Mathematics 1550H — Introduction to probability
TRENT UNIVERSITY, Winter 2018

Solutions to Assignment # 8
Convolution!

Suppose that the independent continuous random variables X and Y both have an exponential
distribution with A=1. Let U =X +Y.

1. Find the expected value E(U) and variance V(U). [2]

1 1
SOLUTION. An exponential distribution with parameter A = 1 has expected value y = o1 1
1 1
and variance 0% = ViR e 1. It follows that E(U) = E(X+Y)=EX)+EY)=1+1=2.
As X and Y are independent, we also get that V(U) =V(X +Y)=V(X)+V(Y)=1+1=2. 0O

2. Find the density function of U. [8/

SOLUTION. The density finction of an exponential distribution with parameter A = 1 is

Ae ™™ >0 {1e—1w t>0 {e—fﬂ t>0

ﬂ@:{ 0 t<0 | 0 t<0 L 0 t<o0°

To find the density function of U = X + Y, we compute the convolution of f(x) with itself:

0 0o
O-f(u—x)dx+/ e flu—x)de
0

0+{ fou e T (u—2) dx—l—f;o e ®.0dx ifu>0
B foooe_z'Och ifu<O

(Since f(u —z) = e (72 = ¢*™¥ when u — z > 0, i.e. when z < u,

(f*f)(u)Z/_o;f(x)f(u—x)d:c:/

—00

and f(u — z) = 0 otherwise.)
{ fou e Tete " dx + fuoo Odxr ifu>0

fOOOde ifu<0
_ foue’“dm—l—O ifuZOZ e“foudm—l—O ifu>0
0 ifu<O 0 ifu<O0

(Since e™™ is a constant as far as x is concerned.)
{e”az|g ifu>0 {e“-u—e”-O ifu>0

0 ifu<0 0 ifu<0
B ue * -0 ifuZO_ ue ™ ifu>0
N 0 ifu<0 0 ifu<0

ue ™ ifu>0

Thus the density function of U = X +Y is (f % f)(u) = . .
0 ifu<0



