MATH1550, Winter 2023
Seminar 6

Names:

1. Find the cumulative distribution function F'(x) for each probability density function f(x).

(a)
fa) = 3(4x —22%) for z €[0,2]
0 else
(b)
0 for z > 10
_ ) z2
f(x)_{O else
(c)
10(2® — z)  for x € [0,1]
flx) =13 5% for z € (1,2]
0 else
Solution. (a) For x <0
F(x):/ f@t) dt:/ 0dt=0.
For0<z <2
T 0 x 3 2 3
3 3 2t z 3 T
F(x) = t) dt = dt St -2 dt =< (22 - = )| =5 -
@=[ s~ [ va+ [Bar-wya=d (e 220
For z > 2
x 0 23 T 3 2t3 2
F(m):/ f(t)dt:/ 0dt+/ f(4t—2t2)dt+/ Odt:(2t2—>‘ = 1.
oo oo 0o 8 9 8 3 0
Thus
0 for x <0
F(z) = %—%3 for0 <z <2
1 for x > 2

(b) For z <10

F(x):/;f(t)dt:/;Odtzo.

For x > 10 10
* 10 10|z 10
F(x) = t) dt = 0dt —dt=——| =1-——.
(@) /_oof() /_Oo +/10 t2 t l1o x
Thus
0 fi <10
Fla) = . or r <
11— for x > 10
(¢) For x <0
x xr
F(x):/ f(t)dt:/ 0dt=0.
—o0 —o0
For0<z <1
x 0 x 4 4
5t z b
F(m):/ f(t)dt:/ 0dt+/ 1088 — 4y dt = 20 — 25| =22 95,
—o00 —o00 0 2 2



Forl<az <2

fd 1 T T
Nm—/wﬂwﬁ—/wﬂﬂﬁ+z3iﬁ—Fm+[giL—;+@3;)—g;T

For = > 2 )
ﬂ@:/ ﬂ@ﬁ:/ ﬂﬂﬁ+/0ﬁ:F@:L
—00 —00 2
Thus
0 for x <0
5z 5
22 _2z° for0<z <1
F(.’IJ): 72 2 f
6 322 OI'1§$<2
1 for x > 2

O

2. The cumulative distribution function F(z) for a continuous random variable X is given. Find the
probability density f(x) for X.

(a)
0 forz<O
Flz)y=(z? for0<x<1
1 forx>1
(b)
0 for x <0
2
Lo fi <xr<1
Fz) = 5 . or 0 <z <
2r—% -1 forl<z<2
1 for z > 2

Fa) = 1—e™® forx>0
0 else

Solution. To find f(z) take -L F(x).
(a)
2¢ for0<z <1

0 else
(b)
x for0<z<1
fle)=<K2—-2z forl<z<2
0 else

0 else

e forx>0
-]
O
3. A fair coin is tossed 4 times. You win $3 if 2 or 4 heads appear, you win $1 if 1 or 3 heads appear and

you lose $6 if if no heads appear. Let X be the number of heads, and Y the number of dollars won,
after 4 tosses. Give the joint probability distribution f(z,y), for X and Y.



6| L
116
Solution. ) 4 4
y 16 16
6 1
s 16 6

O

4. Two fair 6-sided dice are thrown. Let X be the largest value appearing on either die, and Y be value
appearing on the first die. Give the joint probability distribution f(z,y), for X and Y.

T

1 2 3 4 5 6

I T U T |

36 36 36 36 36 36

| 21111

36 36 36 36 36

o 301 1 1

Solution. 36 36 36 36
Y 1

4 = - =

36 36 36

5 1

5 36 36

6

6 -

36

O

5. A fair coin is tossed three times. Let X be the number of heads that appear, and Y the toss (1, 2 or 3)
where heads first appears, or Y = 0 if heads dose not appear. Give the joint probability distribution
f(z,y), for X and Y.

T
0o 1 2 3
1
0l =
8
1 2
Solution. 1 s 8 8
Yy
1 1
) -z
8 8
3 1
8




O

6. The joint probability distribution for discrete random variables X and Y is given in the table below.

x
1 2 3
1 1
0= k -
8 8
1 1 1
Y218 U 6
1 1 1
Y15 121
(a) Determine an appropriate value for k € R.
(b) Find P(X =1,Y =4).

)
)
(¢) Find P(X <2.25,Y <3).
(d) Find P(X < 2.6,V > 1).

Solution. (a) In order that all probabilities sum to 1, we must have k = 1—12

(b)
(c)

@) 1 1 1 1 5
P(X<26,Y>1)=P(,2)+P2,2)+P(1,4)+P2,4)=-4+—+=-4+—=—.
(X £26,Y > 1) = P(1,2) + P(2,2) + P(L4) + PRA) = S + 5+ ¢+ 75 =



