Mathematics 1100Y — Calculus I: Calculus of one variable
TRENT UNIVERSITY, Summer 2010

Solution to Assignment #2
Rectangular Surroundings

Suppose we are given a 2 x 1 rectangle and draw another rectangle whose sides each
touch a corner of the given rectangle. (That is, the new rectangle circumscribes the given
one.)

1. What is the maximum possible area of the new rectangle? [10]

Hint: Take the angle one of the sides of the new rectangle makes with one of the sides
of the given rectangle, such as the angle 6 in the diagram. What are the possible
values of this angle? Work out the lengths of the sides of the new rectangle
in terms of this angle and the dimensions of the given rectangle. Now apply
max/min technology ...

SOLUTION. We will follow the hint and see where it leads. For convenience, here is a
version of the picture with the corners of the rectangles duly labeled.

]




We'll use AB to refer to the line segment from A to B and |AB| to refer to the length of
this line segment.

Observe that because the sum of the interior angles of a triangle is 7 radians and
ZCHD = 7 radians, AC’DH + ZDCH = 7 radians. Denoting /DCH = ZHCD by 6,
this means that /ZCDH =% — 6.

Note too that since 4HC’D+ADCB+4BC’G = /HCG = rmradians and ZDCB =7
radians, ZHCD + ZBCG = § radians. Thus ZBCG = 5 — 0, too.

Using the facts obtained above and applying similar reasoning we can also deduce
that ZADE = ZCBG = 6. Thus cos(f) = @ and cos(f) = |C—2H|, and sin(f) = @
and  sin(f) = lCH' . Hence

|HG| = |HC| + |CG| = 2cos(0) + 1sin(f) = 2cos(f) +sin(f) and
|EH| = |ED|+ |DH| = 1cos(6) + 2sin(0) = cos(f) + 2sin() .
It follows that the area of the circumscribed rectangle is
a=area(EFGH) = |EH| - |HG| = (cos(f) + 2sin(#)) (2 cos(#) + sin(h))
= 2cos%(#) + 5 cos(6) sin(#) + 2sin?(0)
= 2 (cos*(#) + sin*(#)) + 5 cos(6) sin(0)

)
=2+ 2 sin(20) ,

using the trigonometric identities cos?(6) + sin() = 1 and sin(26) = 2 cos(6) sin(f).

We need to know what the range of possible values for 6 is and where in this range
critical points of the area function a occur. A look at the detailed picture should make it
pretty clear that @ must be between 0 (when DC = HG and the circumscribes rectangle
is the given rectangle) and § (when DC = EH and the circumscribes rectangle is again
the given rectangle). Note that a = 2 + 2 sin(26) is defined and differentiable (and hence
continuous) for all possible 6, so we need not consider any points except the endpoints of
the interval of possible values of # and the critical points.

Now for the critical points.

=20 (2 + = S1n(29)> =0+ 3 cos(20) - @(2«9) =3 - cos(26) - 2 = 5 cos(26)
The critical points are those where % = 5cos(29) = 0, which occurs when 20 = T + nr

Where n is an integer, 7.e. when 6 = 7 £ n%. The only such value in the interval f , %} is
so this is the only critical point.
Comparing values,

4?

a(O):2+gsin(2~0):2+gsin(0):2

59 5
“@:“581“(25):“581“(%):

5 5 5
a<g):2+§sin(2-g):2+§sin(7r):2+§-

it is clear that the maximum value of 9 occurs when 6 = 7. Thus the maximum area of a
rectangle circumscribing a 2 x 1 rectangle iss.
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