Mathematics 1550H — Probability I: Introduction to Probability
TRENT UNIVERSITY, Summer 2023 (S62)

Quiz #11
A Joint Distribution

Instructions: Do the following problem. Please show all your work.

1. Suppose the discrete random variables X and Y are jointly distributed according to
the given table.

a. Compute the expected values F(X) and E(Y), the Y\N* 0 1 2
variances V(X) and V(Y'), and also the covariance 1 02 02 02
Cov(X,Y) of X and Y. [3.5] 2 02 0 01

3 0O 0.1 O

b. Determine whether X and Y are independent. [0.5/
c. Let =X —Y. Compute E(T) and V(T'). [1]

SOLUTIONS. a. Here we go:

E(X)=0(0.240.2+0)+ 1(0.2 4+ 0+ 0.1) + 2(0.2 + 0.1 + 0)
=0-0441-03+2-03=0+0.3+0.6=0.9
E(Y)=1(0.240.2+0.2) + 2(0.24 0+ 0.1) + 3(0 + 0.1 4 0)
—=1-06+2-03+3-01=06+06+03=15
E(X?) =0%(0.240.2+0) + 1%(0.2 + 0+ 0.1) + 2*(0.2 + 0.1 + 0)
=0-0441-03+4-03=0+03+1.2=15
E(Y?) =1%(0.2+0.240.2) + 2%(0.2 4+ 04 0.1) + 3*(0 + 0.1 + 0)
—=1-06+4-034+9-01=06+12+09=27
V(X)=FE(X?) —[B(X)?=15-09>=15-0.81 = 0.69
V(Y)=E(Y?) ~ [E(Y))? =27—-15%=27-2.25=045
E(XY)=1-0-0241-1-02+1-2-0.2
+2:0-0242-1-0+2-2-0.1
+3-0-04+3-1-01+3-2-0
=0+02+04+0+04+04+04+03+0=13
Cov(X,Y) = E(XY) - E(X)E(Y)=13-09-15=13-135=-0.05 [
b. Since Cov(X,Y) = —0.05 # 0, X and Y are not independent. [J
c. Expected value is easy: E(T) =E(X -Y)=E(X)—-E(Y)=09—-15=-06. We

have to work a little harder for variance:

V) =V(X-Y)=V X+ (-1)Y)=V(X)+V((-1)Y) +2Cov (X, (-1)Y)
=V(X)+ (-1)2V(Y) +2(-1)Cov(X,Y) = 0.69 + 0.45 — 2 - (—0.05)
=01.14—(-0.1) =114 +0.1=1.24 W



