
Thionsfor Sets

& what we can do with them

Amycovered for the Zermelo-Fraenkel Axioms so far :

1 . Empty Set Axiom

- "There is an empty set
"

- Exy HyEA)

2. Union Axiom

qu
= and

- "If x is a set
,

then UX la
= Sylbalytanaex3 is a set

3. Comprehension Atiom

e "If X is a set 3 Ply) is a formula with
y

free
,

then Eyex/ply)3 is a set
"

Todayum

The Zermelo-Fraenkel Axioms (continued)

-> Let R = EveU/L(xex3

-> Pair Set Axiom : "If &y are sets
,

then Ex
, y3 is a set too"*a surprisingly powerful ation

- Power Set Axiom : "If X is a set
,

the f(x) = Ex1y[* 3 is a set too
"

-> Axiom of Foundation (or Regularity) : "Ifa not empty ,
there is some element yex such thatAny Fo

"

-> Axiom of Replacement :

suppose X is a set & Ply ,z) is a formula which defines a function with its domain in X.
andX1=

inen, Ezlyernglyz3
-> Axiom of Extensionality: "If X 3y are sets

,
then <y are equal exactly when the have the same elements

"

- EXy(x =

y
< Vz (zex (> zey()

-> Axiom of Infinity :

-> Let S be the following operation on sets :

Six= 105x3

Funy is SCA) defined for all setsX given the other actions?

-> If X is a set ...
then EX

, X3 is a set (Pair)

Ex
, x3 = Ex3 by extensionality 3 is also a set

-> then Ex
.

5833 is a set (Pair)

by Union
,

USE,5233 - AUE23 is a set too ↓
/empty set

->

Then w
= E

, S,
SIS(O) , ... is a set

Itgets complicated quickly Aligns w Thenatural numbers

=

IS1000503 = 503

sis(o) = 503055033 = 50
,

9033 = 2

=3 ↓ScS(S(4)) = 50
,

50330550, 30333 = 50
,
503

,
38

, 30333

-> Axiom of Choice : "If X is a set of nun-empty sets ,
then there is a function + : -> UX such that for all yex , fly) ty

"

-> rarely need the full power of this

The Natural Numbers (N)

N =0
,

1
,
2

, 3, 0 .. 3

* think of them as a collection of the predecessors0 = 0
successor ofO

-

1 = S10) = 503
successor

of 1

-

2 = S(l) = 50 , 13

3 = S(2) 250, 1 , 23

etC



-> how do we define addition on N ?

- nto=n for all nEN think of this as n+ (k+)

T
->

given that ntk has been defined , n+ S(r) = Slnt1)

-> Verify 2+2 = 4 :

2+2 = 2 + S(1)

= S(2 + 1)

= S(2 + s(a)

= S(S(2+0))

= S(S(2))

= S(3)

= 4

Claim 1 : + is associative

For all Kinim EN ,
(Ktntm = K+ Intm)

-> proof by induction on m

Step: (m=0) for all K,
nEN,

by definition of addition(k+n) + 0 = k +n

= K +n+o) by definition of addition

Induction Hypothesis : (m=1) for all nKEN
- &

(k+ n) +1 = k+ (n+ 1)

veStep : (m =l -> m =l+ 1) assume the IH

(k+n) + (l + 1) = (k+) + S(1)

= S((k+n) +1) by definition

= S(k+ (n+1)) by 1 . H.

= k + Sinth) by definition

= k+ (n + S(l)) by definition

=k + (n + 11 +1) by definition

: by induction, addition is associative.

Femmal: Ot=K+ O for all KEN >Temma2: S(l) th= Sl+) for all &31Claim 2 : t is commutative
T

For all Kin ,
mEN

,
n= vint proof by induction of K proof by induction on K

-> proof by induction on n Base Step : (k=0) Oto = 0 by definition step: (k=0)
-

Betep: (n=0) for all K, Induction Hypothesis : (k=m) Otm= m S(l) to = S(l) by definition of addition
-

Oth = K+ O ~ive Step : /=

m -> k= mH)3 = Sclto) by definition of addition

Ot( +) = 0 + S(m)u+k = k+ 0-> By The Lemma, minutionHypothesis: (k= m)

= S(otm) S (l) +m = s(1+m)by definition

InductionMupothesis
: Inl) forl ,

-

= S(m) Inductive Step : (k= m - k=m+)
-

↓ve Step : (n=1 -n=l+ 1) =(m+ 1) S(l) + (m+) = S(l) + S(m)

( + 1+x = S(l) + k ↓= (m+ 1) + 0 = S(s(1)tm) by definition

We need to verify that S(l)th= S(+k) = S(S(etm)) by 1 . H.

= S(l+s(m)= Slltk) by Lemma 2

= S(k+ 1) by 1 . H .
↓= Sce + (m+))

= K + s(l) by definition.

= k + (l + 1)


