A survey of mathematical applications using Maple 10
by Gilberto E. Urroz, July 2005

This document assumes that you have read the document entitled Getting started with
Maple 10 and that you know the basic operation of the Maple 10 interface and the use of
context menus for arithmetic, algebraic, and calculus operations and for graphs. It is also
assumed that you know precalculus algebra, and have learned or are learning about
univariate (one-variable) differential and integral calculus. We also present some
examples involving multivariate (more than one variable) calculus, linear algebra, plots,
data entry, differential equations, and some statistics. We will also introduce some basic
operations in Maple related to manipulation of variables, data structures, etc.

Algebraic expressions

You may have noticed that most of the examples presented in the document entitled
Getting started with Maple 10 do not involve equations or assignment of values to
variables. Since the intention of that document was to get the reader started in the new
point-and-click type of mathematics (by using context menus), we had no need to use
variable assignments. There was only one case in which an equation was used and that
was to produce a two-dimensional implicit plot. In this section we will describe how to
calculate expressions and apply operations to them, and how to write and use equations.

To write algebraic expressions in Maple 10 make use of the Expression, Common
Symbols, and Greek palettes mainly.

Calculations with Cn#/ = and context menus
An expression can be “calculated” (meaning, simplified) by clicking on the Math input
for the expression and using Cntl =. For example, enter the expression

X2 — 3x%y + 3xy’—y

X2 —y?

Then, click anywhere in the expression, and type Cnt/ = . This action produces the result:

x3—3x2y+3xy2—y3= x3—3x2y+3lxy2—y3
\/ R R
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i.e., basically no simplification took place. Next, click on the expression again and do a
right-click to produce an appropriate context menu. From the context menu select the
option Factor. The result is now:

2 — 3%y + 307 y3 + x)* — 3y 3xyt — )
\/ :_}; \f ;jﬂf \/ xjg_y?I

Notice that Maple retained the earlier result pushing it to the right, and showing the
simplified expression in the middle of the line. You can edit this result by highlighting
the last expression in the line above, together with the equal sign (=) attached to it, and
pressing [Delete]. This, of course, produces:

- 3x2y+ Bxyz—y3 _ . f (—y+xj2
xz—yz x4y

This is indeed a true mathematical statement.

Now, let's try other context menu operations on the original expression. Click on the
expression, and do a right-click. From the context menu select the operation Expand, to
obtain the following result:

\/x —3;{}?—!-31':)12 )13 3x2y 4 3IJ12 J’3 :
2y x_f SN R s R e

In the context of the fraction contained within the root sign, Expand means distributing
the denominator on each term in the numerator.

Let's try another context menu operation on the original expression (click on expression,
right click). This time try Simplify. You will notice that this operation has the same
effect as Factor.

Try another context menu operation on the original expression (click on expression, right
click). This time try Evaluate at a point. This will produce a dialog box requesting
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values for the independent variables, try x=2 and y=-3, press [OK]. The Maple screen
looks now as follows:

=3y 4 3nrt—y N v (—y + x)*
M = x+y

x _ 3:!:2;1: 4 3xy2 _ y3 _ (—y+x}2
Py 27 27 AN aey

The general trend on using context menus in this case is for any new operation to displace
the older ones to the right. Also, while the equal signs apply to the previous results
(Factor, Expand, Simplfy), for the Evaluate at a point operation an arrow is used.
However, notice that the arrow contains no information regarding the operation
performed. Thus, the user himself or herself must document the results from the
operations.

Documenting the calculations
How to accomplish this documentation of calculations:

1 — Make many copies of the expression to be operated upon, and perform one operation
per copy

2 — Insert text around the operation to document was performed

To make copies of a Maple input, simply select the input expression, then do a copy-and-
paste operation (Cntl+C, Cntl+V). For example, repeating the operations performed
above, with separate outputs and documentation, one can produce the Maple worksheet
shown in Figure 1.

Other operations that can be performed on the algebraic expression out of the context
menu include those under the option Constructions. These operations are mostly for
editing purposes, i.e., to produce the required expressions for documentation. Some of
these expressions are shown in Figure 2.

In order to put together a Constructions operation with its corresponding result, we need
to produce the output of the Construction operation, and then transform it into Maple
input format by using Cntl-drag, i.e., selecting the output and dragging it to a position
below in the worksheet while holding down the Cn#/ key. An example is illustrated in
Figure 3. In this case we take the case of the derivative with respect to x, and produce an
expression showing the calculation of such derivative.
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v Operations on an algebraic expression
We will perform a number of context menu operations for the following expression:

\/x3—3x3jy§xy2—y3

Taing Crtd =:

x3—3x2y+3xy2—y3: x3—3x2y+3xy’2—313
2y I

Taing Faciar
x3—3x2y—|— 3xy2—y3 _ . f {—y—l—x}z
:Jrz—y2 x+y
Taing Expand:

\/x3—3x2y+3xy2—y3: x 3;{2}? 4 3;':y2 _ y3
. e R S R e R

Tzing Simpldifin

x3—3x2y+ 31322—)23 _ . f (—y—l—x}z
Jrrz—y2 x+y

Teing Bvaluate af a point with x = 2 and v = -3 (Also using Approximate= () on the
result):

3 2
— 3xy + 3t — v
\/x xx.:n;_y2 xf =y — 4 —25 — 50000000001

Figure I — Worksheet section documenting the context menu operations described
earlier.
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v Additional operations on an algebraic expression

Taing Canstructions=Definite Integral=x with Lower Limit = alpha and Upper Lirmt
= bata:

\/x3—3x2y+3xy2—y3 o B\/x3—3x2y+3xy2—y3
x
Jf:z—y2 o xg—yz

Taing Canstructions=Derivative=x. Use context menu on the result with
Lhiffarantiate to complete the denvative

x3—3x2y+3xy2—y3 _}_[ x3—3x2y+3xy2—y3]
\/ 2y : \/ 27

Taing Constructions=HEvaluate atf = x, and evaluating at value = alpha

x3—3x2y+3xy2—y3 . [ x3—3xzy+3xy2—y3]
= VS

TTeing Construciions = htegral = v

\/x3—3x2y+3xy2—y3 \/x3—3x2y+3xy2—y3
3 - 7 Y
x2—y? 22— )7

TTeing Constructions = Limié, and evaluating lint at -ixfinity

\/;ﬁ— 3xi§_+y§xy2_f . {\/;_ 3x2x§i;xy2_y3]

TTeing Construciions = Sum = x, with lower lirmit = 0 and upper limit =n

\/x3—3x2y+3xy2—y'3 . n\/x3—3x2y+3;{y‘2—y3
xz—y2 x=10 xg—_y;

Figure 2 — Worksheet section documenting the Construction context menu operations on
a given expression.
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v Creating an expression for the derivative

First, we use Constructions = Derivative = x

\/E—Bxi;;j;xyz—f L2 [\/E—hz;i;xyz—f]

Mext, we use Differentiate = x, tollowed by Hationalize and Simplify on the
subsequent outputs

\/x3—3x2y+3xy2—y3 .
.

3x —6xy+ 3y 2 (x —

v 2 @2

_ bk f (=y+x)°
[x+3y)\/ +y X-b/,}’ P _[x+3_}f]| Ty

— 3 2 4 _
x }2 g Jg cntl-drag
Finally, we bring the first agdd third outputs together by using Cntl-drag and adding an
equal sign (=) ih betweenthem:

[ (=r+x)?
_[\/x—Bxy+3xy’2 yBJ {x+3y} X+
2

; . S

Ccntl-drag

Figure 3 — Details on how to create an operation out of context menu outputs.

Graphics from context menus
Details on how to produce graphics out of algebraic expressions were presented in the
document entitled Getting Started with Maple 10. Examples shown in the following

figure correspond to a surface graph (3-D plot), an implicit plot (similar to a contour
plot), and a density plot of the expression

S”<ﬁg)

To produce the plots, click on the expression, obtain a context menu (right-click), and
perform the operations suggested in the Figure.
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¥ Plots obtained from an algebraic expression

The particular algebraic expression under consideration wvolves 2 vartables (2,7,
therefore a few graphs are posaible;

Tse Flots=3-0) Flot= x,v

s FPlots=3-0 bnplicii Flot=> x,y

% S

Tse Flots=Flof Builder, selecting Density plof

sin

—

Figure 4 — Graphs out of an expression f{x,y) using context menus.
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Working with equations
An equation, within the Maple environment, consists of two algebraic expressions joined

by an equal sign. For example,
X3+ 2x2=x—2

Following, we show some of the context menu operations possible on this equation:

Tse Left Hand Side
P42 =r—2 0+ 257

Tse Right Hawnd Side
P4 2xt=x—2 o x—2

Tse Move To Left
P42 =r—2 o X+ 28— +2=0

Tse Maove To Right
P4 2x=x—2o0=x—2—x —2x°

We can also use Solve and Solve Numerically to obtain the zeros of this polynomial
equation:

Tze modve
x3 + 2 xz =x—2 =

173
{x=—l{44+3~.f‘1??}( g L “m—gl,[
3 3 a4+ 3,177y 3
173
@a+ 3 4 L L -
© 44+ 3,177 3
1/3
+11\/§[—%(44+3-\;’m)'{ :'

2

O | —

x:

1i3
41 ! “m]],[le(44+3«h?7)': )
3 4+ 3177 6
13
41 ! (”3}—3—1Iﬁ{—1(44+3«h?’;)( :
(a4 +3./177) 3oz 3
1i3
C VI WACTRRN

Tze Sabve Mumerically
4250 =5—2 o {x=—2658967082}
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The Solve operation produces all three zeros of the polynomial equation, one real, and
two complex. The Solve Numerically operation shows the only real root, x = -2.6589...
A plot of the left-hand side of the equation after a Move to the Left operation confirms
that there is only one real root (i.e., the curve crosses the x axis only once):

From the Maove To Left result, we copy only the left-hand side, using Cuil-drag, then

use Plog=2-0 Flot. We use the context menu of the plot itself, to change the x range to
-2 to 2, and the ¥ range from -40 to B0:

75—
x3+2x2—x+2—> 25

e et
[TTFT [T T T T T[T TT1T]
-/-2 I 2 4
25—

11

Transcendental equations

These are equations involving so-called transcendental functions such as trigonometric,
exponential, logarithms, etc. Some context menu operations with transcendental
equations are shown next.

Consider the equation
x + tanix) =x-&sniz)+1

The sofve operation produces only a warning message:
x + tan(x) = x-srix)+ 1 — Warning, soclutions may have
been lost

The Solve Numerically operation produces a floating-point solution:
x4 dtani(x) =x-srix)+ 1 = {x=06383791708}

To see a plot, we use Move To Left, and then Cwnif-drag the left-hand side of the
equation.  Finally, we use Floi=2-0 Flot to produce the plot:
x4 tan(x) =xsn(z)+ 1 =2 x+tanix) —xanix) — 1=10

The plot is shown next. The scales in the x and y axes have been modified to -4 to 4, and
-50 to 50, respectively. Notice that the graph shows more than one solution to this
transcendental equation. The Solve Numerically operation produced only one of them.
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25

x+tan(x) —xan(zx) —1 —

Using Maple 10 Tutors

Maple 10 provides a number of Maplets for tutoring mathematics at various levels. For
example, to produce a tutor for slopes in the Precalculus collection select Tools >Tutors
>Precalculus >Slopes). The tutor is shown below.

Ex Precalculus - Function Slope Tutor E]

File Help
Plat Winclov Enter a function and pairt of tangency
fix) = | NP Jxc=] 1 |
Slopes of Secant Lines Tangent Line
Pairt Slope
Pairit of contact:
-4.00 -3.00
150 - 500 11.,0.] |
=250 a0
Slope of tangent line;
375 1.38
656 1,69 [2. |
5.00 7.0o ) :
Equation of tangent line:
350 450
X 225 3.25 [y=2m2. |
1.62 252
1.3 23
Display | | srimste | | Piotoptions | | ciose |
Maple Cotnrmancd
FunctionilopelPlotix~2-1, 1, 'wiew'=[-4.50 .., &.50, -5.2Z .. 25.]i1: A‘
.

Figure 5 — Precalculus- Function Slope Tutor
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The default example given corresponds to the function f{(x) = x>-1. The tutor shows the
function definition, a table of values of the function, a plot of the function and several
secant lines, coordinates of a contact point, and the slope and equation of the tangent line.
It also has buttons to display the fixed plot, animate the drawing of secants, change the
plot options, and close the tutor. At the very bottom of the tutor is the Maple command
corresponding to the plot shown. Click on the [Animate] button to see an animation of
the secant lines going through the contact point. The animation can be used to illustrate
how a secant line approximates the tangent line at a point.

To see a different function and point of tangency, try f(x) = sin(x), and use x = -1 as the
point of contact. Click on the [Animate] button to see the animation of the secant lines
about the contact point.

Explore other Tutors of interest to you. The option Tools>Tutors allows access to the
following subjects:

+ _Precalculus « Secants...
«  Compositions... - Surface of Revolution...
+ Conics... - Tangents...
- Slopes... « Taylor Approximation...
+ Limits... + Volumes of Revolution...
- Linear Inequalities + Calculus — Multi-variable
+ Lines... -+ Approximate Integration...
+ Polynomials...  Cross Sections...
- Rational Functions... - Directional Derivatives...
- Standard Functions... - Gradients...

+ Calculus — Single Variables - Taylor Series...
« Antiderivatives... » Linear Algebra
- Approximate Integrals... - Eigenvalues...
« Arc Lengths... - Eigenvalue Computation...
« Curve Analysis... - Figenvector Computation...
« Derivatives... « Gauss-Jordan Elimination...
- Differentiation Methods... + Gaussian Elimination...
« Function Average... - Linear Systems...
« Function Inverse... - Linear Transforms...
- Integration Methods... - Matrix Inverse...
+ Limit Methods... - Solving Linear Systems...
« Mean Value Theorem... «  Vector Calculus
« Newton's Method... - Space Curves...
+ Riemann Sums... + Vector Fields...
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Using Maple 10 Assistants

The option Tools > Assistants provides access to a number of Maplets for a variety of
purposes. These Maplets are designed to provide a solution to a specific problem or
process. The Asisstants available are:

« Curve Fitting... + Matrix Builder...

- Data Analysis... + ODE Analyzer...

« Import Data... +  Optimization...

- Installer Builder... - Plot Builder...
Library Browser... + Unit Converter...
Maplet Builder...

For example, the Unit Converter assistant is straigthforward to use as illustrated in the
following figure.

Unit Converter, E|
alue 275
Dimension |pressure ™
From inches mercury (inHg)
Ta pascalz (Pa) b
[ In=ert ] [ Cancel ]

Figure 6 — An example of unit conversion using Maple's Unit Converter Assistant

At this point, pressing [Insert] will inset the value 9312.567434 at the current cursor
location in your Maple worksheet, indicating that 2.75 inHg = 9312.567434 Pa.

The Import Data... Assistant is useful for reading data from files into Maple. The Curve
Fitting and Data Analysis Assistants are applicable to statistical analysis. The Installer
Builder Assistant can be used to create Maple toolboxes (collections of functions for a
specific purpose). The Library Browser assistant allows access to Maple's library of
functions. The Maplet Builder helps in putting together Maplets for specific applications.
The Matrix Builder Assistant can be used to put together matrices for linear algebra
problems. The ODE Analyzer Assistant is helpful in solving Ordinary Differential
Equations. The Optimization Assistant applies to problems of maximization or
minimization of objective functions subject to constraints. The Plot Builder Assistant is
useful for creating plots (many examples of using the Plot Builder are given in the
document entitled Getting Started with Maple 10).

Use of the Assistant is intuitive and they're provided with a [Help] button to explain their
operation. The reader is invited to explore these Assistants on their own.
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Assigning values to variables
In an earlier section related to manipulation and solution of equations we used the equal
sign (=) to build an equation in Maple. While in many computer programs the equal sign
is used to assign values to variables, in Maple the assignment symbol is the combination
:= (colon-equal sign). Thus, a statement such as:

Vel:=2.75
represents the assignment of the value 2.75 to the variable Vel.

The following is an example of variable assignments used in calculating an expression.

v Assignment to variables

Ezample of variable assignments - Calculating cross-sectional area in a circular cross
section of diameter MHars for an open channel flowing at a depth v The vartable B 1s an
intermediate variable used in the calculation,
Lham =2
2 (8.1
ry=12
1.2 (8.2)
2y
B a;rcc-::'s( Dia:m)
1772154248 (8.3
Digwn® .
A== (P—an(p) cos(p))
1968113428 (8.4
Notes:

1. Press [Enter] after each assignment. This produces an output with a label (e.g., (8.1),
(8.2), etc.) automatically assigned by Maple.

2. Use the Greek palette (see the document entitled Getting Started with Maple 10) to
enter Greek letters such as .

3. In this example we used the trigonometric inverse function arccos(x) = cos™(x).

Besides numerical values, variable names can be assigned expressions or equations. The
following example shows operations on an expression using variables.
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¥ Variables and expressions

In this example, we assign an algebraic expression to a variable and use the vanable
name to operate on the expression:
expl =(x—2) (x+ 27 (x—3)
(=5 (x+2) (x —3) (9. 1%
exps = expand (expl)
¥ —6x —x+ 30 (9.2)
saf = salve (expl)
—2,3,5 (9.3
xy =sol|
—2 {9.4)
xy = sty
3 (9.5
X3 =50l
5 (9,67
3
szol = Z X
k =
& (9.7
Dy = f@xpE dx
3—1x4—2x3—%x2+3ﬂx (9.9)
oy = f gxplds
n
2x—9) (x+2) (x—3 (9.9
Notes:
1. Use * for multiplication. It will show up as a dot in the input expression.
2. We used functions expand and solve that apply to algebraic expressions.
3. Variable sol contains the solutions to the equation expI2 = 0, i.e., x’-6x*-x+30=0.
4. Since there are three solutions, we extract them separately with the statements x; =
soli, etc.
5. To enter sub-indices use Shift-underline (Shift ).
6. The summation and integral symbols were obtained from the Expression palette

The following example shows how to use variable assignments with equations.
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v Variables and equations

In this exarmple we assign an equation to a vanable name and then operate on the
variable natne:

el =% (§—2) (E+3)=(c+1) ¢

E(E—2) (E+3)=(E+ 10§ (10.13

eqs = expand (eql)
Pt —gr=g4¢ (10.2)

LHSEg =lhe(eql)
E+ef -6k (10.3)

RHSEg =rhs(egl)
24t (10.4)

eql3 = LHSHg — RHSEg =1
& 7E=0 (10.5)

0,7, =7 (10.6)
0,7, =7 (10.7)

sofl = solve(egl)

soi? =solveleq?, &)

soll =solvel(eqd, {E1)

(5=0), (E=4/7}, (5=—+/7) (10.8)
sold = feolve (egqd)
— 2645751311, 0., 2.645751311 {10.9)
solh = feodveleqi, £
— 2645751311, 0, 2.645751511 (10103
salfi = feabve (eql, {E1)
(6= —2645751311}, {E=0.}, {E=2645751311} (10,1713

Notes:

1. The function expand applies to equations expanding each side of the equation
separately.

2. Functions /As and rhs extract the left-hand side and right-hand side of the equation,
respectively.

3. We show three different versions of the solve command. The all provide the same
solutions, but the last version shows the independent variable name in the solution.

4. We also show three different versions of the fSolve command. The fSolve command
provides numerical values for the solutions (i.e., floating-point values), whereas the
solve command shows symbolic solutions.
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To illustrate the location of the solutions for the equation, we plot the left-hand side of
eq3, in which the equation takes the form f(&) = 0, i.e., we would plot f{$) = £-7& The
plot command and the resulting graph are shown next:

plot (fhelegdy, E=—5 .5, —30 .50, labeaiz =["w", "f=)" ], axes = normal)

A0—

40—

30—

20—

10—

T T P T T T T FT T 1T ]
-2 -1 T 3 F| g
=10

=20

fui) -
-30—

-40—

-A0—

The plot command, in this case, includes 5 arguments:

1. lhs(eq3) - The function to be plotted

2. x=-5.5 - Range of the independent variable to be shown in the plot
3. -50..50 - Range of the dependent variable to be shown in the plot
4. labels = [“xi”, “f(xi)”] - The axes labels

5. axes = normal - Type of axes shown

Some of these arguments are optional, for example, you could omit the argument
axes=normal since this option is the default value for axes types (other values are hoxed,
frame, and none). As an exercise, try the following calls to the plot command:

- plot(lhs(eq3), & =-5.. 5, -50 .. 50, labels = ["xi", "f(xi)"], axes = normal)
- plot(lhs(eq3), E=-5..5)

- plot(lhs(eq3), E=-5.. 5, labels = ["x", "y"], axes = boxed)

- plot(lhs(eq3), E=-4.. 4, -30 .. 30, axes = framed)
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Inline help request

To request help on a given command (if the command name is known), type the question
mark followed immediately by the command name. In your Maple worksheet, for
example, try:

?plot

To get information on the plot command. A worksheet with information on the command
will be shown in your Maple interface.

As an exercise, try requesting information about some of the commands presented in the
examples above (for sum and int, we actually used the palette expressions):

2expand 2rhs
?solve 2sum
?fsolve 2int
?lhs

Alternatively, you can use the option Help>Maple Help (or, Cntl+F1I) to get a listing of
all Maple commands and obtain information on any of them.

Defining functions in Maple

The preferred way to define a function in Maple is by using the arrow operator (->). The
Expression palette includes several items related to function definitions. These are listed
next (this table is also Table 4 in the document entitled Getting Started with Maple 10):

Table 1 - Palette expressions and Maple Input commands for function definition and

evaluation
Palette expression MMaple Input command
fla) [> fta);
fla, b) [> f£(a,b);
J=x =y [} f :=x -» vy;
f=(xd, x2) =y [> £ := (x1, x2) > y:
f(x) [> eval(f(x),x=a);
¥=n
‘ -x x =0 [} piecewise{ﬂ, -x,x>x0,x);
o ox=0
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The right-hand side of the entries in Table 1 show the equivalent Maple Input command
corresponding to the function palette expressions from the Expression palette. In Math
entry form, these expressions would be written simply as:

f@)

f(a,b)
fr=x->y
fi=(x1,x2)->y
eval(f(x),x=a)

piecewise(x<0,-x,x>0,x)

The following examples show applications of the previous commands in Maple:

¥ Defining univariate functions in Maple

First, we define a univariate fiunction using the arrow operator:
E=x — agn(x) + cos(x)
x—zan(x) 4+ cos(x) (11.1)
This function can be evaluated using symbolic of fumeric arguments, e.g.,
Bla+ B
stia + &) 4+ cosla+ &) (11.2)
Fi
A
%
L (11.3)
2 2
evalf( )
1.366025404 (11.4)
B(—076)
00355145656 (11.3)
eval(h(x), x=2)
s 2) + cos(2) (11.6)

Notes:

1. In Math input format, when you type the arrow operator —> it becomes —.

2. Piis arepresentation of the constant 7.

3. The evaluation (11.3) produces a symbolic result. The next line, evalf{((11.3)),
produces the floating point equivalent. In this case, we used the label (11.3) to refer to
the result.
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NOTE ON LABELS: To enter a label use Cntl+/. This produces a dialog box where
the user can type the required label. It is not necessary to type the parentheses around
the label.

The following examples show differentiation and integration of the function 4(x) defined
above using the full commands (i.e., diff or int), and the palette symbols:

diff ((x), x)

cos(x) — smix) (11.°7)
imECR(x), x)
—cos(x) + sn(x) (11.8)
mECh(x), x=a b)
cosfa) — snfa) — cos(d) + an(h) (11.%)
d
FPRACY
cos(x) — sm(x) {11100
fﬁz(x] dx
—cos(x) + an(x) (11.11)
f’ B (x)dx
cos(a) —sin(a) — cos(h) 4+ sn(d) (11.12)

Composition of functions is illustrated with the following examples:

F=x —exp(x)

x—e (1113
s=x = inix)
x—=Inix) (11.14)
Alrix))
sin(e’) + cos(e™) (11.15)
rik(xi))
E':Sill':E.:' +coz(E)) (11.16)
s(rix))
Inie™y (1117
smplify | )
In{e™) (11.18)
simplif | | assuming positive
x (11.19;

Mathematics Survey Maple 10 — Page 19



Note: The functions exp and [n are inverse to each other, thus, we expect that exp(ln(x)) =
In(exp(x)) = x. However, when we attempt that composition in (11.17), we simply get

In(e")

An attempt to simplify this expression with the command simplify produces no result [see
(11.18)], unless we add the particle assuming positive to the simplify command. With
this addition Maple is informed that x is a positive quantity and the simplification is
achieved. Annoter possibility is to use

simplify((11.17)) assuming real

The assume command

In any operation Maple will assume that a symbol represents the most general type of
mathematical object. For example, in a function, unless told otherwise, Maple assumes
that x could be, in the most general case, a complex number. If we want to limit the range
of x to the real numbers we can use the command:

assume(x,real)
Any reference to x after this assume command is activated will show x followed by a

tilde, i.e., x~. This is to remind the user that an assumption has been made about that
particular variable. Here is an example:

assume (x> 0)
mz( ! ,x)
1+x

diff (5 s@n(x), 1)

i1+ x~) (11.20)

D xe sin(x~) + x~* cos(x~) (11.21)

To find out if an assumption has been made about a symbol, use the function
hasassumptions. To find out which assumptions have been made about a symbol, use the
function getassumptions. Examples are shown next:

hasassumpiions (x)

true (11.22)

getassumptions (X))
{x~1{ RealRange (Openi(0), o))} (11.23)

Although the result of getassumptions in (11.23) is not as straightforward as x>0, the
expression x~::(RealRange(Open(0), )) contains basically the same information.
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To find out more about the assume command, type:
lassume

To remove an assumption on a variable, use, for example:

!

X=X

This statement simply indicates that the variable x has been redefined to the symbol x.
After having made an assumption on x, above, we redefine x and check for any
assumptions as follows:

x ="z

X (11.24)

hasassumpiions (x)

false (11.25)

Plots for univariate functions
The following examples show how to use the command plot to plot a given function:

h=x — an(x) +cos(x)

x—smix) + cos(x) (11267
x , Fi
:: —_ . -
g=x = exp(—x) EGS(2+—3)
x—oel ™ cos(%x+ %11:) (11270

plot(B(x), x =04 Fi, style =paint, symbal = cross, axes = framed )

=
bbb i

||||||||||||||||||H||||

il 25 5.0 7.5 100 125

¥

]

Note the arguments style = point, symbol = cross which control the plot style.
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plot(g(x), x =04 -Fi, style =line, thickness = 5, color= biue, axes = boxed)

0.4

T 1 TT T T T T T T T T T T T T TTT]
0.0 2h a0 7A 10.0 128

We can produce a plot of the two functions by using;:

plot({E(x), g(x) ), x=0.8" Fi, color = [red, blus ), axes = baxed)

L
\/\/v

¥

An alternative way to produce the combined plot would be to store the two individual
plots into variable names, and then use the command plots/display] to show the two plots
together. To avoid showing the plots as we store them into variables, we'll end the
corresponding commands with a colon (:). A colon at the end of a Maple command
suppresses the output of the command, even though the command does get executed. The
commands and resulting plot are shown next:
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pd =plot(R(x), x =04 w, sivie =paint, symbol = cross)
pd =plot(g(x), =04 w, stvie = line, thickness = 5, color= blue)
plots[displav]( {pl, p2 Y, axes = boxed, labels =["2", "v" 11/

—
=
Lottt

" b2l
TT T T [ T T I T [ T T T T [T T T T T T T T

0o 24 5.0 7.h 10.0 12,5

Multivariate functions

In this section we'll show some examples for bivariate (two-variable) functions. These are
extensions of the examples shown above for univariate (one-variable) functions. First,
we show definitions and evaluations of bivariate functions:

restart
k= (x,») = sn(xy) |
(x,¥)—sanixy) {12. 1)
g=(ny) =z +)°
(x,p) = x% + )7 (12.2)
k( i &)
673
sin( % 11:2) (12.3)
evalf[ 10] . )
05212468738 (12.4)
152)
6703
5 2
% 1 {12.9)
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Notes:

1. The restart command clears out Maple's memory. This command would be useful
after you have performed a large number of calculations and would like to reuse
variables in subsequent calculations. Maple can also be re-started by pressing the

restart button in the toolbar, i.e.,

&

2. The evalf[10] command produces a floating-point result with 10 digits. In general,
evalf{n] will produce a floating-point result with n digits, where 7 is an integer.

The following examples show derivatives and integrals, including double integrals, for

bivariate functions:

diff (R (x, ¥, x)

cos(x y) v
diff (k(x, »), x82)
—sin(x y) y*
o
3x g(x,»y)
2x
a a
3x (a E(L}’))
2

a [ a
o (ah(x,y))

ay
—smi(xy) xy+ cosixy)
[pxo) @
_cosixy)
x
[etx»

f;j;ﬁz(x,y} dy dx

Notes:

v+ 1n(2) — CH(2)

(12.6)

(12.7)

(12.8)

(12.9)

(12.10)

(12.11)

(12.12)

(12.13)

1. The examples above show partial derivatives (12.6) through (12.10), single-variable
integration, both indefinite (12.11) and definite (12.12), and a double integral (12.13).
2. The result in (12.13) shows a mathematical constant (y), and funcions /n and Ci.
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3. The constant y (gamma) is Euler's constant, its value can be found in Maple by using;:

evalf[10] (v);
0.5772156649 (12.14)

4. The function [n is the well-known natural logarithm function, and the function Ci is
referred to as the cosine integral function. To find out about this function we can use:

2Ci
Surface plots for bivariate functions
Function plot3d can be used to produce surface plots of functions of the form f{x,).

Some examples are shown below, using the functions /(x,y) and g(x,y) defined above.

plotdd(hix, v), 2 =—2 2, y=—2 2, ares=framed)

plotidi{g(x,v), x=—2 2, y=—2 2, axec= hoxed)
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In the following exercise, we produce two plots separately and then use the plots/display]
command to show the combined plot:

pd o =plotid(h(x, v), x=—2 2, y=—2 2, color=hlusg) :
pd =plotidigiz, yv), x=—2 2, v=—2_2, color=red):
plots| display ) ({pf, p2 ), axes = boxed, labels =["=""¥", "'2"])

The plots package

In some of the plotting examples shown above we have used the command plots/display]
to display previously-created plots. The command actually combines the name of a
package plots with the name of the function display. An alternative way to activate the
function display is to load the entire plots package with the command with.

with (plots)

[ mferaciive, animate, aximate 3d, animatecurve, arrow, changecaords, (12.15)
complexplol, complexplotid, canformal, conformalid, contourplat,
cortourpiotid, coordpiot, coordplotid, cvlinderpiot, densityvpiol, display,
displayvid, fieldplot, fieldplotid, gradpiat, gradpletid, graphplatid,
implicitplot, implicitplot 3d, inequal, interactive, interactiveparams,
fisteanipiat, bstcontplotid, hetdensityplot, fsipiot, hsipioiid, logliogpiat,
logplot, matrizplat, multiple, odeplat, pareto, plotcampare, pointpiot,
poiniplatid, polarpiot, polygonpiot, polveonplotid, pohiledra supporiad,
pabvhedraplot, replot, rootlocus, semilogpiot, setoptions, seiapiionsid,
spacecurve, sparsematrixplot, sphereplot, surfdata, textplot, textplotid,
fubeplot |
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Notice that the output from the command with(plots) is a listing of command names, i.e.,
the names of the commands contained in the plots package. [NOTE: If you don't want to
display the command list, end the with command with a colon, i.e., with(plots):] One of
these commands is the display command that we used earlier. By using with(plots) we
load all the commands in that package into Maple's active memory making them available
for use. Thus, in the following example, we use the display command after loading the
plots package:

with (plots)

pd =plotid(h(x,v), x=—2 2, y=—2 .2, color=red) :
pd =plotidigix, ¥v),. x=—2 2, v=—2 2, color=yellow)
display ({pl, p2), axes = baxed, labeis =["=""¥", "2"])

L L
il O
1 ]

Here is another example using the function animate3d to see a three-dimensional surface
animation after loading plots with the command with:

Festart | with (platis)
h=(x,v,a) = aniaxy)
(x,yv,a)—=sanlaxy) {12.16)

aumimateld(h(x v, a), x=—2 2, y=—2 2, a=0.3)

Try this exercise in your own Maple worksheet to see the animation used.

Contour plots and density plot functions

Other plot functions available in the plots package for displaying bivariate functions are
the functions contourplot and density plot. Examples of applications of these functions
are shown next:
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restart | with (plots)
g=(x, ) = an(xy)

(x,y) —smyx)
cortowrplot (g(x, v), x=—2 2, y=—2_2)

(12.17)

7

P T T T T
2 -1

¥

=
;

;\\\\

5]

11

]

Z

densibvplot (g(x, v), x=—2 2, v=—2 2, color=cvan)

Implicit plots

Implicit plots are x-y plots out of an equation of the form f(x,y) = 0. For example,

consider an implicit plot out of a quadratic equation:

x2+_3-x-.y+y2—5x+2y—125
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rasiari  with (plots)
aqnli =3+ 3 x -y+y2— Sx 4+ 2y—125

P4 3xy+y—Sx42y— 125 (12.18)
irmplicitplot{egnl, x = —20 20, y= —20 20, lakels =["<". "v" )

[TTTT]
-20 -10

TTTT T L]
10 20
¥

=

20—

An implicit plot is generated by varying the values of x and y in a grid on the xy plane.
You can adjust the grid argument to increase the number of points on the plot to produce
a smoother graph. The following plots show the effect of changing the grid size:

restart | with (plots)

2 2
l= q +(ﬂ =1
Elelc! ( 3 5

implicitplot (egunl, x = —4 4, y= —4 4, grid = [ 10, 10], scaling = constrairned )

12.12_
9x+4f 1 (12.19)

o
MTTTTTIITTITTTHTITTITTITTT]TITTOf

1 1
| Py
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implicitplot (egnl, x = —4 4, y= —4 4, grid = [ 30, 50, sealing = constrained )

[TTTTTTTT]TTTI
1 2

s
i

(]
—
Liila g
| —

Additional plots from the plots package

To find out about additional plots in the plots package use ? followed by the command
name, e.g.,

2animate ?logplot
2animate3d ?semilogplot
2implicitplot3d ?loglogplot

As an exercise, try the following plots:

resiart | with (plots)
F=x = expix) +expild-x)

e+ el27 (12.21)
g=x—=kx+1)
x=hix+ 1) (12.22)
logpiot (F{x), x =05, axes = baxed, labels =["2""v"])
semilogplot (g(x), x=1.1000, axes = boxed, labelz =["""y"] )
loglogplot (F(x), x =110, axes = boxed, labels =["%", "v"])
(12.23)

Notes:
1. The logplot command produces a logarithmic scale in the vertical axis
2. The semilogplot command produces a logarithmic scale in the horizontal axis

3. The loglogplot command produces logarithmic scales in both axes
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Defining multiple-defined functions in Maple
Consider the function defined by

#6) {x+1 PR
T x4+l x=» 2

The Expression palette includes the following item for defining a multiple-defined
function of one variable with two options, i.e.,

{—x x=0
r x=0

The following example shows the definition of such function and a plot of the same:

x+1 x<2
f=x—
yr+1 x> 2
x—piecewize (x < 2, x+ 1,2 <x, x4+ 1) (121
Jix)
x+1 x <2
(15.2)
E | &=l x

plat(fix), x=0_5)

L2

]
IIIIIIIIIIIIIIIIIIIII

/

a 1 2 3 4 )

—_

Notes:
1. Use the buttons in the Expression palette to define the multiple-defined function

2. Use f(x) [Enter] to see the definition of the function
3. The plot shows a discontinuity at x=2 which is shown as a vertical line.
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To eliminate the discontinuity at x = 2 you can add the argument discont = true to the
plot command:

plot (f(x), x =05, discant = trug)

2 /

U9 T T T
0 1 2z 3 4 ]

¥

If the function requires more than two definitions simply type the piecewise command, as
illustrated in the following example:

g=x 2 plecewise(x < — 2, x,x =< 0, x% x < 2 exp(x), x < @, x)

x—piecewise (x = —2,x,x = 0, xz, x= 2,8 x = e, x) (13.3)
gix)
x o =2
x x =10
) {13.4)
gt x < 2
x x oo

plot(g(x), x = =155, discont = true, labels =["2", "v" ]/

—
M

e

TTT T T T 1T
a 2.5 5.0

[T T T T[T T
5.0 25

X

I =ITE AN NN NN

1
m
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Using units in Maple calculations

In an earlier section we introduced the Unit Converter Assistant that allows the user to
convert units and place the conversion in a worksheet. In this section we'll explore the

use of units within a Maple worksheet.

Maple includes two palettes, the Units(SI) and the Units(FPS) palettes, that allow the user
to attach units to numbers. The contents of the two palettes are shown below:

¥ Urits (51)

[ersit]l [l [s]]
v [kel [Fel
w1 L1 [&]
[71 [41 [¥1
[cl [20 [7]

[Z]  [rad] [sr]

[ezei] [E5SD0 =1

LiweDl ST [0
[32]

¥ Units (FPS)

[nic] [#] L=
[poundal] [&]

[ paz{nd {farce 1 [Z7]

inci

[poundal #] [radl
Il

Figure 7 — Unit palettes in Maple interface.

To attach one of the given units, simply type a number in your Maple worksheet and then
click on the appropriate unit. The unit references are included in stylized square
brackets, as shown in Figure 7. The following is a listing of the units in the Units(SI)

palette:

m - meter (length)

s -second (time)

N, - newton (force)

kg - kilogram (mass)

Pa - pascal (pressure)

W - watt (power)

J - joule (work, energy, heat)
K, - kelvin (absolute temperature)
T - tesla (magnetic flux density)
A - ampere (electric current)

V - volt (potential difference, or
voltage)

C - coulomb (electric charge)

Q) - ohm (electric resistance)

F - faraday (electric capacitance)
H - henry (electric inductance)
rad - radian (angular measure)

sr - steradian (solid angle)

mol - mole (amount of substance)
USD - U.S. Dollar (money)

Ix - lux (illuminance)

Im - lumen (luminous flux)

S - siemens (electric conductance)
Wb - weber (magnetic flux)

Np -??2? (???)
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The following is a listing of the units available in the Units (FPS) palette:

ft - foot, feet (length) - HP - horsepower (power)

s - second (time) - poundal ft - poundal feet (work, energy,)
poundal - poundal (force) + rad - radian (angular measure)

1b - pound (mass) (*) e ST - steradian (solid angle)

poundforce/inch2 — psi (pressure)
Both palettes (Units(SI) and Units(FPS)) inclued a [[unit]] option that allows the user to
type any valid combination of units. The following examples show some calculations
using units:

First, we do some simple calculation usign units of the 51

restart

, [#2]]
5.50kgll 12.5 LD
0.1553549612 Lkgl []

[sIF
— 0.1553549612 [NV]
Tse context menu (nght-click) with option Dlxdte=Simplify to get the results shown above.

(14.1)

Here is another example:

2 50m] + 1.32[[%]] 3200+ % : 0.?5[[%]] - (320D ?

2.5 [m] + 4.224 [[?]] [s] + 2840000000 [[g]] [sTF (14.2)

— 10.56400000 [w:]
Once more, use context menu (nght-click) wath option Dlxite=Simepdify to get the results
shown abowe.

In most cases, it will be easier to assign walues to vaniables and then operate on a formula,
£.3 Fesiart

vl = 2.3[[?]] Ta = 1.5[;%]] cx o =12.80]: x0 = 1.5[=]:
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v :=\/v02 + 2ra (x—x0)

\/5.29 [[%]]2 + 33.00 [[g]] L1 (14.3)

- 6187891402 [2]
i

In this case, using the context menu, try Sisplifications=Symbalic to obtain the result
shown above.

NOTE: Make sure to not use unit names, e.g., m, s, J, as variables in your calculations
with units.

Here 15 an example taken from hydraulics:

resiart
. 1 S
F=0012: L =1000#%] : Diawm :=U.5|]}3]]:g:=32.2|]:5—2]]:Q:=20|]:?]]:
_ SfL
hf=——5= _
4 ﬂ-g-ﬂiamj

3 2
10.03922399 [
&

[T [Z2]
&
— 3702460385 ] — 1214717974 ﬂ;fl‘,]]

(14.4)

I this case, the option Simpdf=Senbalic from a context meru i result (14.4) was used
to obtain the result 3702460385 [m] Subsequently, the option Ukite= Convert
=ovsterm =HFEPS was used to obtan the result m units of the FPS (Enghish or Imperial
system}.|

For additional information on the use of units with Maple, follow this procedure:

Select Help > Maple Help (or Cntl+F1) to open the Maple help facility

In the Search For: box, click on the Topic button, and type Units in the text field. Then
press [Search]

There will be a listing of documents on the left-hand side of the Maple interface, click
on the document entitled units(Units).

This procedure will open a document entitled Using Units and Dimensions in Maple

Documents. Try the exercises shown in that document to learn more in depth the use of
units in Maple 10.
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Maple data structures

In this section we present some of the most useful data structures in Maple. These can be
used to manipulate data and apply, for example, statistical analysis to data sets. Among
the most useful data structures in Maple we find sequences, sets, lists, vectors, and
matrices.

Sequences
A sequence in Maple is a collection of objects separated by commas, e.g.:

segql =a, b, e, d

a, boc,.d (152.13
segd = —5, —4, —1, 2
-5, —4, —1,2 (12.23
Elements of a skquence can be referred to with sub-mndices (Shuft ), eg,
segi[1]
a (12.3)
segd [ 3]
—1 (15243

The seg¢ (sequence) command can be used to produce sequences if a rule 13 used to
generate the sequence elements, e.g,

1 .
st ,1=CI..5)
[i2+1

1, =, = —, —, — (15.5)

seql =seg (sgrill + k2]| i

275
rﬁm??wfrrr 156

Sets
When a sequence is enclosed in braces it becomes a set. These sets can be operated upon
following the rules of set theory. Some examples are shown below:
A= {sag(k, k=091
0,1,2,3,4,5, 6,7, 8, 9} {15.4.1)
F=dseqi2k k=141

{2,4,6,8) (15.4.23
Co={seq(2k+ 1,k=1.4)1}
{3,5,7,9} (15.4.3
DD= {seq(3k k=1.3)}
{3, 6,9} (15.4.4)
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Checking if elemments belong to a set, using the fonction iz and synbols from the
Cammon Symbals palette:

w3 € A)

frue (15.4.5)
is(5 = B)

Faise (15.4.6)
(2 & )

trug (15.4.7)
is(6 & D)

Jalsz (15.4.8

Checking for subsets usmg the function is and symbols from the Carmrnon Symbals
palette:

is(B = A)

true (15.4.9)
is(DD = B)

False (15.4.109

Thions, interceptions, and Differences using symbols from the Comeon Svnbols
palette:

BUCT
(2,3,4,56,7.8 93 (15.4.11)

MDD
13,9} (15.4.12)

C~\ DD
(5,7} (15.4.13)

Elements of a set, like those of a sequence, can be referred to by using sub-indices

(Stift

Ty
7 (15414
D,
& (15415
Lists

Lists are sequences enclosed in square brackets. Many Maple commands operating on a
collection of numbers require that those numbers belong to a list. Examples of lists
follow.
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Ll =[seq(s®+ 1,5=1.8)]
[2,5, 10, 17, 26, 37, 50, 65] (15.5.1)

L2= |:segr( % r=2.5 :|

B

} (15.5.2)

sub-indices, e.g., (brackets can be used to

LA |
|

1
>
Elements of lists can be referenced by the
mndicate sub-indices, see below)

Ll | —

B

Li[1]

2 (15.5.3)
SE =g (Li[k], E=1.8)

212 (15.5.4)
PP =produci(L2[m], m=1.4)

1

— 15.53.5

1= ( )

Vectors

Wectors are sequences enclosed between < = brackets. By default, Maple vectors are
calumn vectars.

U= 5,3, —2=
5

3 (15.6.13
—2

To enter a row vector, use the command Fectarfraw [, .., .. I eg.

F=Vectar[rew] ([6, —1, 2])
[6 —1 2] (15.6.2)

Elements of a wvector can be referred to by sub-indices, e g,

5 (15.6.3)

b (15.6.4)
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£ =Vectar[raw ] ([5, 2, —1])
(8 2 —1] (15.6.6)

some operations that can be performed on wectors correspond to commands m the
Lineardigebra package:

with [ Lineardlgebra)
Labs = Norm (L) # The vecior magnitude
5 (12677
DeotProduct (U, 1)
23 (15.6.8)
CrossProduct (U, 17)
4
— 22 (15.6.9)
—23

Matrices
Matrices are rectangular array of objects, e g,
M=<<31,5><6 =2, 1>|<2 =2,1>>

a6 2
1 —2 —2 (157.1)
501 1
=<5 —1,2=>
5
—1 (15.7.2)
2
with { LinearAleebra)
Higenvales (M)
4
—1+ 243 (15.7.3)
—1—243
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Higenvectors (M)

4

20 4 (=54 2+/3)
—142+/3 || [ : 15.7.4
- 5 (144 104/3) (—4 + 24/3) { !
—1—24/3

4 (=5— 2.3 (=1 _8+243

(14— 10+/3) (— 4—2f:| ST 14+ 10+/3

_8-243 gy
14—1wr

For additional operations with vectors and matrices see the following help entries:

?LinearAlgebra
?VectorCalculus

Data Entry
Date can be entered into Maple by simply typing it into a Maple input, e.g.,

restart
K=1[275, 125, 623, 187, 456 231, 532 212,567]
[2.75, 1.25, 6.23, 1.87, 4,06, 231, 532, 2.12, 5.67] (16.1)

Data can also be entered by reading from a file. Suppose, for example, that the
following data is stored in a text file named Datal.txt:

1 -2 4 -5
3 2 -6 3
8 -1 -7 4
6 -5 4 2
1 3 -6 -1

We can use the Import Data Assistant to read the data as a matrix into Maple. To launch
the Assistant use: Tools > Assistants > Import Data.. This will open a dialog box where
the user can find the file to open, i.e.,

Mathematics Survey Maple 10 — Page 40



Select Data Source [$_<|

Laak ir: |@ Dresktop M | [ W= || E
_.2_ B Desktop lcons
L |5 Maple1 0_Instructions
My Recent IC5) PEMDING
Documerts
= |‘§j TobDo
|_ Z weatershed _phd_anhouncement
Deskiop
iy Documents
Iy Computer
ﬁ File name: | Diatal tt | Open
oy Metwork
Places Files of tygpe: |g|| Files v | Cancel

Figure 8 — Dialog box for opening a data file (Datal.txt) using the
Import Data... Assistant.

After pressing [Open], the following dialog box in Figure 9 is shown. This box shows
the file in the View the file box, indicating that the Source format is Delimited (i.e., text in
columns), and that the data will be assigned to matrix N in Maple.

After pressing [ OK ], Maple will return the following input at the current location of the
cursor within the worksheet:

1. —2. 4 =5
—3 2. —6 3
N=| 8 —1 —7. 4
6. —5 4 2
1. 3 —6 —1

After that, you can manipulate the data in the matrix for your own purposes, e.g., spliting
the data into columns or rows, calculating statistics, etc.
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| £:: Import Data

Fil=  Help
O irput hdatrix information
[ _I\
- Data file file name = Datal.t:
File: Mame: | 1d SettingsiGilberto E. UrroziDesktop'Datal txt gize = 5x4
Change File datatype = float[8]
subtype = Matrix |
storage = rectargal:
Wiew: the file 1 2 . l
order = Fortran orde |
|1 -z 4 -5 | shape = [] |
b3z & 3 ; < | B |
|_8. e N e ]| T S
 Top lett of Matrix
- Source format L2 4 3
O MATLAR C Image (JPEG,TIFFY () Audio (WAYE) 302 6 3
(O Matrix Market (3 Delimited éépace Separated _V_ 8 -1 74
6. -5 40 2
- Source form - 1. 2 4 -1
c’ia Rectahgular data OSparse CJ “ectors
- _ EA0 3|
Skiplines| O | Datatyie float(s] (4-bit) | [ Transpose

Preview options

Preview bounds : | 5 x B3
On close return the output as: B i

O Unassigned value @ Azsighed to Il O Maple command

Figure 9 — Import Data dialog box

Solving science and engineering equations
In this section we present some examples of solutions of science and engineering
equations, i.e., equations representing physical phenomena.

Example 1 — Single equation
The position of a body in uniformly accelerated motion is given by the equation:
X =Xo + Vv (t-ty) + % a(t-t,)’

Giventhe dataxy =2.5m,v=1.25m/s, t, = 10.5 s, and a = 6.3 m/s’, determine the time ¢
required to reach a position x = 25.3 m. We can use function solve to isolate ¢ from the
equation, i.e.,

restart

eql =x=x0+4v - (£ — t0) + %-a- (¢ — ¢0)°

x=xﬂ+v(ﬁ—ﬁﬂj+%a(.ﬁ—.ﬁﬂ}2 (16.1.1)

Mathematics Survey Maple 10 — Page 42



igal = solve(egli, £)

aéﬂ—v+\/v2+2ax—2axﬂ azﬂ—v—\/v2+2ax—2czxﬂ
@ | @
Mext, we define the known vanables, mchiding umts (use the DwigsfSd) palette):

0 =249=]: v= 1.25[[?]] 0 =105[:]: a = S.BH:E]] cx =25 3]

(16.1.2)

&
and load them nto the two results shown in Jle.,
fy =tsol[ 1]
1 [0.158?30158? [55.15 [0 — 1.25 [72] (16.1.3)
[2] & s
&

+ »\/1.5625 [[%]]2 + 28728 [[;”—j]] ﬂ:m]]]]
— 1299926460 [s]

In we uzed a context menu on the result and selected the option

simplifications = Svmbolic to obtain the result £, = J2.09926460 =

Checking the second solution found mn . we have:
fy =tsol[ 2]
1 [0.158?30158? [66.15 [0 — 1.25 [7] (16.1.4)
[] s s
&

_ \/1_5525 [[?]]2 + 287.28 [[:*—j]] ﬂ:m]]]]

— 7603909996 [s]]

since the motion started at £; = 10.5 5, the only reasonable solution1s £ = £ =
1200028480 5.

Example 2 — System of equations

The motion of a projectile subiect to grawity i3 described the equations
x = xp+ vy ocos(8) (i— i)

y =+ v an() (=) — g (=)
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with the » axis in the vertical direction. The projectile 15 launched from point 5y (xg, )
with a weloctty vy at an angle € at time £ and 13 subject to the acceleration of grawmty g.

The projectile occuptes pomnt (%, ¥)at time £ In this example, we want to determine
the values of the velocity vy and the time £ required to reach point & if the launch angle

E'U and the launch location PI:I are lnown, For this solution we can use function solve to

solve the two sinultaneous equations, 1.e.,

resiart
eqXk =x=x04 vl cos(00) « [ — {0
x=x0+ vlcos(# (¢ — ) (1621

gq¥ =y=yi 4+ v gn(00) - (: — ) — %-g- (z—:ﬂ)z

y=y0+4 v0sin(80) (¢ — 0y — %g (1 — t0)? (16.2.2)

sl =salve {eqk, eql}, (v £
{vﬂ= —fx — xﬂjz(cos(ﬁﬂ) (—Rc::c::t'i:,‘lf{_E2 goos( A0 (1623

— 2 Zgilcos(fy + 2ycos(@0) — 230 cos{ AN
+ 5502 cos(80) — 2xam(f0) 4+ 2x0am(F0) ) + 2077, £ =EootOf
(_Zzgcos(ﬁ'ﬂ) — 2 Zgitlcoos(f) + 2ycos(f0) — 2yl cos (0

+ g0 cos(0) — 2x sin(80) + 2 x0sn(80)) }

The solution sof 15 a set of two elements.  This can be figured out by using the function
maps aunber of operators) on sod, e,

naps(sal)
2 (16.2.4)

To separate the sclutions we can use:

sl =sai[1]

vil=—yix — xﬂ)X(cos{E’ﬂ} (—Root@f{_zz goos( A0 {16.2.9)
— 2 Zgitlcos(f) + 2ycos(f0) — 230 cos{ AN
+ 5502 cos( A0 — 2xsm{ A0 + 2 x0sm(80)) + (000

sf? =zol[ 2]

r.=RootOf(_Zzgcos(E'ﬂj — 2 _Zgtlcos(@fl) (16.2.6)
4+ 2ycos( A — 2yv0cos{ A0 4+ 5302 cos(#0) — 2 x s (A0
+ 2 x0smi{F0))
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Both sail and s2iZ contan i thetr expression the function ReeéQF This finction
indicates that there iz no unique solution on the right-hand side of the equations defining
v (in sadd) and ¢ (in 5282 When the function BoofCf 1z shown in a result, one can use
function alvalues to atternpt a hsting of all posaible solutions represented in the Koot OF
tule, e.g.,

vilsal = alivalues(sali)
vil=—fx — xﬂ)/[cos(é’ﬂ) [— (16,277

gi0++/—2gy+2gy0+ 2gxtan(#0) — 2 g x0 tan(§0) H@D
g

wi=—fr— xﬂ)/[cos(ﬁ'ﬂ} [—

g;ﬂ—\/—Egy+ 2gyl4+ 2gxtan(f0) — 2 g xltan(#) _|_f_,5|]]
g

teed = allvalues (502
£=g£ﬂ+\/r—2§y+ dgyl+ 2gxtan(f0) — 2 g x0Mtan(#0)
g
fzgfﬂ'—\/—zg}f-l- 2gyl4+ 2gxtan(f0) — 2 g xltan ()
g

(16.2.8)

The results shown in atid indicate that there are two possible values of
vil and of ¢ avalable, and that, therefore, there are 4 possible solutions to the problem.
To st the two values of the vanables v and ¢ we can use:

vl =rhe(vlsai[1])

—(x— xﬂ)/[cos(é’ﬂ} [— (16.2.9)

gi0++/—2gy+2gy0+ 2gxtan(#0) — 2 g x0tan(§0) Hﬂn
g

vO2 =rhs(vlsai[2])
— (% — xﬂ)/[cos(é’ﬂ) [— (16.2.107

g;ﬂ—\/—Egy+ 2eyvil4+ 2gxtan(f) — 2 g xMtan( 20 —I—fﬂ]
£
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i =rhs(tsai[1])
gzﬂ+x/—Egy+ 2gyl+ 2gxtan(fl) — 2 gxOtan(#0)
2

(16.2.11)

(2 =rhs(tsal[2])
gzﬂ—\/—Eg;p+ 2gyl+ 2gxtan(f) — 2 gxOtan(#0)
E

(16.2.12)

It there were numencal values given for the known quantties, at this pomt we could
substitute those values m the expressions for w07, w02, £ and £2.

Iotice that, i the previous solutions, the unltnowns (w0.£) are relatively easy to 1solate
because they belong to algebraic terms, 1e., w15 first order and £ 15 quadratic. & more
interesting sttuation arises if we were to solve for, zay, vO and 90, sinultanecusly, since
the terms contaming mclude trgonometric finctions (and, therefore, not straightforward
to 1solate the angle). This 15 shown next:

saf =salve ({eqk eq¥}, (w0, 001
{m: arctan[(?y —2y0+ g2 — 2g£10+ g0/ (RootOf( (16.2.13)

— P — Sylgt 04+ Ay0gttF + Sy gl — 457

+ Eyyl— Ay — P — 6P PP+ 4 10
+4yﬂg£2—4yg£02—4yg£2+4g25503—4x2
+Sxx0—dxtP 4+ Z2 label= L)), (2x — 2 20}/ (RootOf(
P —8y0gr 0+ Ay0geP + Sy gl — 457

+ 8yl — Ay — PP — 6P PP+ 42 0
+4yﬂgf,2—4ygr.02—4yg£2+4g2££03—4x2

1
51— 20 {EootOf]

—P it — Sy0grt0+dy0giF + Sy gl — 4y°
+ 8yyl—dyF — P PP+ 42 0
+4yﬂgf,2—4yg£02—4yg£2+4g23303—4x2

+ 8xx0—4x0F+ 2% fabeef:_ﬁﬁj)j,vﬂ:
+8xx0—4x0P+ 7% fabef=__a:2))}
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We suspect there are 2 elements in sof, let's check thiz out:

nops(sof)
2 {16.2.14)
Let's separate the solutions:
safd =sai[ 1]
§0 = arctan[[Ey — 230+ g — 2gtt0+ g% ] (RootOf( (16.2.15)

—F P — Sy0gr 0+ Ay0geF 4+ Sy gri0— 457

+ 8yl —dyF — P — 6P PP+ 42 0
+4yﬂg£2—4ygr.02—4yg£2+4g2.ﬁ£03—4x2
+Sxx0—dxtP+ 22 label= L)), (2x — 2 20/ (RootOf(
— P — Sy0gr 0+ A0 eP + Sy gril— 457

+ 8yl — Ay — PP PP+ A4 0
+4ylﬂg.i§2—4yg£02—4yg£2+4g25503—4x2

4+ 8xx0—4x0P 4+ 2% label= L) )]

sl = gni[ 2]

V0= s (RootOR(—2 10" — 802110+ 450547 (16.2.16)

+ 8ygrl— 4y + Syyl— Ay0F — F et — 6 2 £ ¥
+AF P04+ dy0g —dygif —dygr +4g 0 — 477
+ 8xx0—4x0°+ Z% label= L12))

alisald = alivalwes (s0id)
e arctan{(?y —2y04+ gt —2gc0+ gzc?)/(gz oy (16.2.17

+ 8y0gttl—Ay0gtF — Sy giil+ 43° — Syyl + 4 yiP
+ PP — AP0 — A0 + Ay g iF
1
2 2 2
Fdygft — 4P+ 450 — Sxx0+ 4207 ,(2x—2xm/
(e e’ + 8y0gtt0—dy0gsF — Sygte0+ 45° — Syy0
F AP+ PO P PP — AP0 — Ay g P + Ay gelP

Mathematics Survey Maple 10 — Page 47



1

+4yg£2—4g2r.£ﬂ3+4x2—8xxﬂ+4x02]2],ﬁﬂ=arctan[

—(2;.;—2yﬂ+g.¢2—zgzm+gzo2)/(g2zo“
+ S8y0gstl—Ay0gttP — Sy g0+ 43° — Syyl + 4 P
+ e 6P — AP0 —Ay0gs + dygil?

1
+4ygf,2—4g2r.f,03+4x2—8xxﬂ+4x02j2, —(zx—zxﬂ)/
(Pt + 830gtt0—dy0gtlF — SygetO+ 45 — Sy vl
F AP+ PO PP —AF P — Ay g 4 Ay g sP

1

+4yg£2—4g2£f,03+4x2—8xxﬂ+4x02]21

alisall = allvaliss (soll)

- 25—12;.9 |20+ 83020~ 430510~ 8yg110 (16.2.18)

+ 4y — 8yy0+ dy0f + ¢
+ 6P — Al P —Ay0gd + dygel?

i

1

+4yg£2—4g25503+4x2—8xxﬂ+4x02}2),vﬂ=

1
SN N P Syl et — Ayl gtF — Sy il
2:-2;@“2’2 yig yig yg

+ 4y — 8yy0+ 4yt + ¢
+ e P — Al 0 —Ay0gf + 4y gelP
1

+4yg:9—4gzzzo3+4x2—8xxﬂ+4x02)2)

The results of and show closed-form solutions for the walues of A0
and v} Substiuting the values of the known quantities at this point would allow us to
find four possible combinations of values of 80 and w0 for the solution to this probletn.

Another problem of mterest would be to obtain an equation for the trajectory of the

projectle, 1e., an equation of the form v = fix), f possible. The equations of motion
available to us are:
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8K
x=x04 vOcos(AD) (¢ — i0) (16.2.19)

eqr
y=y0 4+ vOan (80 (f —0) — %g (:—zr:'}z (16.2.20)

In order to obtain an expression of the form ¥ = ffx), we need to solve for (£-20) from
eqA and replace the result in eg ¥, as follows:

T =solvelegX, t — t)

x— x0
—_ 16.2.23
v cos (80 ‘ )
TrajectoryvBgn =subs(f — (0=T, gl
: . . 2
y=y0 + an () (x —xt) 1 g(x—=x( (16.2.24)

cos(#0) 2 e cos{f?ﬂ)z

Example 3 — Numerical solution to system of equations

The following two equations describe the sttuation at the entrance from a reservorr into a
long open channel with a trapezoidal cross-section. These equations are the energy

equation (gg &) and Manning's equation (egd):

&’
E=H=v+
Eg T e (bt zy) o)’

1
H=y+ = (16.3.1)
2 g(b+zy)?y

5
cqpp=p= . _((rzy) )’ S5
3

" rzerai5 )

-G ((b+z) P[5

n (b+ Dyafl +22) 1)

In these equations, {15 the flow discharge (volume per umt time), i 15 2 constant that
depends on the systemn of units used, & is the width of the bottom of the trapezoidal
cross-section, ¥ i the depth of flow, z 12 the aside slope of the trapezoidal cross-section's
banks ({H:zV), 5y 15 the slope of the channel bed (/H55,F), and » 15 the Manning's
resistance coefficient (which depends on the type of nung of the channel and which can
ke found in engmeenng tables).

(16.3.2)
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Manning's equation 18 dimensicnally non-homogeneous, which means that it 1z not
worthy including units in the solution of the equations. Howewer, one must be sure to
use a consistent systemn of units. For this system of equations this means that we should

use, for the 51, Cuw = 1.0, b, v, Q(m%’s), and for the English, Impenal, or FPS
system, Cu = L4864, bift). v(it). QQ&%"S). The quantities #, z, and 5 are dimensionless
{1e., they have no units attached to them).

In this example we'll use funchon fEodve to obtamn a numencal solution to the system on
non-linear equations and . First, we prowide walues for the known

quantities:

Cu=1486: »=0012: &=35: z=15: 5 =00001: A:=3: g=32.:

Thisteans & = 3.5f5, H= 304 g = 32.2_,&!'.92. A typical solution requires us to find
(2 and . Inthis case, the units for the solution would be Q(ﬁ%"s) and v,

After, assigning values to the known quantities, the equations are now:

eq R
3oyt D.DlﬁﬁE?QﬁDB; ¢ (16.3.3)
(3.5 + 1.53)% 57
agqdf
(5137
o= 1238333333 ( (354 1.5y):?yj)3 (16.3.4)
(354 3.6055512?6}:)': )
A mumerical solution 13 found nest:
soi =feolve( { g, eq}, {0, ¥1)
(0 =4058397325, y=2953373419} (16.3.5)

Example 4 — Systems of Linear Equations

Systems of linear equations are commeonly found in many disciplines. In this example,
we consider a systemn of three inear equations with three unknowns, namely:

rastart
Egi =5 x4+ 3 v+ 2 2=25
Sx4+3y4+2z=25 (16.4.1)
B2 =2 x—6 -y+z =85
ax—by+z=85 (16.4.2)
Egi==—2 245 y+3.2z=125
—2x+0y+3z=125 (16.4.3)
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The sinplest way to accomplish a selution would be to use function sadve:

safve( {Hgl Egl B3t {x.v.z}1)

_o—12%0  —1385 7185
T 14z T T4z 0t 143 ] (1644)
To obtan floating-point values for the solution we can use svaff
evaif({ )
{y=—9020979021, x = — 9685314685, z = 5024475524} (16.4.5)
Alternatively, we could use function feolve on the original system of equations:
Jeadve ([ Bgql, Bg2, Bgi}t, {(x, v, 2})
{y=—9020979021, x = — 9685314685, z = 5024475524} (16.4.6)

aysterns of inear equations can be solved using matrices. For the system of inear
equations under consideration, the matrix equation would be:

5 3 2 x 25
2 —6 1| |y|=]8s
—2 5 3 z 125

which 15 of the fortn & + & =h, with:

A=< 52, =223, =6, 0>|<2 1,3>>

5 3 2
2 —6 1 {1647
—2 5 3
L=l x ¥y, 2>
x
v {16.4.8)
z
b= 25 85 125 >
25
25 (16.4.9)
125
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To solve for & we cah use §=A_1-h, where AV is the inverse of matriz A An inverse
can be calculated using

4~ 1
23 —1 —15]
143 143 143
8 -1 1 (16.4.10)
143 143 143
> 31 36
143 143 143

Thus, the solution to the near system 1s:

f=evalm(Ad™ 1 & b
— 1385 —1290 ?185}

(16.4.11)
143 143 143
An alternative way to solve this problem is to use function Lineardigebra
[lineariobe ] 1e.,
£ = Lineardigebra [ LinearSolve | (A, &)
— 1385
143
— 1290 (16.4.12)
143
T1ES
143

Some univariate calculus applications

The following are examples of univariate calculus applications. Try the exercises on your
OWnN.

Limits
From the Expression palette:
restart

fire sin (@)
F—-~0 @
1 (17.1.1)
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Taing the full cotrnand fris for lirmts from the rightn an fromn the left:

x4+ 1l o< 2

f=x— 1
x> 2
14+ x
x—}piecewise(xfil x4+ 1,2 <=z L ) (17.1.2)
x4+ 1
Gt (Fix), x =2, Igft)
J3 (17.1.3)

fpit (Flx), x =2, right)
(1714

Led | —

Derivatives as limits

Recall the definition of a derivative:

dx  p =0 k

ar_ oy Ut k) —fx))

Here are a couple of examples of the derivative of functions using this definition as
calculated by Maple:

restari
Jlx+ By —Fflx))
h =0 A
(D)) (17.2.1)
lim I("-.l'x_l_ _\/;:I
h =0 i
1 1
- — 17.2.1
2 77 (17.21)
e s)
x+ & x
h =0 i
(17.2.2)

_1
2

Note: In (17.2.1), the notation (D(f))(x) is equivalent to df/dx.
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Derivative rules
Maple can be used to display derivative rules as indicated in the following examples:

dx

(17.3.1)

d
= h(g(x)

(D&} (gix)) (%g(ﬂ) (17.3.2)
d

— fan(x)

dx
14 tan(x)? (17.3.3)

4y g ()

dx
(%k(x]) 2(x) + Alx) (%g(x}) (17.3.4)

Notes:

1. Result (17.3.1) is the rule for a power of x.

2. Result (17.3.2) is the “chain rule” for composite functions.

3. Result (17.3.3) is the rule for the derivative of the tangent. Typically, it would be
given as sec’(x).

4. Result (17.3.4) is the rule for the derivative of a product.

L'Hopital's rule

L'Hopital's rule is used to evaluate limits of fractions when both numerator and
denominator vanish or grow without bound (approach infinity). This exercise illustrates
an example of L'Hopital's rule:

po (=1
x =1 l—l
X
2 (17.4.1)
d . 2
Fria),
O 1
a(;‘l)
— (17.4.2)
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Determining extrema (maxima and minima) and points of inflection

Cven the function
f=r—oxr —9x 423z — 15

xoxr —9x 4237 — 15 (17.5.1)
To find the extrema we calculate first the first and second denvatives

#=x - = g

N %ﬂx} (17.5.2)

Jpix)
3x°— 18x + 23 (17.5.3)

#r=x- = )
X

x— %_ﬁc}(x) (17.5.4)

Jrpix)
6x — 18 (17.5.5)

To determine extremne points, we solve fprx) = O

xe =salve(fpix) =0 1)
3+%\/§,3—%\/§ (17.5.6)

Then, we replace the values of the solution xe m the second derrrative fopiz):
Jepd =eval(fpp(x), x=x8[1])
4.3 (17.5.7)
Jepd = 0 means that xe[1] 15 a local mitrmom.
Jrepd =meval(fpp(x), x=xe[2])
—4./3 (17.5.8)

Jppd = 0 means that z2[1] 12 a local masrmum.
Inflection pomnts are found by solwing fopfx) =0

Xi=sofve(Jep(x) =01
3 (17.5.9)

The plot of the function 15 shown next:
plot(fix), x=0_6)
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Taylor series expansions

Tze function series to produce a Taylor senes expansion of funchion ffx) about a pomnt
x=a mchiding an error term of order 2 series(ftx ) x=a.n)

The definition of Taylor series expansion (error of order 6) 1s:
restart

series(flx), x=a, 2)
f@) + OW) @ G=a) + 2 (OD) () (@) (x = a)’ (17.6.1)

F @M@ @—a+ o (@) @) - o

+O((x—a)”)
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Other examples of senies expansions follow:

ser’.ées(am (x), x= % 10)

2
il ] ol 1))
+40320(x 2".rl:) + O | = 211:

series(in(x), x=1, 1M

x—1—%(x—1)2+%(;{—1)3—3—1(x—1)4
—|—%(x—1]5—é(x—l)ﬁ—l—%(x—lj?—%(x—l)g
+ L — 10— DY

Simple solutions to ordinary differential equations

2 4 f
l—l(x—%:n:) —|—L x—l ) —%(x—%n’)

(17.6.1)

(17.6.3)

Function dsolve can be used to solve differential equations. If a symbolic (closed-form)
solution is available, dsolve will provide it as the first option. If no symbolic solution is

returned, the option numeric will allow for a numerical solution. The function

odeadvisor is useful in classifying equations.

¥ Example 1-First-order, homogene ous
odel =diff(vi(x), x) +snix) =0

d : _
Ey(;{] + sinix) =10

DR Taals | adeadvisar | (adef )

[ guadraturs |
deabve (odel, vi(x))

vixi=cos(x) + Cf

¥ Example 2-First-order, non-homogeneous

oded =diff (x(¢),8) — 2 x(t)=sin(t)
%x(.ﬁ) — 2x(i) =sm(i)

CDR Toals | odeadvisar ]| (adel ),
[ [ _finear, class A ]

deadve (odel, x (£

x(£) = —% cos(f) — % sin(e) + e 20
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¥ Example 3 - Second-order, homogene ous

oded =diff(y(e), £52) + 20 diff(y(£), £) + y(£) =0
2

@) +2 (L)) +r0 =0

DR Tools [ adeadvisor | (oded)
[ [ _Znd order, missing x]]

deadve (aded, {21
yigy= Crel7H 4 oty

¥ Example 4 - Second-order, non-homogene ous

& d .
Eu(x) + 2 (Eu(x)) + uix)=sm(x) 4+ cos(x)

CODEToals [ adeadvisar | (oded)

[ [ _Znd order, linear, nonhomogensous) |
dsadfve (oded, wix))

ui(x) =gl T2+ gt = x O — %cos(x] + %sin(x]

¥ Example 5 - First-order, homogene ous system
ades! =diff(v(x), x) —yix) +Fuix) =0

d _
)yl Huix) =0

adesd =difflulx), x)—3 yix) — %=D

d 1 _
au(xj — E3yix) — Eu(x) =0
sols = dsolve ( {odes], odes? }, {y(x), u(x)})

(

sols[ 1]

L

(eria( 1) + oo 1y ) )

wix)=e
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oded =diff (uix), xE820 + 2 diff (u(x), x) + u(x) =an(x) + cos(x)

(18.4.13

(18.4.2)

(18.4.3)

(18.5.1)

(18.5.2)

(18.5.4)



sois[2]
v =13 (
s sin(}—l\/ﬁx) — ol cos(j—l\{(ﬁx) Ja7
—_Cﬁcos(‘}—l\/ﬁx) +_C’25ﬁ1(3—1\/ﬁx) \/E)

¥ Example 6 - Second-order, with initial conditions
Thiz example includes mitial conditions for the solution

ice=u(0) =1, D) (01 =—1
z(0)=1,(D(x))(0)=—1

deadve ( {odell, ies) |, wii))
_1 _1
u(f]=—%a( 4f) sﬁ(%@f) \/E+e( 4f) cos(
+ 2anii)

V7 1)

P [ =

¥ Example 7 - Second-order, non-linear, series solution
ode? =diff (x(e), t$2) + x(8) dff(x(e), £) =an(t)

we=x (=1 Dx1({0r=—1
x(0y=1, (D{x))(0)=—1
dsalve ( {adel fcs} , x{£))
xit) =
MaﬂﬁeuCPmne( 11, %s) + MathieuSPrﬁna( 1 -1, %z)
MathieuS( 11, %:) + Mathieu@( 11, %;)

sof =dsafve [ {ode?, ics}, x (1), serigs, arder =10
la 13,14 1 5 7 & 1 7
H=|1—t+ -t — -+ ="— =+ £ — i
x(6) ( 2" T8 TET T 10 T 100 T 1eso
BHS 2 2371

40320 ° 181440

£+ 0(51”))
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(18.5.5)

odel = diff (u(), £§2) + % diff (u(e), £) + % Cu(t) = gnle) + cos(s)

(18.6.13

(18.6.2)

(18.6.3)

(18.7.1)
(18.7.2)

(18.7.3)

(18.7.4)



If we wanted to plot this solubion we need to convert the series into a polynomial, 18,
xp =§ — converi (rhs(sal), polynom)
= convert (rheisol) | polvrom) (18.7.5)

xp (L)
12 12,14 1 5
l—t+ =+ - — —+ —4—
2 & & 10 120 1680
869 & 2371 »
40320 1814410

plat (xp (2), £ =02, labels = ["t"."2()"])

LAY (18.7.6)

1]

t
oo : A 20

[

[
—

>
=
-
'
o]

)

¥ Example 8 - Second-order, non-line ar, numerical solutions
restart - oded =diff (u(e), t$2) + wie) diff (ule), ) + u(.ﬁ]z =gin(t)

2
%u(ﬁ) 4+ i) (%u(ﬁ)) —I—u(f.)z:sin(ﬁ) (1881
ieg=u(0) =1, D{u)(0) = —2
(0 =1, (D)) (0)=—2 (188.2)
saf = dsalve ([ {adel, ics} , u(t), numeric)
proc(x_#kf45) . end proc (18.8.3)
The numerical solution, contained i variable 52/, 12 actually a Maple procedure (e, a
program) as indicated i . To get results out of it we need to mvoke the name

of the procedure, 1e., sof, with an argument representing a value of the mdependent
variable £, e.g.,
sl 207

Error, (in =ol) cannot evaluate the solution further
right of 2.3543778, probkably a singularity

(18.8.4)

Mathematics Survey Maple 10 — Page 60



The message above mdicates that our solubion 13 imited to the range O=f=2. 35 Let's
check the solution for ¢ = 2.0
saf (2.0

d

[.z =20, u(z) = —4.53439710339729896, — (1) = (18.8.5)

— 14.854019210?9?6950}

This result indicates that for any value of £, less than 2. 35..., s2df2) returns a list with

three equations, the first equation simply repeats the value of ¢, the second equation
showrs the value of the solution 2¢2), and the third walue shows the first denvative 22 ¥,

We can generate lists of walues of £ and of the second and third components of sadft), | 1
e., 1f8) and 22, as follows:

thist = [seg (0.1 j,i=1.2371]
(01,02 0304, 05 06,07, 08 09 1.0, 1.1, 1.2, 1.3, 14, 1.5, 1.6, (1888)

17,18, 1.9, 20, 21, 22, 23]

whist = [seq (rhe(sal (st 10 [2]), =1 nops(tlist) )]
[0 B04982860292817100, 0.6197607TE1825997E0, (1887

0.443847825511926086, 0.276513207234011848,
0.116807113286539490, —0.0364353530634958650,
—. 1584616409543046118, — 322425418173025508,
— 47292358 758TR60445, — E176761574566 14982,
— 7669545 10028067816, — 2250508041921156086,
— 1.08776762552019202, — 1.29322945582000710,
— 1.52325897029131818, — 18058590974 0282280,
— 2. 16998728160554100, — 2.66554036844046172,
—3.38661094511201898, —4.53439710359729896,
—6.62932361401094017, — 11.5514455158525078,
— 35 1033812030385752 ]
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wprirmelisi = [seg (rhe(sal (st [11[3]), 7= 1. rops(thsi) ]

[—1.90062232160106803, — 1804654 16346927032,

— 1.71483319955062963
— 1.56261473532512096
— 1461859748067 15644
— 1.43647167540257481
— 1.22866560500355053
— 1.82486255168524214
—2.52616571105355758
— 4. 183740797364835066
— B.86045423463932202
— 29.4790337487160912
—672.602128373557548

. — 1.63344419252151174,
. — 1.50456306319283817,
. — 1437734151515107 86,
. — LA46398236659525202,
. — LE427RETRI28390560,
, — 2 1036208 1833306382,
. — 3 17252084 384706780,
. —5.86240434050567806,
. — 14 8540122107976950,
, — 81 86034699936305598,

]

(18.8.8)

To produce a plot of the solution we can uze function edeplot m package plofs, e.g.,

plots| odepiot | (sad, [, w ()], § =02, labeis =["t","a(t)" ], codor = blug)

o

=
—
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'
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Lt b av e brvvrrrr s i By

t
a 0.5 1.0 15 20
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