
ΣΤΟΙΧΕΙΩΝ ε΄. ELEMENTS BOOK 5

�Οροι. Definitions

α΄. Μέρος �στ� µέγεθος µεγέθους τÕ �λασσον τοà 1. A magnitude is a part of a(nother) magnitude, the

µείζονος, Óταν καταµετρÍ τÕ µε�ζον. lesser of the greater, when it measures the greater.†

β΄. Πολλαπλάσιον δ� τÕ µε�ζον τοà �λάττονος, Óταν 2. And the greater (magnitude is) a multiple of the

καταµετρÁται ØπÕ τοà �λάττονος. lesser when it is measured by the lesser.

γ΄. Λόγος �στ� δύο µεγεθîν Ðµογενîν ¹ κατ¦ πη- 3. A ratio is a certain type of condition with respect to

λικότητά ποια σχέσις. size of two magnitudes of the same kind.‡

δ΄. Λόγον �χειν πρÕς ¥λληλα µεγέθη λέγεται, § 4. (Those) magnitudes are said to have a ratio with re-

δύναται πολλαπλασιαζόµενα ¢λλήλων Øπερέχειν. spect to one another which, being multiplied, are capable

ε΄. 'Εν τù αÙτù λόγJ µεγέθη λέγεται ε�ναι πρîτον of exceeding one another.§

πρÕς δεύτερον κα� τρίτον πρÕς τέταρτον, Óταν τ¦ τοà 5. Magnitudes are said to be in the same ratio, the first
πρώτου καί τρίτου �σάκις πολλαπλάσια τîν τοà δευτέρου to the second, and the third to the fourth, when equal

κα� τετάρτου �σάκις πολλαπλασίων καθ' Ðποιονοàν πολ- multiples of the first and the third either both exceed, are

λαπλασιασµÕν �κάτερον �κατέρου À ¤µα ØπερέχV À ¤µα both equal to, or are both less than, equal multiples of the
�σα Ï À ¤µα �λλείπÍ ληφθέντα κατάλληλα. second and the fourth, respectively, being taken in corre-

$΄. Τ¦ δ� τÕν αÙτÕν �χοντα λόγον µεγέθη ¢νάλογον sponding order, according to any kind of multiplication

καλείσθω. whatever.¶

ζ΄. �Οταν δ� τîν �σάκις πολλαπλασίων τÕ µ�ν τοà 6. And let magnitudes having the same ratio be called

πρώτου πολλαπλάσιον ØπερέχV τοà τοà δευτέρου πολ- proportional.∗

λαπλασίου, τÕ δ� τοà τρίτου πολλαπλάσιον µ¾ ØπερέχV 7. And when for equal multiples (as in Def. 5), the
τοà τοà τετάρτου πολλαπλασίου, τότε τÕ πρîτον πρÕς multiple of the first (magnitude) exceeds the multiple of

τÕ δεύτερον µείζονα λόγον �χειν λέγεται, ½περ τÕ τρίτον the second, and the multiple of the third (magnitude)
πρÕς τÕ τέταρτον. does not exceed the multiple of the fourth, then the first

η΄. 'Αναλογία δ� �ν τρισ�ν Óροις �λαχίστη �στίν. (magnitude) is said to have a greater ratio to the second

θ΄. �Οταν δ� τρία µεγέθη ¢νάλογον Ï, τÕ πρîτον than the third (magnitude has) to the fourth.
πρÕς τÕ τρίτον διπλασίονα λόγον �χειν λέγεται ½περ 8. And a proportion in three terms is the smallest

πρÕς τÕ δεύτερον. (possible).$

ι΄. �Οταν δ� τέσσαρα µεγέθη ¢νάλογον Ï, τÕ πρîτον 9. And when three magnitudes are proportional, the

πρÕς τÕ τέταρτον τριπλασίονα λόγον �χειν λέγεται ½περ first is said to have a squared‖ ratio to the third with re-

πρÕς τÕ δεύτερον, κα� ¢ε� �ξÁς Ðµοίως, æς ¨ν ¹ ¢ναλογία spect to the second.††

ØπάρχV. 10. And when four magnitudes are (continuously)

ια΄. `Οµόλογα µεγέθη λέγεται τ¦ µ�ν ¹γούµενα το�ς proportional, the first is said to have a cubed‡‡ ratio to

¹γουµένοις τ¦ δ� �πόµενα το�ς �ποµένοις. the fourth with respect to the second.§§ And so on, simi-

ιβ΄. 'Εναλλ¦ξ λόγος �στ� λÁψις τοà ¹γουµένου πρÕς larly, in successive order, whatever the (continuous) pro-

τÕ ¹γούµενον κα� τοà �ποµένου πρÕς τÕ �πόµενον. portion might be.
ιγ΄. 'Ανάπαλιν λόγος �στ� λÁψις τοà �ποµένου æς 11. These magnitudes are said to be corresponding

¹γουµένου πρÕς τÕ ¹γούµενον æς �πόµενον. (magnitudes): the leading to the leading (of two ratios),

ιδ΄. Σύνθεσις λόγου �στ� λÁψις τοà ¹γουµένου µετ¦ and the following to the following.
τοà �ποµένου æς �νÕς πρÕς αÙτÕ τÕ �πόµενον. 12. An alternate ratio is a taking of the (ratio of the)

ιε΄. ∆ιαίρεσις λόγου �στ� λÁψις τÁς ØπεροχÁς, Î leading (magnitude) to the leading (of two equal ratios),
Øπερέχει τÕ ¹γούµενον τοà �ποµένου, πρÕς αÙτÕ τÕ and (setting it equal to) the (ratio of the) following (mag-

�πόµενον. nitude) to the following.¶¶

ι$΄. 'Αναστροφ¾ λόγου �στ� λÁψις τοà ¹γουµένου 13. An inverse ratio is a taking of the (ratio of the) fol-
πρÕς τ¾ν Øπεροχήν, Î Øπερέχει τÕ ¹γούµενον τοà lowing (magnitude) as the leading and the leading (mag-

�ποµένου. nitude) as the following.∗∗

ιζ΄. ∆ι' �σου λόγος �στ� πλειόνων Ôντων µεγεθîν κα� 14. A composition of a ratio is a taking of the (ratio of
¥λλων αÙτο�ς �σων τÕ πλÁθος σύνδυο λαµβανοµένων κα� the) leading plus the following (magnitudes), as one, to

�ν τù αÙτù λόγJ, Óταν Ï æς �ν το�ς πρώτοις µεγέθεσι the same following (magnitude).$$
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τÕ πρîτον πρÕς τÕ �σχατον, οÛτως �ν το�ς δευτέροις 15. A separation of a ratio is a taking of the (ratio

µεγέθεσι τÕ πρîτον πρÕς τÕ �σχατον· À ¥λλως· λÁψις of the) excess by which the leading (magnitude) exceeds

τîν ¥κρων καθ' Øπεξαίρεσιν τîν µέσων. the following to the same following (magnitude).‖‖

ιη΄. Τεταραγµένη δ� ¢ναλογία �στίν, Óταν τριîν 16. A conversion of a ratio is a taking of the (ratio

Ôντων µεγεθîν κα� ¥λλων αÙτο�ς �σων τÕ πλÁθος γίνηται of the) leading (magnitude) to the excess by which the

æς µ�ν �ν το�ς πρώτοις µεγέθεσιν ¹γούµενον πρÕς leading (magnitude) exceeds the following.†††

�πόµενον, οÛτως �ν το�ς δευτέροις µεγέθεσιν ¹γούµενον 17. There being several magnitudes, and other (mag-

πρÕς �πόµενον, æς δ� �ν το�ς πρώτοις µεγέθεσιν nitudes) of equal number to them, (which are) also in the

�πόµενον πρÕς ¥λλο τι, οÛτως �ν το�ς δευτέροις ¥λλο τι same ratio taken two by two, a ratio via equality (or ex
πρÕς ¹γούµενον. aequali) occurs when as the first is to the last in the first

(set of) magnitudes, so the first (is) to the last in the sec-

ond (set of) magnitudes. Or alternately, (it is) a taking of
the (ratio of the) outer (magnitudes) by the removal of

the inner (magnitudes).‡‡‡

18. There being three magnitudes, and other (magni-

tudes) of equal number to them, a perturbed proportion

occurs when as the leading is to the following in the first
(set of) magnitudes, so the leading (is) to the following

in the second (set of) magnitudes, and as the following

(is) to some other (i.e., the remaining magnitude) in the
first (set of) magnitudes, so some other (is) to the leading

in the second (set of) magnitudes.§§§

† In other words, α is said to be a part of β if β = m α.

‡ In modern notation, the ratio of two magnitudes, α and β, is denoted α : β.

§ In other words, α has a ratio with respect to β if m α > β and n β > α, for some m and n.

¶ In other words, α : β :: γ : δ if and only if m α > n β whenever m γ > n δ, and m α = n β whenever m γ = n δ, and m α < n β whenever

m γ < n δ, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if α, β, etc., are irrational.

∗ Thus if α and β have the same ratio as γ and δ then they are proportional. In modern notation, α : β :: γ : δ.

$ In modern notation, a proportion in three terms—α, β, and γ—is written: α : β :: β : γ.
‖ Literally, “double”.

†† In other words, if α : β :: β : γ then α : γ :: α 2 : β 2.

‡‡ Literally, “triple”.

§§ In other words, if α : β :: β : γ :: γ : δ then α : δ :: α 3 : β 3.

¶¶ In other words, if α : β :: γ : δ then the alternate ratio corresponds to α : γ :: β : δ.

∗∗ In other words, if α : β then the inverse ratio corresponds to β : α.

$$ In other words, if α : β then the composed ratio corresponds to α + β : β.

‖‖ In other words, if α : β then the separated ratio corresponds to α − β : β.

††† In other words, if α : β then the converted ratio corresponds to α : α − β.

‡‡‡ In other words, if α, β, γ are the first set of magnitudes, and δ, ǫ, ζ the second set, and α : β : γ :: δ : ǫ : ζ, then the ratio via equality (or ex

aequali) corresponds to α : γ :: δ : ζ.

§§§ In other words, if α, β, γ are the first set of magnitudes, and δ, ǫ, ζ the second set, and α : β :: δ : ǫ as well as β : γ :: ζ : δ, then the proportion

is said to be perturbed.

α΄. Proposition 1†

'Ε¦ν Ï Ðποσαοàν µεγέθη Ðποσωνοàν µεγεθîν �σων If there are any number of magnitudes whatsoever
τÕ πλÁθος �καστον �κάστου �σάκις πολλαπλάσιον, (which are) equal multiples, respectively, of some (other)
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Ðσαπλάσιόν �στιν �ν τîν µεγεθîν �νός, τοσαυταπλάσια magnitudes, of equal number (to them), then as many

�σται κα� τ¦ πάντα τîν πάντων. times as one of the (first) magnitudes is (divisible) by

one (of the second), so many times will all (of the first
magnitudes) also (be divisible) by all (of the second).

Ζ

Η Β Γ Θ ∆Α

Ε F

A G B C H D

E
�Εστω Ðποσαοàν µεγέθη τ¦ ΑΒ, Γ∆ Ðποσωνοàν µε- Let there be any number of magnitudes whatsoever,

γεθîν τîν Ε, Ζ �σων τÕ πλÁθος �καστον �κάστου �σάκις AB, CD, (which are) equal multiples, respectively, of
πολλαπλάσιον· λέγω, Óτι Ðσαπλάσιόν �στι τÕ ΑΒ τοà Ε, some (other) magnitudes, E, F , of equal number (to

τοσαυταπλάσια �σται κα� τ¦ ΑΒ, Γ∆ τîν Ε, Ζ. them). I say that as many times as AB is (divisible) by E,

'Επε� γ¦ρ �σάκις �στ� πολλαπλάσιον τÕ ΑΒ τοà Ε κα� so many times will AB, CD also be (divisible) by E, F .
τÕ Γ∆ τοà Ζ, Óσα ¥ρα �στ�ν �ν τù ΑΒ µεγέθη �σα τù Ε, For since AB, CD are equal multiples of E, F , thus

τοσαàτα κα� �ν τù Γ∆ �σα τù Ζ. διVρήσθω τÕ µ�ν ΑΒ as many magnitudes as (there) are in AB equal to E, so
ε�ς τ¦ τù Ε µεγέθη �σα τ¦ ΑΗ, ΗΒ, τÕ δ� Γ∆ ε�ς τ¦ τù many (are there) also in CD equal to F . Let AB have

Ζ �σα τ¦ ΓΘ, Θ∆· �σται δ¾ �σον τÕ πλÁθος τîν ΑΗ, been divided into magnitudes AG, GB, equal to E, and

ΗΒ τù πλήθει τîν ΓΘ, Θ∆. κα� �πε� �σον �στ� τÕ µ�ν CD into (magnitudes) CH , HD, equal to F . So, the
ΑΗ τù Ε, τÕ δ� ΓΘ τù Ζ, �σον ¥ρα τÕ ΑΗ τù Ε, κα� number of (divisions) AG, GB will be equal to the num-

τ¦ ΑΗ, ΓΘ το�ς Ε, Ζ. δι¦ τ¦ αÙτ¦ δ¾ �σον �στ� τÕ ΗΒ ber of (divisions) CH , HD. And since AG is equal to E,

τù Ε, κα� τ¦ ΗΒ, Θ∆ το�ς Ε, Ζ· Óσα ¥ρα �στ�ν �ν τù and CH to F , AG (is) thus equal to E, and AG, CH to E,
ΑΒ �σα τù Ε, τοσαàτα κα� �ν το�ς ΑΒ, Γ∆ �σα το�ς Ε, F . So, for the same (reasons), GB is equal to E, and GB,

Ζ· Ðσαπλάσιον ¥ρα �στ� τÕ ΑΒ τοà Ε, τοσαυταπλάσια HD to E, F . Thus, as many (magnitudes) as (there) are
�σται κα� τ¦ ΑΒ, Γ∆ τîν Ε, Ζ. in AB equal to E, so many (are there) also in AB, CD

'Ε¦ν ¥ρα Ï Ðποσαοàν µεγέθη Ðποσωνοàν µεγεθîν equal to E, F . Thus, as many times as AB is (divisible)

�σων τÕ πλÁθος �καστον �κάστου �σάκις πολλαπλάσιον, by E, so many times will AB, CD also be (divisible) by
Ðσαπλάσιόν �στιν �ν τîν µεγεθîν �νός, τοσαυταπλάσια E, F .

�σται κα� τ¦ πάντα τîν πάντων· Óπερ �δει δε�ξαι. Thus, if there are any number of magnitudes what-

soever (which are) equal multiples, respectively, of some
(other) magnitudes, of equal number (to them), then as

many times as one of the (first) magnitudes is (divisi-
ble) by one (of the second), so many times will all (of the

first magnitudes) also (be divisible) by all (of the second).

(Which is) the very thing it was required to show.

† In modern notation, this proposition reads m α + m β + · · · = m (α + β + · · · ).

β΄. Proposition 2†

'Ε¦ν πρîτον δευτέρου �σάκις Ï πολλαπλάσιον κα� If a first (magnitude) and a third are equal multiples
τρίτον τετάρτου, Ï δ� κα� πέµπτον δευτέρου �σάκις πολ- of a second and a fourth (respectively), and a fifth (mag-

λαπλάσιον κα� �κτον τετάρτου, κα� συντεθ�ν πρîτον κα� nitude) and a sixth (are) also equal multiples of the sec-

πέµπτον δευτέρου �σάκις �σται πολλαπλάσιον κα� τρίτον ond and fourth (respectively), then the first (magnitude)
κα� �κτον τετάρτου. and the fifth, being added together, and the third and the

Πρîτον γ¦ρ τÕ ΑΒ δευτέρου τοà Γ �σάκις �στω sixth, (being added together), will also be equal multiples

πολλαπλάσιον κα� τρίτον τÕ ∆Ε τετάρτου τοà Ζ, �στω of the second (magnitude) and the fourth (respectively).
δ� κα� πέµπτον τÕ ΒΗ δευτέρου τοà Γ �σάκις πολ- For let a first (magnitude) AB and a third DE be

λαπλάσιον κα� �κτον τÕ ΕΘ τετάρτου τοà Ζ· λέγω, Óτι equal multiples of a second C and a fourth F (respec-
κα� συντεθ�ν πρîτον κα� πέµπτον τÕ ΑΗ δευτέρου τοà tively). And let a fifth (magnitude) BG and a sixth EH

Γ �σάκις �σται πολλαπλάσιον κα� τρίτον κα� �κτον τÕ also be (other) equal multiples of the second C and the

∆Θ τετάρτου τοà Ζ. fourth F (respectively). I say that the first (magnitude)
and the fifth, being added together, (to give) AG, and the
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