
soundnessTheorem

(5 +p = EFg)
ie : if o is deducible from S

,
then whenever every statement in & is true,

so is I

Proof

suppose Er O,
it there is a deduction Y

, Y , ... Y where each 4: is :

(1) a logical atiom

o

(2) a hypothesis (ie YEG)

(3) it follows from some Yg ,
Yo (with j ,

<i) by Mp

We'll use induction on n (the length of the deduction) to show that if every statement in& is true, so is in

Base Step : (n= 1)

-> In this case Y
, is the deduction

I suppose that every statement in & is true (for some assignment of TIF to each atomic formula occurring in a formula in S

-> Ten Y
, is true bK either Pit& (so it's true)or it's a logical atium (so its true)

Inductive Hypothesis : (n=1)

-> If 4
, ..., Yu is a deduction from S

->Then whenever every statement in G is true
,

so is I

Inductive Step:In=k+1)

- so our deduction is Y
, ....,

Yr
,
Yet

Ito show : if
every statement in [ is true

,
then so is Put

-> then Yut is :

(1) a logical atiom

2) &
or

(3) follows from Pi
,
Yj (i

,j <K+1) by MP

2 then if every statement in [ is true (cases (1) 3 (2))
,

then Yet is true if it is an axion or in S

- in case (3)
,

where Yk follows from Y: & Y
; by MP

, by the Induction Hypothesis , since i ,j)K @KH
,

4
: 3 Yj are true whenever every statement in G is true

-> since Yut follows from Y: 3 Y
j by Mp

, we either have Pi is 4j - Yet OR Y is Y
:

-> Yet

-> ifMi is 4j- Yet d both Y :
3 Y - Yet s are true

,
then Yett is true by how "-"works

-> similarly for
every other case

·. If the Induction Hypothesis is true
,

the Inductive Step works

- By mathematical induction ,
if Sto ,

then EFG is correct/

Another example of Induction

"Every official formula of propositional logic has exactly as many left as right parentheses"

Proof :

We will proceed by induction on the number of connectives in the formula

Base Step : (n= 0)

-> then the formula is atomic , so it has no parentheses &hence an equal number of left & right parentheses

Induction Hypothesis: (n= 1)

->

every formula with [K connectives
,

has an equal number of left ? right parentheses

Inductive Step : (n=k + 1)

->

suppose the formula 2 has KH connectives

->Then C is either (TB) for some formula B or 2 is (U-S) for some formulas &S S

1) If ↓ is (LB) , then B has (v+1) - 1 = K connectives

- By The 1. H
., B has the same # of left as right parentheses ,

we'll call this number b .

-> then I has its left parentheses (bH right parentheses (hence the same number of each)



(2) If < is (U-> S)
,

then U3 Stogether haveK connectives

-> By the IH since &3 f each have to have th connectives , they each have the same number of left as right parentheses , say g) d respectively

->
Then C (which is 1838)) has Itg + d left parentheses & gtdtI right parentheses ,

hence an equal number of each.

e thus
, I has the same number of left ? right parentheses

· by induction
, every official formula has the same number of left ? right parentheses,

Propositional logic does not handle quantifiers :

-> "for all" X

-> "There exists" J

A "first-order" language needs:

- quantifier(s) : F
,
7

- variables : N
, y , z,

. . - later end of the alphabet

-> (No
,
X

,, 2000) more formally

-

functionsof input

middle of he alphai

-> (t ,
-

,
X

,
=)

-connectives : (- , 7 ,
1

,
v

,
3)

-

grouping symbols: (
,)

- constants : a
,b, c, ...

-> Co
,

C
, G, ...

more formally

-> example: 0
,

1
, 12

,
e,

2 .. -

- relations : P
, Q , R

->
example : E

,
<

,
7, ...

-># of places
- Ru

Iwon't do higherThan first order languages)

A (minimal) language for set theory

- quantifier : V

-> (5x9 Shorthand for (7Vx(9)
- variables : Yo, K ,X...

-

-> X
, y , z

-

grouping symbols: (
.)

-relations: E

-> U
,
1

,
%

,
C

- equality : =

-> screwed if we can't tell when two things are equal

- functions: none (8)

- constants: none 10)

- connectives : 7
.

->

- 1
,
V,

The formulas of the language are:

1) the "atomic" formulas are: ty 4 yex

(2) ifa &B are formulas
, so are (2) < (c->B)

(3)If L is a formula
, so isXL e for any variables

(4) nothing else is a formula


