MATH1550, Winter 2023:
Exercise Set 6

1. Let X and Y be discrete random variables.

x

2 3 4

11006 0.15 0.10

21014 035 021

Determine whether this table corresponds to a valid joint probability distribution.

Solution. Note that for all pairs (x,y) where z € {2,3,4} and y € {1, 2}, the joint probability at (z,y)
is non-negative. Next we check to see if probabilities add up to 1:

0.06 +0.15+0.104+0.14 +0.35 4+ 0.21 = 1.01 # 1.

From this we conclude that the given table is not a valid joint probability distribution. O

2. Let X and Y be discrete random variables with joint probability distribution given by the following
table:

-3 2 4

1101 %k 02

3103 01 01

(a) Determine the appropriate value for k € R so that is is a valid joint probability distribution.
(b) Find the following probabilities
P(X =2Y =3)
P(X<2Y=1)
e P(X <2,Y=1)
e P(X >3Y <3)
(
(

e P(X =2)
e P(Y <3)

Solution. (a) For the given table to be a valid joint probability distribution, the values in the table
must add up to 1. Therefore, k =1—(0.14+0.2+0.34+0.1+0.1) =0.2.

(b) Since k = 0.2 by part a), we have the following joint probability distribution:

-3 2 4

1101 02 0.2

3103 01 0.1




Then,

e P(X=2,Y=3)=0.1
e P(X<2)Y=1)=PX=-3Y=1)+PX=2Y=1)=014+02=0.3
e P(X<2)Y=1)=PX=-3Y=1)=0.1
e PIX>3Y<3)=PX=4Y=1)+4P(X=4Y=3)=02+0.1=0.3
e P(X=2=P(X=2Y=1)+P(X=2Y=3=02+0.1=03
e PY<3)=PY =1)+PY =3) = (P(X =-3Y=1)+PX=2Y=1)+PX =
4V =1)+ (P(X =-3,Y =3)=P(X =2,Y =3)+ P(X =4,Y =3)) = (0.1 +0.2 +
0.2) + (0.3 +0.1+0.1) = 1.
O
3. A fair coin is tossed twice. Let X and Y be random variables such that
e X =1 if the first toss is heads, and X = 0 otherwise.
e Y =1 if both tosses are heads, and Y = 0 otherwise
Give the joint probability distribution for X and Y.
T
0 1
Solution. 005 0.25
Yy
11 0 0.25
O

4. The joint probability density of continuous random variables X and Y is given by

e ={ {7 o™
(a) Verify that this is a valid joint probability density function.
(b) Find the following probabilities

e PO<X<1,05<Y <1)

e P(0.25< X <050<Y <1)



Solution. (a) Observe that f(z,y) > 0forall z,y € R. So, we only need to check ffcoo ffooo flz,y) de dy = 1.

/Oo /OO f(z,y) dz dy

= / (z + 2y) dx dy (since f(x,y) is zero outside of 0 <z < 1,0 <y < 1)
dy

5z
( +2y>0dy

o
()4

Hence, the given function is a valid joint probability density function.
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5. Let X and Y be continuous random variables defined on a joint sample space. Consider the function

2z +4y) for0<z<l,0<y<l1
fley) = { 0 elsewhere

Show that is is not a valid joint probability density of continuous random variables X and Y. Find an
appropriate constant scaling factor to “salvage” this function.

Solution. Observe that f(x,y) > 0for all z,y € R. So, we only need to check ffooo ffooo flz,y) de dy = 1.

/_Z/_Zf(w)dmdy

11
= / / 2(z + 4y) dzx dy (since f(z,y) is zero outside of 0 < x < 1,0 < y < 1)
0o Jo
1

:/ x2+8yx](1) dy
0

:/1 (14+8y)—0dy

0
1
:y+4y2|0
=(1+4)-0
=5#1

Hence, the given function is not a valid joint probability density function.

1
Since ffooo ffooo f(z,y) de dy = 5, scaling f(x,y) by the factor £ (so that the integral equals 1) will



salvage the function as a joint probability density. This gives the following joint probability density:

2
g(m,y)z{ 5(33+4y) for0<zr<l,0<y<1

0 elsewhere.

. The joint probability density of continuous random variables X and Y is given by

_Jrx4+y for0<zr<l,0<y<l1
f(z,y) _{ 0 elsewhere

Determine the joint cumulative distribution function, and find P(X < %, Y <1).

Solution. The joint cumulative distribution function is defined as

Fla,y) = /_: /_OO F(s,) ds dt.

If either x < 0 or y < 0 we have f(x,y) = 0, thus F(z,y) = 0.
For 0 < z,y < 1 we have

F(z,y) =/_ym/;f(s,t) ds dt

y xT
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For 0 <z <1,y > 1 we have
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For 0 <y <1,z > 1 we have

Y
/ fstdsdt

Y 1
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For x > 1 and y > 1 we have
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fst ) ds dt
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In summary

0 forx <0ory<0
%@/JF””Q for0<z<1l,0<y<l1
F(z,y) = ’”—2:+§ for0<a<1,y>1
44 forz>1,0<y<1
1 forz>1,y>1

Then

P(X<;,Y<1):F(;,1>:(%2) (é)::

7. The joint probability density of continuous random variables X and Y is given by

fay={ mEt2) for0<z<llcy<2
0 elsewhere

(a) Verify that this is a valid joint probability density function.
(b) Find the following probabilities

e PO<X<1,15<Y <2)

¢ P(0.25< X <051<Y <2)

¢ P(O5<X<1,125<Y <15)

(¢) Find the joint cumulative distribution function.



Solution. (a) Observe that f(z,y) > 0forall z,y € R. So, we only need to check ffcoo ffooo flz,y) de dy = 1.

/Oo /Oo f(z,y) dx dy

//55:c+27 dz dy (as f(z,y) =0outside of 0 <z < 1,1 <y < 2)

55 < +27:r)
i
o)

oo (102)

I
- S S »—\ »\
o

dy
0

+27>0dy

—_

l\DM—l Cﬂ

/=

Hence, the given function is a valid joint probability density function.

(b)
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(¢) The joint cumulative distribution function is defined as

F(z,y) = /_yoo /_; f(s,t) ds dt.

If either £ < 0 or y < 1 we have f(z,y) =0, thus F(z,y) = 0.
Foro<z<1l,1<y<2:




For0<z<1,y>2

<

F(x,y):/ / f(s,t) ds dt
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Forl<y<2 2>1:

F(m,y)=/l/;f(s,t) ds dt
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For x > 1 and y > 2:

In summary

F(:L‘,y) =

f(s,t) ds dt
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forr<0ory<1

for0<z<1,y>2



8. The joint probability density of continuous random variables X and Y is given by

22r+3y) for0<z<1,0<y<l1
— 5 I
Fay) = { 0 elsewhere

(a) Verify that this is a valid joint probability density function.
(b) Find the joint cumulative distribution function.
(¢) Use part (b) to find
. P(X <1,Y <0.5)
P(0.25 < X <0.5,Y <1)
P(0.25 <X <05,05<Y <1)
(

Solution. (a) Observe that f(z,y) > 0forall z,y € R. So, we only need to check [*_ [* f(z,y) dz dy = 1.

/_Z/_Zf(w)dxdy
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Hence, the given function is a valid joint probability density function.

(b) The joint cumulative distribution function is defined

F(z,y) = /yoo /; f(s,t) ds dt.

If either x < 0 or y < 0 we have f(z,y) =0, thus F(x,y) = 0.
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ForO<z<1l,y>1:

F(fv,y):/y /z f(s,t) ds dt

/ / (2s+3t)dsdt (asy>1,and f(z,y) =0outsideof 0 <z < 1,0 <y < 1)
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ForO<y<1l,z>1:

F(I,y)/: /; f(s,t) ds dt

v orlog
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In summary
0 forx <0ory <0

3
§<x2y+2y2x) for0<z<1l,0<y<1

3
F(z,y) = % x2+§x for0<z<ly>1
3
g y+§y2 forzr>1,0<y<1
1 forx>1,y>1

(c¢) Using the joint cumulative distribution function,

P(X <1,Y <0.5) = F(1,0.5).

This falls into the fourth part of F'(z,y) that we have found in (b). So,

2 3 4 7
P(X <1,Y <05) = F(1,05) = ¢ (0.5 + 2(0.5)2) =0 = 39 = 035

Next we have

P(0.25 < X <05, Y <1)=P(X <05,Y <1)— P(X <0.25,Y < 1)
= F(0.5,1) — F(0.25,1).

Both terms in the expression on the right can be found from the third part of F(z,y). So,

P(0.25 < X <0.5,Y <1) = F(0.5,1) — F(0.25,1)

2 2
= ((0.5)2 + g -0.5) -z ((0.25)2 + % : 0.25)
=0.225

Finally,

P(0.25< X <0505<Y <1)=P025< X <05,Y <1)— P(0.25 < X <0.5,Y <0.5).

We have already found P(0.25 < X < 0.5,Y < 1) = 0.225, so it remains to find

P(0.25 < X <0.5,Y <0.5) = P(X <05,V <0.5) — P(X <0.25,Y < 0.5)
= F(0.5,0.5) — F(0.25,0.5).

Both terms in the expression on the right can be found from the second part of F'(z,y). So,

P(0.25 < X <0.5,Y <0.5)
= P(X <05,Y <05)— P(X <0.25,Y <0.5)
= F(0.5,0.5) — F(0.25,0.5)

= % <(0.5)2 -(0.5) + 2(0.5)2 . (0.5)) — % ((0.25)2 -(0.5) + 2(0.5)2 . 0.25>
11

T8 20

=0.075
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Thus

P(025< X <0.5,05<Y <1)
=P(0.25< X <05,Y <1)— P(0.25 < X <0.5,Y < 0.5)

= 0.225 — 0.075
= 0.15.

O

9. Let X and Y be discrete random variables with joint probability distribution given by the following

table:
T
-3 2 4
1101 02 0.2
Y
3103 01 01

Find the marginal distributions for X and Y.

Solution. The marginal distribution g(x) for X is given by

9(—=3)=0.1+0.3 =04,
9(2) =0.240.1=0.3,
g(4)=0.2+0.1=0.3.

The marginal distribution h(y) for Y is given by

h(1) =0.140.2+0.2=0.5,
h(3) =0.3+0.1+0.1=0.5.

O

10. The joint distribution function, f(x,y), for discrete random variables X and Y is given below. Find
F(3,3) where F(z,y) is the cuamulative distribution function for X and Y.

T

1
-210.1
-11]0.2

Y
4 0
5 |03

0.2

0.1

0.1
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Solution.

F(3,3) = P(X <3, Y < 3)
= f(la _2) + f(_17 _1) =+ f(27 _1) =+ f(27 _1)
=014024+0.2+0.1
= 0.6.

O

11. A fair coin is tossed 4 times. Let random variable X be the number of heads appearing in the 4 tosses

and Y be the largest number of consecutive heads in the 4 tosses. If f(z,y) is the joint probability
distribution for X and Y, find f(3,2). (For practice find the entire joint distribution.)

Solution. The joint distribution f(x,y) is summarized in the table below.

0| 3
1 % i
y 2 1% 16
3 i
4 i

To find f(3,2) for example:
f3,2)=P(X =3,Y=2)=P{HHTH,HTHH}) = 136
O

12. The joint probability density function for continuous random variables is given below. Find P(0 <
X<535Y<).
12z2y(1—2z) for0<z<l,0<y<1

flz.y) = { 0 elsewhere

14



Solution.

11 Lors
P<O§X§,§Y§1)// 12zy(1 — z) dx dy
22 % 0

1
3
:12// zy — 2y dx dy
1 Jo

1
LT 2y x?’y%
—12f |BY_TY gy
IR

O
13. Is the following function a valid joint density function?
Y for0<az<1,0<y<1
— 2 )
f@y) { 0 elsewhere
Solution. No, since
00 1 1
| temdsay= [ [ dcdy
—o0 0 0 2
1 2 1
o L4 2 1,
1

L.y

/0 4 2

2 1

_y. ¥

1771,
1
S 2
#1

O

14. The joint distribution, f(z,y), for discrete random variables X and Y is given below. Let g(x) be the
marginal distribution for X. Find g(4).

15



2 | 5%
3 =
4 % 326
5 3% 326
6 % % =

y 7 3% 3% 326
8 % 3 %
9 3276 326
10 = =
11 Z
12 =

Solution. b

2 2 2 1 7
4: 4 = — —_ —_ _— = —,
9(4) yZ:zf(,y) 36 736 736736 36

O

15. The joint probability density function for continuous random variables is given below. Find g(z), the
marginal density for X.

6 (.2 | zy
_ 7(3: —1—7) for0<z<1,0<y<?2
flz,y) = { 0 elsewhere

Solution.

16



