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Assignment #8
The unkindest cut of all?

Due on Thursday, 9 November.

We defined the set of real numbers in class using equivalence classes of Cauchy se-
quences of rational numbers. This definition makes it fairly easy to define the basic arith-
metic operations, at the cost of being tedious – though pretty easy – to check that defi-
nitions work and have the usual algebraic properties. It’s a bit harder to define < on the
real numbers and show it has the usual prperties using this approach, though. The main
alternate method for defining the real numbers, using schnitts or Dedekind cuts, makes
it fairly easy to define < and establish its properties, but at the cost of making the defi-
nition of the arithmetic operations (and obtaining their basic properties) somewhat more
cumbersome.

Definition. A schnitt or Dedekind cut is a subset S ⊆ of the rational numbers
satisfying the following conditions:

i. S 6= ∅ and S 6= Q.
ii. S has no greatest element, i.e. if p ∈ S, then there is a q ∈ S such that

p < q.
iii. S is closed downward, i.e. if p ∈ S and r ∈ Q with r < p, then r ∈ S.

Using schnitts, the set of real numbers is simply the collection of all schnitts,
i.e. R = {S | S is a schnitt }. The linear order < on the real numbers is then
defined by S < T if and only if S ( T .

Intuitively, each real number r corresponds to the schnitt R = { p ∈ Q | p < r }.

1. Show that <, as defined above, is a strict linear order on R. [5]

Recall from somewhen before calculus that a set X of real numbers has an upper
(respectively, lower) bound if there is a real number which is greater (respectively, less)
than or equal to every real number in X. A least upper bound for X is an upper bound
for X that is less than or equal to every upper bound for X. (Similarly, a greatest lower
bound for X is . . . )

2. Suppose that a set X 6= ∅ of real numbers (using the schnitt definition above) has an
upper bound. Show that X has a least upper bound. [5]


