Mathematics 235H — Linear algebra II: Vector spaces
TRENT UNIVERSITY, Winter 2008

Solutions to Assignment #9

Vector spaces of linear transformations

Recall from class that if U and V' are vector spaces (using the same set of scalars),
then

L(U,V)=A{T|T is a linear transformation U — V' }

is itself a vector space (using the same scalars as U and V') when vector addition is defined
by
(T + S)(u) =T(u) + S(u)

and scalar multiplication is defined by

(cT)(u) = cT'(u).

1. Suppose that dim(U) = 3 and dim(V') = 4. What is dim (L(U, V))? Explain why! /[5/

Solution. If dim(U) = 3 and dim(V') = 4, then dim (L(U, V')) = 12. To see this, it suffices
to produce a basis for L(U, V) and observe that this basis has twelve elements,

Let B = {by,by,bs} be a basis for U — recall that dim(U) = 3 — and let C =
{c1,c2,c3,c4} be a basis for V' — recall that dim(V) = 4. For each 1 < ¢ < 3 and
1 < j <4, define the linear transformation T;; : U — V as follows:

Cj le:k
Ty (k) = { g ifi £k

That is, T;; sends b; to c¢; and sends the other basis vectors to 0. (Recall that to
define a linear transformation it is sufficient to specify what it does on each basis el-
ement of the domain vector space, which in this case is U.) We will show that 7 =
{T;; |1<i<3and1<j <4} is a basis for L(U,V).

First, to see that 7 spans L(U, V'), suppose T': U — V is a linear transformation and
suppose that

T(b1) = ai11¢1 + a12¢2 + a13¢3 + aj4€q,
T'(bs) = ag1€1 + a¢a + azzcs + agscy , and

T'(bsz) = azic1 + azac2 + asscs + asaca,

where the a;; are scalars. We claim that T' = a117T11 + a12T12 + - - - + a33T33 + azaT34; to
verify this it is sufficient to check that T is equal to the sum on each of the basis vectors
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by, by, and bs. One:

(a11T11 + a12Ti2 + - - - + azzT33 + azqT34) (b1)
=a11T11(b1) + a12T12(b1) + a13T13(b1) + a14T14(b1)
+ a21T%1(b1) + a22T52(b1) + az23T23(b1) + azsTr4(by)
+a11T11(b1) + a12T12(b1) + a13T13(b1) + a14T34(b1)
=aj1€1 + aijece +ajzcs +aj4cs +04+04+04+04+04+0+0+0
=T(b1)

Two:
(a11T11 + a12Th2 + -+ - + assTs3 + asaTs4) (bs)

=a11T11(b2) + a12T12(b2) + a13T13(b2) + a14T14(b2)
+ a21T%1(b2) + a22T52(b2) + az23T23(ba) + azsTr4(bz)
+a11T11(b2) + a12T12(b2) + ai13T13(b2) + a1aT34(b2)
=0+ 0+ 0+ 0+ azic1 + azaca + azzc3z +agacs +04+0+0+0
=T'(b2)
Three:
(@111 + ar2Th2 + -+ - + as3Tz3 + azaT34) (bs)
=a11T11(b3) + ai12T12(b3) + a13T13(bs) + a14T14(b3)
+ a21T21(b3) + a22Tr2(bs) + a23Tb3(bs) + a24T54(bs)
+a11Th1(bs) + a12T12(bs) + a13T13(bs) + a14T34(b3)
=04+04+0+0+0+0+0+0+ asgicy + azaco + azscs + as4sCq
=T(bs)

Thus 7 spans L(U,V).
Second, recall that the zero vector of L(u, V') is the linear transformation O such that
O(u) = 0 for all u € U. To check that 7 is linearly independent, we need to check that

if a11T11 + a12T12 + -+ a33T33 + a34T34 = O for scalars ail, a2, ..., ass, a34, then
a1 = a1z = -+ =az3 = az4 = 0. If a11T11 + a12T12 + - + azal33 + az4T34 = O, then, in
particular,

(@111 + ar2Th2 + -+ - + assTz3 + azaT34) (b1)
=a11T11(b1) + a12T12(b1) + a13T13(b1) + a14T14(b1)
+ a21To1(b1) + a22T52(b1) + az23T23(b1) + azsTr4(by)
+a11T11(b1) + a12T12(b1) + ai3T13(by) + a1aT34(b1)
=ajicC1 + aiac2 + aijzcs +ajucs +04+04+0+0+04+0+0+0
=0O(b1) =0.

Since C is a basis for V, it follows from a;1¢1 + a12¢c2 + a13¢3 + aj4cq4 = 0 that a1 = a12 =
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a13 = a14 = 0. Similarly,

(@111 + ar2Tho + - - + assTz3 + azaT34) (b2)
=a11T11(b2) + a12T12(b2) + a13T13(b2) + a14T14(b2)

+ a21T%1(b2) + a22T52(b2) + az23T23(ba) + azsTr4(b2)

+a11T11(b2) + a12T12(b2) + ai3T13(b2) + a1aT34(b2)
=040+ 0+ 0+ azic1 + azaca + az3c3 +agacs +04+0+0+0
=0(bs) =0.

Since C is a basis for V, it follows from asicy + asece + asscs + azqcy = 0 that also
a91 — A22 — A23 — Q24 — 0. Again, similarly,

(a11T11 + a12Ti2 + - - - + azzTs3 + azqT34) (b3)
=a11T11(b3) + ai12T12(b3) + a13T13(bs) + a14T14(b3)

+ a21T21(b3) + a22Tr2(bs) + a23T>3(bs) + a24T54(b3)

+a11T11(bs) + a12T12(bs) + a13T13(bs) + a14T34(b3)
=04+04+0+0+0+0+0-+0+ asgici + azaco + azscs + az4sCq
=0O(b3) =0

Since C is a basis for V, it follows from asicy + asece + asscs + azscy = 0 that also
az1 = azz = azz = az4 = 0. Hence 7 is linearly independent.

Thus 7 is a basis for L(U,V), and, since it has twelve elements, it it folows that
dim (L(U,V))=12. &

2. Determine whether each of the following sets is a subspace of L(U, V) or not.
a. W={TeL(U,V)|T is one-to-one } [1]
b. W={TeLU,V)|Tisonto} [1]
c. W={TeL(U,V)|T isinvertible } [1]
d. W={Te€L(UJV)|T is not invertible } [2/

Solution. Recall that the zero vector of L(U, V) is the linear transformation O such that
O(u) = 0 for all u € U. The zero vector must be in every subspace, which eliminates the
would-be subspaces in a—c most of the time:

First, ker(O) = U, so O is one-to-one only if U = {0}.

Second, ran(O) = {0}, so O is onto only if V' = {0}.

Third, O is invertible exactly when it is both one-to-one and onto, i.e. if both U = {0}
and V = {0}.

Note that in the exceptional situations where U = {0}, V = {0}, or both, O is,
respectively, one-to-one, onto, or invertible. In these cases, W is a subspace of L(U,V),
since it is, respectively, {O}, L(U,V), or {O} = L(U, V). (Check this for yourselves!)

For d, observe that unless {O} = L(U, V') (in which case W is not a subspace because
it is empty), O is not invertible and hence is in W. However, W may or may not be
subspace even so:



First, for there to be any invertible linear transformations between U and V', we must
have dim(U) = dim(V'), so if dim(U) # dim(V'), then W = L(U, V) and so is a subspace
of L(U,V).

Second, if dim(U) = dim(V') = 1, the only non-invertible linear transformation is O,
so W = {0} is a subspace of L(U,V).

Third, if dim(U) = dim(V) > 1, W will not be a subspace because it will be possible
to have two non-invertible linear transformations add up to an invertible linear transfor-
mation. If B ={bq,bs,...} and C = {cy,ca,...} are bases of U and V respectively, then
neither of the linear transformations defined by

0 ifi=1
c, ifi>1

ifi=1
S(bn:{cl . and T(bi)z{
0 iifi>1

is invertible — and hence they’re in W — but their sum, which is given by
(S+T)(b;) =c; for each i > 1,

is indeed invertible (why?) — and hence is not in W. Since W is not closed under addition,
it can’t be a subspace. B



