Mathematics 3790H — Analysis I: Introduction to analysis
TRENT UNIVERSITY, Fall 2008

Solutions to Assignment #35

oo
Recall that the harmonic series, 21 % =1+ % + % + i + - -+, diverges, while its close
n—=
. . . . 2 (=1t 1,1 1
relation, the alternating harmonic series, »  *—— =1— 35+ 3 — 7 +---, converges.
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Determine, as best you can, whether each of the following relatives of the harmonic
series converges or diverges.
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+1 n=1or2 (mod 4)
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by a(n) = {

Solution. This series converges. One way to see this is to rewrite it by grouping consec-
utive terms carefully:
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Since % < ﬁ the rewritten series converges absolutely by comparison with the
o] o
series k;l ﬁ = %k;l k% This means that the original series converges, but it can only
do so conditionally because the underlying series of positive terms, the harmonic series,
diverges. l
2. 1-1 -1+ 1 -1 -¢+2-32-1%+ Z(—Whereﬁ Nt — {—1,1} is given
+1 n=1 (mod 3)
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Solution. This series diverges. One way to see this is to rewrite it by grouping consecutive
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terms carefully:
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__1Z 9k? + 6k — 1
N —~ k3 + 18k2 + 11k + 2

9k246k—1 9k? _ 1 : : :
Once k > 1, 9k3+18k2+11k+2 > 9k3+9k3+9k3+9k3 = 15 S0 the given series must diverge by
comparison with the series Z ik = 1 Z
k=
1, 1,1 1 1,1 ,1,1 1 1 1 1 -
3.1—§+§+Z—g—6+7+§+§—m—ﬁ—ﬁ+ﬁ Z ,where

v: Nt — {1 1} delivers a block +1s of length k followed by a block of 1s of length
kfork=1,23,.... [3

Solution. We will use the Alternating Series Test to show that the given series converges.
(Of course, it also can only do so conditionally.) In order to do this we will rewrite the
series by combining blocks of terms from the series:
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Here B;f denotes the sum of the terms in the block with k +s and By denotes the sum
the absolute values of the terms in the immediately following block with & —s. We need
to work out which terms of the underlying harmonic series end up in each of B,j and B, .

The key here is to work out how many terms of 1 + % + % + i + -+ occur before the
first term that goes into Blj. Since Blj sums the terms that go with the block of k£ +s, we
have 1+1+24+243+3+ -4+ (k—1)+ (k— 1) terms occur before the first term that
goes into B;. Since 1 +2+3+ -+ (k— 1) = k(k — 1)/2, there are k(k — 1) = k> — k
terms before the first that makes it into B,;". It follows that
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As noted previously, we will use the Alternating Series Test to show that

Bf =By +Bf —By; +Bf —Bj +---+ B - B, +---=>» (B} - Bg)
k=1

converges. First, this is clearly an alternating series.

Second, we need to show that Bf > Bf > By > By >---> B} > B, > Blj+1 > |
Since each of the k terms that goes into B;r is larger than each of the k£ terms that goes
into B, , we must have that B+ > B, for each k. To see that each — block is larger than
the next + block, i.e. B > Bkﬂ, observe that

po_ o, ot o1 111 k]
FUOR24+1 0 k242 2+k = kK2+k k2+k +k  kK2+k k+1
(since ﬁ is the smallest of the terms involved) and that
B 1 . 1 . 1
BT k12— (k+ 1) +1  (k+1)2— (k+1)+2 (k+12—(k+1)+k
S S 1 o k+1
COR24+k+1 0 K2+Ek+2 K2+k+(k+1) ~ kK2+k+1
(since m is the largest of the terms involved). As (k+1)(k+1) = k? + 2k: +1> k% +
k+1=1- (k’z +k+ ) a little cross-multiplication tells us that + ++]€1+1 < k—+1 It follows
that B, > BkH, and hence that BJr > By > B >By, > > BJr > B, > Bl—:ﬂ >

as requu"ed
Third, we need to check that the series passes the Divergence Test. From the above we

know that 0 < B, ; < Bk+1 < % Since hm k2++l<+1 = 0 (check this for yourselves!),
it follows that hm BkJrl = hm Bk_—i-l 0.

Hence, by the Alternatlng Serles Test,

1 1 1 1 1 1 1 1 1 1

converges. H

4. Z (") where 7 : NT — {—1,1} randomly chooses, with equal probability, one of

n
+1 and —1 for each n > 0. [1/
Solution. The best you can hope for with this question is to get an answer along the
o
lines of: “The probability that such a series @ converges is _.” How to compute, or

n=1

estimate, that probability? Well, ummm, ah, ... Bl



