to poly-
gon EKFLGMHN [Prop. 5.16]. And circle ABCD (is)
greater than the polygon (inscribed) within it. Thus, area
S is also greater than polygon EX FLGM HN'. But, (it is)
also less. The very thing is impossible. Thus, the square
on BD is not to the (square) on F H, as circle ABCD (is)
to some area less than circle EF'GH. So, similarly, we can
show that the (square) on F'H (is) not to the (square) on
BD as circle EFGH (is) to some area less than circle
ABCD either.

So, I say that neither (is) the (square) on BD to
the (square) on F'H, as circle ABCD (is) to some area
greater than circle EFGH.

For, if possible, let it be (in that ratio) to (some)
greater (area), S. Thus, inversely, as the square on F'H
[is] to the (square) on DB, so area S (is) to circle ABC'D
[Prop. 5.7 corr.]. But, as area S (is) to circle ABCD, so
circle EFGH (is) to some area less than circle ABCD
(see lemma). And, thus, as the (square) on F'H (is) to
the (square) on BD, so circle EFGH (is) to some area
less than circle ABC'D [Prop. 5.11]. The very thing was
shown (to be) impossible. Thus, as the square on BD is
to the (square) on F'H, so circle ABCD (is) not to some
area greater than circle FFGH. And it was shown that
neither (is it in that ratio) to (some) lesser (area). Thus,
as the square on BD is to the (square) on F'H, so circle
ABCD (is) to circle EFGH.
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Sopétpwy TeTpdywver mep Edet detéot.

ANppe.

Aéyw 87, 6 100 X ywplov peilovog dvtog t0b
EZH® xirlov éotiv w¢ 10 X ywplov npog tov ABI'A
noudov, obtwg 6 EZH® udxhog mpodg Elattov Tt 10D
ABI'A uduhov ywplov.

Teyovétw yip wg 10 X ywplov mpog tov ABI'A
nouhov, obtwg 6 EZHO udnhog mpoc 10 T ywplov.
Myw, 6t Ehattov gott 10 T ywplov 100 ABI'A sdxdov.
gnel Y&p oty G 10 X ywpliov mpog tov ABI'A ndudov,
obtwg 6 EZH® xndnhog npog 10 T ywplov, évadidE
goTty O 10 X ywplov mpodg 1ov EZH® nindov, obtwg O
ABI'A ninhog mpog 10 T ywplov. peilov 8¢ 10 X ywplov
106 EZH® sdnhov pellwv &pa ot 6 ABI'A udnkog t10b
T ywplov. Gote éotiv ©g 0 X ywplov npog tov ABI'A
noudov, obtwg 6 EZH® udvhog mpog Elxttov Tt 10D
ABI'A ndudov ywplov: Snep €det detéou.
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[M&ow mupapls tpiywvov Eyovoa Botv Stowpelton eig
dvo mupapidug foug te nal opolag dAAnioug xod [opoioc]
™ OA7 Tprywvoug éyovoug Bdostg xal eig dvo tplopota
foo nol 16 SVo mplopato pellovd éoty ¥} 10 tov g

6ng mupapidoc.

"Eotw nupapic, Ng Béoic pév éott 1o ABI tpiywvoy,
nopupt] 88 10 A onpeiov Myw, dtt 11 ABI'A mupopic
Srorpettat elg dvo mupapuidag oo dAMAAAG TOLYOVOLS
Béoeig éyodoug nal opolag 7 O] nat eig dvo mplopota
foo xol 1 SYo mplopato pellovd éoty ¥} 10 tov ™
SAng mopapidoc.

Tetpnodwooy yep oi AB, BL', I'A, AA, AB, Al" Siya
nate e B, Z, H, ®, K, A onpeta, sot éneledySwoony
ot ®F, EH, HO, OK, KA, A®, KZ, ZH. énet fon

Thus, circles are to one another as the squares on
(their) diameters. (Which is) the very thing it was re-
quired to show.

Lemma

So, I say that, area S being greater than circle EFGH,
as area S is to circle ABC D, so circle EFGH (is) to some
area less than circle ABCD.

For let it have been contrived that as area S (is) to
circle ABCD, so circle EFGH (is) to area T'. I say that
area T is less than circle ABCD. For since as area S is
to circle ABCD, so circle EFGH (is) to area T, alter-
nately, as area S is to circle EFGH, so circle ABCD (is)
to area T [Prop. 5.16]. And area S (is) greater than circle
EFGH. Thus, circle ABCD (is) also greater than area
T [Prop. 5.14]. Hence, as area S is to circle ABC'D, so
circle EFGH (is) to some area less than circle ABCD.
(Which is) the very thing it was required to show.

Proposition 3

Any pyramid having a triangular base is divided into
two pyramids having triangular bases (which are) equal,
similar to one another, and [similar] to the whole, and
into two equal prisms. And the (sum of the) two prisms
is greater than half of the whole pyramid.

Let there be a pyramid whose base is triangle ABC,
and (whose) apex (is) point D. I say that pyramid
ABCD is divided into two pyramids having triangular
bases (which are) equal to one another, and similar to
the whole, and into two equal prisms. And the (sum of
the) two prisms is greater than half of the whole pyramid.

For let AB, BC, CA, AD, DB, and DC have been
cut in half at points E, F, G, H, K, and L (respectively).
Andlet HE, EG,GH, HK, KL, LH, KF, and FG have
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