MATH1550, Winter 2023 Names:
Seminar 10

1. Suppose X and Y are discrete random variables with joint probability distribution given below.

x
1 2 3

11010 0.08 0.06
y 2012 0.12 0.06

31016 0.10 0.20

(a
(b
(c
(d

Find E(X) and E(Y).

Find var(X) and var(Y).

Find cov(X,Y).

The correlation between X and Y is defined as p(X,Y) = %, provided var(X), var(Y) #
0. It provides a measure of the degree of linearity between X and Y (this would appear in course
on statistics). Find the correlation between X and Y.

D D

Solution. (a)

E(X)=> "> zf(z,y) = 1-(0.1040.12+0.16)+2:(0.08+0.1240.10)+3-(0.06+0.06+0.20) = 1.94

z Yy

E(Y)=> Y yf(z,y) = 1:(0.1040.08+0.06)+2-(0.12+0.12+0.06)+3-(0.164-0.10-+0.20) = 2.22

(b)

BE(X?%) = Z Z zf(z,y) = 17-(0.104-0.12+0.16)+2%(0.08+0.12+0.10)+32-(0.0640.06+0.20) = 4.46
z Yy

var(X) = B(X?) — (E(X))? = 4.46 — (1.94)* = 0.6964.

E(Y? = Z Z yf(z,y) = 1%:(0.10+0.08+0.06)+22-(0.1240.12+0.06)+3*-(0.16-+0.1040.20) = 5.58
z oy

var(Y) = B(Y?) — (E(Y))? = 5.58 — (2.22)? = 0.6516.

E(XY)=)_ > ayf(z.y)

=1-(0.10) 4+ 2- (0.08) + 3 - (0.06) + 2 - (0.12) + 4 - (0.12)
+6-(0.06) + 3 (0.16) + 6 - (0.10) + 9 - (0.20)
=44

cov(X,Y) = BE(XY) — E(X)E(Y) = 4.4 — (1.94)(2.22) = 0.0932.



XY .0932
p(XY) = ——vXY)  0.098 ~ 0.1384.
Vvar(X)y/var(Y)  v/0.69641/0.6516

2. The joint density function for continuous random variables X and Y is given by

) = ety 0<z<1l,0<y<2
Y= 0 otherwise '

Find cov(X,Y). Are X and Y independent?
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cov(X,Y) = E(XY) — E(X)E(Y) = % - (g) (191) = _8711'

Since cov(X,Y) #£ 0, it follows that X and Y are not independent.
3. Let X be a continuous random variable with probability density given by

142 —-1<2x<0
fay=<¢1—-2 0<z<1
0 otherwise

Let U = X and V = X?2. Show that cov(U,V) = 0.

Solution.
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4. Suppose 2 balls are removed (without replacement) from an urn containing n red balls and m blue
balls, with n,m > 2. For i = 1,2, let X; = 1 if the ith ball removed is red and X; = 0 if it is blue (i.e.
not red).

(a) Do you think cov(X7, X2) is positive, negative or zero?
(b) Compute cov(X7, X2) to justify your answer to (a).

(¢) Suppose the red balls are numbered 1 through n. Let Y; = 1 if red ball number 7 is removed, and
Y; = 0 otherwise. Do you think cov(Y7,Ys) is positive, negative or zero?

(d) Compute cov(Y7,Ys) to justify your answer to (c).
Solution. (a) We might guess negative here. If the first ball is red, there is a greater chance the

second one will not be red, and vice versa. i.e. there is a greater probability that high values for
X7 occur with low values for X5 and vice versa.

(b)
B(X1) =YY a1 f(er,2s)

r1 X2

a0 m(m — 1) nm
=0 <(n+m)(n+m—1) + (n+m)(n+m—1)>

. nm n(n—1)
+1<m+mmwmw4an+mm+m—n)

n-—+m

E(X3) = Z Z@f(zl, T3)

1 X2

“<m+%212—u+m+mzim—U>
. n(n— 1) )

1 ((n+m)(n+m—1)+ (n+m)(n+m—1)

n+m



E(X1Xs) = Z Z$1w2f($17952)

xry T2

a0 m(m —1) nm nm
=0 ((n+m)(n+m1)+(n+m)(n+m1)+(n+m)(n+m1)>
. n(n —1)
1 <(n+m)(n—|—m—1)>
_ n(n —1)
(n+m)(n+m—1)

cov(Xy, Xo) = E(X1X2) — B(X1)E(X2) = (n+ 7257(1114-17)71 -1) <n :m>

7n(n—1)(n+m)—n2(m+n—1)
(n+m)2(n+m—1)
(n+m)2(n+m—1)

Therefore cov(X;, X2) < 0.

(¢) A tough call? The likelihood of drawing ball 1 and/or 2 is low, and so the expected value for ¥; and
Y5 should be closer to zero. There is a low probability that both Y; and Y, are 1 simultaneously,
however there is a high probability that they are both 0 simultaneously. We will calculate directly
to find out.

(d)

_ _ (n+m—1)(n+m-—2) 2(n+m —1)
E(Yl)_y;ylf(yl)‘o‘( i ) (e )
2

(n+m)

Similarly E(Y2) = (n+27)

EM1Ya2) =Y > y1vaf(y1,v2)

:0.((n+m—2)(n+m—3) 2(n+m—2) 2(n+m—2) )
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2
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2
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cov(Yy,Yz) = EMYz) — E()E(Y2) = (n+m)(5+m -1) B (n—im)

_2(n+m)—4(n+m—1)
(n+m)2(n+m—1)

_ 4 —2n—2m

(n+m)2(n+m—1)




Since m,n > 2, it follows that cov(Y7,Ys) < 0.



