
Mathematics 1121H – Calculus II
Trent University, Winter 2026

Solutions to Assignment #4
Series Business

Due on Friday, 6 February.

Consider the alternating harmonic series,
∞∑
k=1

(−1)k+1

k
= 1 − 1

2
+

1

3
− 1

4
+

1

5
−

· · · . This series converges, i.e. adds up to a real number, which really means that

lim
n→∞

[
n∑

k=1

(−1)k+1

k

]
exists and is the real number the series adds up to.

1. Use a suitable for loop in SageMath to discover the value of n required to ensure that

the first two decimal places of

n∑
k=1

(−1)k+1

k
are the same as for the sum of the whole

alternating harmonic series. [2]

Solution. The brutally simple idea is to repeatedly add the next term of the series, print
out the partial sum in decimal, and experiment a bit to see when the first two places don’t
change anymore.

Skipping ahead . . .
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So it seems that we need n = 159 to ensure that the first two decimal places settle
down in the partial sums. �

2. What is the sum of the alternating harmonic series? Why? [2]

Solution. The sum of the alternating harmonic series is ln(2), which has a decimal
approximation of:

Why is the sum ln(2)? Here is a very verbose answer.
Consider the following geometric series with a = 1 and r = x:

1− x+ x2 − x3 + x4 − · · · = 1

1− (−x)
=

1

1 + x

Note that this series converges when |r| = |x| < 1, i.e. when −1 < x < 1. Integrating the
geomteric series above term-by-term gives∫ (

1− x+ x2 − x3 + x4 − · · ·
)
dx = x− x2

2
+
x3

3
− x4

4
− · · · ,

and integrating its sum gives∫
1

1 + x
dx =

∫
1

w
dw [Substituting w = 1 + x, so dw = dx.]

= ln(w) + C = ln(1 + x) + C.

We thus have

x− x2

2
+
x3

3
− x4

4
+ · · · = textln(1 + x) + C.

Plugging in x = 0 gives us

0− 02

2
+

03

3
− 04

4
+ · · · = 0 = textln(1 + 0) + C = 0 + C,

so C = 0 and thus

x− x2

2
+
x3

3
− x4

4
+ · · · = textln(1 + x).

It turns out that this new series converges at one more point than its parent series, namely
for −1 < x ≤ 1. Plugging in x = 1 gives us

1− 1

2
+

1

3
− 1

4
+ · · · = 1− 12

2
+

13

3
− 14

4
+ · · ·

= ln(1 + 1) = ln(2), as claimed. �
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Consider Gregory’s series,

∞∑
k=1

(−1)k+1

2k − 1
= 1− 1

3
+

1

5
− 1

7
+

1

9
− · · · . This series also

converges. (To a different sum than the alternating harmonic series does, mind you.)

3. Use a suitable for loop in SageMath to discover the value of n required to ensure

that the first two decimal places of
n∑

k=1

(−1)k+1

2k − 1
are the same as for the sum of all of

Gregory’s series. [4]

Solution. Same idea as in the solution to question 1 . . .

Skipping ahead . . .

So it seems that we need n = 54 to ensure that the first two decimal places settle
down in the partial sums. �

4. What is the sum of Gregory’s series? Why? [2]

Solution. The sum of Gregory’s series is
π

4
, which has a decimal approximation of:
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We can see why the sum of Gregory’s series is
π

4
through reasoning similar to that

used in the solution to question 2, presented here is a slightly less verbose fashion:

1

1 + x2
=

1

1− (−x2)
= 1− x2 + x4 − x6 + x8 − · · ·

=⇒
∫

1

1 + x2
dx =

∫ (
1− x2 + x4 − x6 + x8 − · · ·

)
dx

=⇒ arctan(x) = x− x3

3
+
x5

5
− x7

7
+
x9

9
− · · ·+ C

When x = 0, we get arctan(0) = 0 = 0− 03

3
+

05

5
− 07

7
+

09

9
− · · ·+ C,

so C = 0, and thus arctan(x) = x− x3

3
+
x5

5
− x7

7
+
x9

9
− · · · .

Similarly to the situation in question 2, while the original geometric series converges only
when −1 < x < 1, its integral converges when −1 < x ≤ 1. Plugging in x = 1, we get

π

4
= arctan(1) = 1− 13

3
+

15

5
− 17

7
+ · · · = 1− 1

3
+

1

5
− 1

7
+ · · · , as claimed. �

Both the alternating harmonic series and Gregory’s series are example of alternating
series: series that add up non-zero terms ak that are alternately positive and negative, i.e.
such that ak < 0 if and only if ak+1 > 0.

5. Suppose
∞∑
k=1

ak is an alternating series such that |ak+1| < |ak| for all k and that

lim
k→∞

|ak| = 0. Explain why the series has to converge. [You need not give an actual

proof.] [2]

Solution. Explanation by picture! Keep in mind the requirements that the series is
alternating, that |ak+1| < |ak| for all k and that lim

k→∞
|ak| = 0. The picture is for the case

that a0 > 0; the case where a0 < 0 works similarly on the other side of the y-axis.
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