MATH1550, Winter 2023 Names:
Seminar 5

1. A continuous random variable X is said to have uniform density (or equiprobable density) if its prob-

ability density function is constant on some region and zero elsewhere; for example if C' € R, then

flz) = {C for x € [a,b]

0 else

is such a function. The set [a,b], where f is nonzero, is called the support of f. This type of probability
density function models the situation of having an equally likely chance of choosing a number at random
from the interval [a, b].

(a) Let X be a number chosen at random from the interval [3,15]. Give the probability density
function for X assuming it has uniform density.
(b) Use the probability density function from part (a) to compute:
i, P(7< X <10)
i, (X <10)
iii. P(0< X < 20)
iv. P(1<X <4)
v. P(X?—2X —9<0)
(¢) What must the value for C be for the uniform density function f with support [a, b]?
(d) In this case, give a formula for finding P(c < X < d) where a < ¢ <d <b.

Solution. (a) We have

0 else

f) = {C for x € [3,15]

We require that

which implies C' = 1—12 Thus

o) = & for z € [3,15]
0 else
(b) i
109 z 0 10-7 5
P(7§X§10):/ —dx:—‘ - _ 2
- 12 1217 12 12
ii.
10 3 101 2 110 7
P(X < 10) = dr = d — dr = il R
(x<10)= [ s /_Ooo x+/3 Sdr=04 o] =T
ii.
P X 3 g 151d 20 p T (15 12
< <20) = — — el -2 _1.
(0 < X <20) /00 I+/3 5 :ch/l5 0 dx 0+123 +0 13
iv.
P1< X <4) /30d +/41d Il
= Xz — ar = — = —.
= . s 12 1215 12



X —1)2-9<0) (complete the square)

(¢) Since

we see that

(assuming a < b).

(d) Based on the previous examples it is easy to see that

d—c
Plc< X <d) =
(e< X <d) b—a
of course we can derive this as
d

1 r |4 d-—c
Plc< X <d) = = = .
(csX=d /Cb—adx b—ale b—-a

2. Let X be a continuous random variable with probability density function

< r T a
f(x):{ws for z € [a, b

0 else

where C € R and a < b.
(a) Find an appropriate value for C'if a =1 and b = 2.
(b) Find an appropriate value for C for arbitrary a and b with 0 < a < b.

Solution. (a) We require that

oo 1
C c 1 c C -C+4C 3C
/,oof(:”)m /Ox?’x 220”8 3 8 8’
which implies

8

C=-.

3

(b) We require that

00 b 2 2

c cp © C O -a?)

1= = —_— = —— = - —— = =
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which implies

2a%b?
C= W
O
3. Let X be a continuous random variable with probability density function
C(4zx —222) for z € 10,2
foy_ { = 22) 0,2
0 else
(a) Show that C' = 2.
(b) Compute P(X > 1).
Solution. (a) We have that
> 2 2317 8
1:/ f(z) dx:/ C’(4m—2x2)dx:C[2x2—x} =-C,
—00 0 3 0 3
which implies C = %.
(b) 2 2
> 223 4 1
P(X>1):/ f(x)dac:/ §(4$7212)d$:§2$2fi _38_4 =_.
1 18 8 31, 813 3 2
O

4. The lifetime (in years) of a certain machine component is a random variable with probability density

function
10
) = = for x > 10
0 else

(a) What is the probability that such a component will last more than 20 years?.

(b) A machine contains 6 such components. The lifetime of any component is unaffected by the others.
What is the probability that exactly 4 of them last over 15 years? Hint: Let A; be the event
that component ¢ will last more then 15 years, and assume that events Ay, As, Az, Ay, A5, Ag are
independent.

Solution. (a)

10 10
P(X>20):/ — dr = lim ——

20 1'2 n—oo X

" gm0 (Z10) L
20 nooo n 20/ 2

(b) The probability that component ¢ will last more that 15 years is

pa) = [ W ar= i O = 20 (20) 22
15 L n—oo I 115 Mmoo N 15 3
which means that the probability it fails before 15 years is

1



As an example, the probability that components 1, 2, 3 and 4 last longer than 15 years, while
components 5 and 6 fail before 15 years is

P(A1 N As N Ay N Ay N AL N AL) = P(Ay) - P(As) - P(As) - P(Ay) - P(AL) - P(AL)

2\* /1?2
(5) ()
16
==

using that fact that these events are independent. It follows that the probability that any 4 of 6
last more that 15 years, while the other 2 fail, is then

DG 6) -7

O

5. You arrive at a bus stop at 10:00 AM knowing that the bus will arrive some time between 10:00 AM
and 10:30 AM with equal likelihood.
(a) What is the probability that you will have to wait longer than 10 minutes for the bus to arrive?

(b) If at 10:15 AM the bus has not arrived, what is the probability that you will have to wait at least
10 more minutes?

Solution. (a) let X be the number of minutes after 10:00 AM until the bus arrives. The probability

density function for X is
Fa) = {310 for z € [0, 30]

0 else

Then 30
1 xz 30 2
PX>1O == 7d = — = -,
( ) /10 30 ““ 7 30010 3

or, using what we know about uniform probability densities,

30-10 2

P(X >10) = P(10 < X <30) = 3

(b) Let A be event that X > 15 and B the event that X > 25, then we are interested in

P(ANnB) P(B 30225 9
P = T = S = w5

6. Determine whether or not the following function may serve as a valid probability density function.

fla) = 32z —2%) fori<ax<3
0 else

Solution. Note that



therefore f(x) cannot serve as a valid probability density function. We see see however that
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