MATH1550, Winter 2023 Names:
Seminar 8

1. Let X and Y be discrete random variables with the following distributions.

|2 3 6 10 y |8 -2 0 3 7
P(X=z)[02 02 05 0.1° PY=y)[02 03 01 03 01

(a) Find the expected value for X.
(b) Find the expected value for Y.

Solution. (a)
E(X) =2(0.2) +3(0.2) + 6(0.5) + 10(0.1) =5

(b)
E(Y) = (=8)(0.2) + (=2)(0.3) + 0(0.1) + 3(0.3) + 7(0.1) = _g

2. A fair coin is tossed 6 times. Let X be the number of heads that appear in the 6 tosses.

(a) Write the probability distribution for X.
(b) What is the expected number of heads in 6 tosses?

Solution. (a) The probability distribution for X is given by

sy = &)
64’
for z € {0,1,2,3,4,5,6} (and f(x) = 0 otherwise), or
T 0 1 2 3 4 5 6
P(X=2)[5 @ o1 o o1 o1 w
(b) .
1 6 15 20 15 6 1
B(X) = =0 41> 42 2432 44.2245. > 46— =3.
(X) =2 of(@) O L R A R VR R

3. Let X and Y be a continuous random variables with probability density functions

fa) = L(B3z2+1) 0<a<2 () = o5 0<y <100
0 otherwise ’ 0 otherwise

Find E(X) and E(Y).

Solution. ) . )

> T 3x 22 7
E(X) = dx = B2+ ) de =" 42| =-.
(X) / vf(x) da /010(I+>$ 10 20l 5

— 00 ‘

o0 100 y y2 100
E(Y):/ yf(y)dy:/o Tm)dy:%‘o = 50.



4. The lifetime (in years) of a certain machine component is a random variable with probability density
function

7%3 X
f(x):{4(1 B 0<z<1

0 otherwise

What is the expected lifetime of this component?

Solution.
E(X):/ zf(x) dx
1
= / 4z(1 — ) dx
0
1
:4/ r— 32?4 32% — 2t dx
0
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—4 {xz — 3 375E4 _ £5
2 4 51,
1
5
Therefore we expect such a component to last % of the year. O

5. You arrive at a bus stop at 10:00 AM knowing that the bus will arrive some time between 10:00 AM
and 10:30 AM with equal likelihood. What is your expected wait time in minutes?

Solution. Let X be the number of minutes you must wait after 10:00 AM until the next bus. The
probability density function for X is

f(g:){310 0<a<30

0  otherwise

The expected wait time is

E(X - d Sowd 2% _
()—[mxf(x) x/ =" =15

i.e. we expect to wait 15 minutes. O

6. A pair of fair 6-sided dice are tossed. Let X be the maximum of the two numbers and Y the sum of
the two numbers.

(a) Find E(X) and E(Y).
(b) Write the probability distribution for Z where Z = X + Y.
(c) Verity that E(Z) = E(X) + E(Y).

Solution. (a) The probability distributions for X and Y are

z |1 2 3 4 5 6

_ T 3 5 7 9 11

P(X=1)|3 3 35 35 36 5
y |2 3 4 5 6 7 8 9 10 11 12
_ T 2 3 ) 5 [§] 5 4 3 2 T
PY=Y) |3 3 356 3 56 3 36 36 3 56 36



Then 1 3 5 7 9 11 161
B(X)=1 g2 +2 oo +3 gt de oo 50 o0 #6000 = o,

and
1

1 2 3 4 5 6 2
E(Y)=2 =43 —44-— 45— 46-—+7-—+8 —4+9- — +10- — +11- — +12- — = 7.
) 36°°36 367273636 36 036 036 36 36" 36

(b)  Write the Z value beside each possible roll:
oo 08 0 o8 ot osd
[:135 6 [:]@8 10 12 [2]14
7 8 @@9 11 13 @15
9 @@10 @@11 12 14 @16
Gll @12 @lS 14 15 17
[313 [:]14 [2]15 16 17 18

Thus the probability distribution for Z is
8§ 9 10 11 12 13 14 15 16 17 18
2 3

3 2 4 3 4 4 3 2 2 1
6 36 36 36 36 36 36 36 36 36 36

w

(¢) Using the distribution from part (b) we have,

1 2 1 2 2 3 2 4

F(Z)=3 —4+5 - — 46— +7 - —4+8 - —4+9. 2 4+10- = +11. —

(2)=3 36+5 36+6 36Jr7 36+8 36+9 36Jr 0 36jL 36
3 4 4 3 2 2 1

12— +13- — +14- — +15- — +16- — + 17 — + 18 - —
+ 36 " 3 36 T 36 T g 36 T 6 36 " 7 36 " 8 36
_ 43
T 36

161

= 47

36 T

=E(X)+E(Y).



