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Linear transformations and the real projective plane

Recall that a 3× 3 matrix

A =





a11 a12 a13

a21 a22 a23

a31 a32 a33





with real entries can be used to define a linear transformation of R
3 by sending x to Ax.

1. What condition(s) must the matrix A satisfy for the corresponding linear transfor-
mation, when applied to the projective coordinates of the points of the real projective
plane, to be a function that maps points of the real projective plane to the points of
the real projective plane? [3]

2. What condition(s) must the matrix A satisfy for the corresponding linear transfor-
mation to be a 1-1 onto function on the points of the real projective plane? [1]

3. When do two matrices A and B give the same function on the points of the real
projective plane? [2]

4. Suppose the matrix A gives a 1-1 onto function on the points of the real projective
plane. Work out how the projective coordinates of lines are transformed by this
function and show that it preserves incidence. [4]

Bonus. Suppose a 1-1 onto function maps the points and lines of the real projectove plane
to the points and lines, respectively, of the real projective plane plane, and also
preserves incidence. (That is, it is a collineation of the real projective plane.) Is
there necessarily a matrix A which gives this function? [5]


