
mmmmbeddingCountable Linear Orders (into the rationals

3 then the Schroder-Berstein Theorem

Thom: Suppose A is a countable set (O is a linear order on A . Then there is a 1-1 function (f : ASQ) such that forall abEA
,

asb => f(a) < +(b)

Proof : Since A is countable, we can enumerate it as 20 , 91
, 92s ...This list probably has nothing to do with 1)

- We build f : A- & recursively using this enumeration

let flao:=

go

given that flail =gi has be defined for i = 0
, ...,

K (v) adaj => flail <flaj))
, we define flamn) =

Gutt as follows:

- case (1) : Art is to the left of all Goss , dyon,ar

Then let flash) =

Gut for any qual that is to the left of all 90 , 91 , 000: 94

It we can also do this blC the rationals don't have endpoints)

->
case (27 : art is to the right of all of do

, a
, ...al

Then let flakt) :gui foramy quett that is to the right of all the go , 911 ...) qr

-> case (3) : There are ai3 as which are to either side of art (sno others are closer) , say : Gi1Aaj

Then let flaun: Art for any grey such that gique <gj

Iwe can do this bIC there are infinitely many rationals blween any 2)

By the construction of f :A-Q
,

+ is 1-13 it preserves order

-> it aida;
=

gi
= flai) flaj) =

gi

The Schroder-Berstein Theorem

11 All I/BI) 3 llBIIAll

=> II All = IIBII

it: if there are 1-1 functions f : A-B 3 g:BSA
,

then there is a 1 onto function hite

A Bf

> BIf(A)

- f(x) = [f(e)/xeX3
f(A)

Alg(B)
-

g(B)
T

G

-> we'll divide A into Z3 AlZ

Pg(g
B into f(z)) B1f(z)

Then hiAtB will be defined by

h(a) = 5fa aAz

[how do we pick ZA 2 prove it works)

Define H: S(A) -> f(B) by H(1) : Alg(Bifcu (x()

Then Z = EaEA/JXPAXa + XCHA)3

* we'll show that's

1) x ( Y &A => H(X) CH(Y)

2) zCH(z)

3) g(B(f(z) -Alz

4) g(BIf(z) = AVE

5) h : AzB is 1-13 onto



1) XXYCA

= f(x)[f(y)

= B1 f(x)) B- f(y)

g(BIfi)(g(BIf(y))
=> H(X) = Alg(B)f (A)) - A(g(B)f(y)) = H(y)

2) z(H(z)
activition

a fz"> for some 1 PA
,
a XCHI)

* note that each XEX also satisfiesThis lieX[H(x)) liex(Z)

: at X (H(x) [H(z) so aEHIz)

· z(HIZ)

3) g(B1f(z))AlZ

-> suppose , by way
of contradiction ,

that be B1f(z) but g(b) = a Z

then
, by definition

, aX = H() = H(z)

: at H(z) = A\g(B) f(z)

·: bAB/f(z)

4) g: Bif(z) & Alz is onto (so g(BIf(z)) 2 A(z)

Suppose afA1Z [to show : a=g(b) for some bEB1f(z)]

Since atz
,
zvEa3 EMIZUEab) Isince otherwise atz by definition)

z(Zu5a3 = z[HIz)[H(zuEa3)

= afH(zu5a3)

=> at H(z)

it : a H(z) = Alg(BIf(z)

=> at g(B)f(z))

=> a=g(b) for some beBIf(z) as desired

Define h: A-B by

h(a) = G +(a) af Z

gi(a) aEA
is 1-1 onto ALB bk f is 1 onto On E-f(z) <g is 1 unto on B1f(z) -AlZ sog" is 1 onto on AlZ- BL f(z)


