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Thursday, 27 February

Time: 50 minutes
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Question Mark

Total - / 30

Instructions

Show all your work. Legibly, please! Simplify where you reasonably can.
If you have a question, ask it!

Use the back sides of all the pages for rough work or extra space.

You may use a calculator and (all sides of) an aid sheet.



1. Compute any four (4) of integrals a—f. [12 = / x & each/

1 ! 2
a. / dt b. / arctan(z) dz c. / ©  dx
1—1¢2 0 23+ z

oo 1
d. / ye_y2 dy e. /cosg(w) dw f. / V1—r2dr
0 0

SOLUTIONS. a. (Trigonometric substitution) We will use the substitution ¢ = sin(6),

so dt = cos()df. Note that we then have cos(f) = /1 —sin*(0) = V1 — 2, sec(d) =
1 1 sin(f) t

cos(0) = ik and tan(6) = cos0) Vi E

/1—1t2dt /ﬁcos(@)d@z/%d&z/@dﬁ

= /sec(@) df = In (sec(0) + tan(0)) + C

1 t 1+t
= + +C=ln|—— | +C [
n(¢1—ﬂ ¢L—ﬁ> H<V1—ﬁ>

has a lower degree in the numerator (0) than the

a. (Partial fractions) Since |

denominator (2), we need not divide the latter into the former. Factoring the denominator,

1 A B
1—-t2=(1—-t)(1+1),s0 21 + 11 for some constants A and B. Since
1 A B AQ+t)+B(1-t) (A-B)t+(A+DB)
1—t2 1—t 1+t 1—¢2 N 1—¢2 ’

we must have A — B =0 and A+ B = 1. It follows from the first equation that A = B;
1

plugging this into the second equation gives us A+ A =24A=1,s0 A = 2 and thus B = 2

too. This means that

1 1/2 1/2
dt = dt + ——dt.
t/l—ﬁ /Afﬁ /1+t ./1—t /1+t

We will use the respective substitutions u =1 — ¢, so du = (—1) dt and dt = (—1) du, and
w=1+1, so dw = dt, to handle each of the last two integrals above. Thus

1 1 1 1 1
— dt=- | —dt+=> | — dt = ~1)d —d
/1—# 5 ) 1%ty 1 2/ Jdu+ 5 / v
= H()+11()+C 11@ w+1la+t+0
== 2nu 2Il == 2n 2n
1. /141 M+t
= —] - =1 -
2n<1_t>+0 n( 1—t>+0

Note that this is the same answer, after a little algebra, as was obtained above using a
trigonometric substitution. W




b. (Integration by parts) We will use integration by parts, with u = arctan(z) and v' = 1,
1

so u = and v = z. To compute the integral arising from this, we will use the

1+ 22
substution w = 1 + 22, so dw = 2z dx and zdr = %dw.

1 1
1
/ arctan(z) dz = xarctan(x)hl] —/ —— ~xdr
0 o 1+=x
=11
= larctan(1l) — Oarctan(0) — / — - —dw
z=0 W 2
1 z=1 T 1 =1
=——0- 1 = — — —In(1+2?
2n(w)mzo 1 211( +x)$:O

1

i
- Bln(z) _ 51[1(1)} =7 [Eln(z) _

.o] = - %111(2) m

c. (Algebra and substitution) After simplifying the integrand, we shall use the substitution
w=2z2+1,s0dw=2zdz and zdz = %dw.

2 2 1 1
/ : dz:/z—dz:/ : dz= | — - =dw
23+ 2z z(22+1) 2241 w2

zéln(w)—l-C':%ln(zQ—l—l)-l-C [ |

c. (Partial fractions) Since has a lower degree in the numerator (2) than the

234z
denominator (3), we need not divi—ic_le the latter into the former. Factoring the denominator,
Brz=2z (z2 + 1), we note that 22 +1 > 1 > 0 for all 2, so it has no roots and hence is an
irreducible quadratic. It follows that the partial fraction decomposition of the integrand
22 D Ez+F

23+ z z 22

has the form for some constants D, F, and F'. Since

22 D Ez+F D(E+1)+(Ez+F)z (D+E)?+Fz+D

z3+z_z+z2+1 B z(22+1) B 28+ 2z ’
it follows that D+ E =1, F =0, and D = 0, and hence that £ = 1. This is fancy way of
. 22 z . . .
showing that = . We may now continue in the same way as in the previous

242z 2241
solution after simplifying the integrand. B

d. Recall that, by definition, [~ ye ¥ dy = lim Iy ye~¥" dy. To evaluate the limit, we
a—r o0

first need to compute the definite integral, which we will do with the aid of the substitution
u= —1y2, 50 du= —2ydy and ydy = —%du.

“ y=a 1 1
/ ye*y2 dy :/ e" (——) duy = ——e"




It follows that

& 2 a 2 1 2 1 1
/0 ye ¥ dy = lim ye Y dyzlim§<1—e_“>:§(1—0):§,

a—r o0 0 a—r o0
because as a — 0o, we have —a? — —oo and hence e 0. W
e. (Reduction formula) We will apply the reduction formula for integrating powers of
1 n—1
cosine, namely /cos”(x) dx = — cos" *(z)sin(x) + —— /COSn2(£C) dx.
n n

1 —1
/COSS(’LU) dw = 3 cos® ! (w) sin(w) + 3T cos> 2 (w) dw

1 . 2
= 5 cos (w) sin(w) + 3 /cos(w) dw

= % cos? (w) sin(w) + % sin(w) + C |

e. (Trig identity and substitution) We will use the trigonometric identity cos?(w) +
sin?(w) = 1 and the substitution u = sin(w), so du = cos(w) dw.

/ cos3(w) dw = / cos?(w) cos(w) dw = / (1 — sin2(w)) cos(w) duw

3
z/(l—u2) du:u—%—FC’:sin(w)—%sin?’(w)—l—C

We leave it to the interested reader to check, using suitable trigonometric manipulation,

that this answer is actually the same as the one obtained using the reduction formula. B

f. (Trig substitution) We will use the trigonometric substitution r = sin(f), so dr =
0

r
6 0
cosine reduction formula used in the first solution to e above.

[vira= [0 o [ e o
- /0 " cos(6) cos(6) df = /0 " cos®(0) db

cos(f) df and change the limits as we go along,: 71}2' We will also use the same

1 TR g 2
= —cos®> 1(0) sin(0) + — cos?~2(0) db

2 0 2 0
-5 (3)n(3) J cos(0)sin(0) + " °(6) do
=5 cos (5 )sin{5 ) — 5 cos(0)sin 2 /. cos

1 1

/2
—Z.0-1—-=-1- 1do=0—0—0"2=" _¢o=
5 01— 0+/0 a6 =0-0- 05/ =7 —0

b | 3
u



2. Do any two (2) of parts a—c. [10 = 2 x 5 each]
a. Find the area of the finite region below y = 2 — = and above y = 2.

b. Find the area of the surface obtained by revolving the curve y = z, for 0 < z < 4,
about the y-axis.

c. Find the volume of the solid obtained by revolving the region between y = y/z and
y = 0, where 0 < x < 4, about the z-axis.

SKETCHES. For a, b, and c, respectively:

SOLUTIONS. a. We first need to work out where these two curves intersect. They will do so
for those values of  where 2 = 2—x, i.e. for ?+x—2 = 0. Since 22+z2—2 = (z+2)(z—1),
this happens when x = —2 or x = —(—1) = 1. (If one doesn’t spot the factorization, the
quadratic equation will give the same answers pretty quickly.) Since the regions between

the two curves to the left of + = —2 and to the right of x = 1 are both infinite in extent,
the region in question is the one between x = —2 and x = 1, for which values of z we have
2 —x > 2. (For example, 2 — 0 =2 > 0 = 0%.) It follows that the area below y = 2 — x
and above y = 22 is:

1 2 3
Area:/ (2_x_x2)dx:<2x_x__x_)
2 2 3

7 10 27
6 3/) 6

b. First, the increment of arc-length of the curve at x, where 0 < x < 4, is given by

2 2
ds = 1+(@) dr = 1+(d_a:> dr = \/1+12dz = V2dx

dx dx

Second, this increment of arc-length is revolved around the y-axis, that is, all the way
around a circle of radius r = x — 0 = x and hence circumference 27r = 27z. We plug these



into the integral formula for the area of a surface of revolution:

Area—/ 27rrds—/ 2mx 1+ dx da:—/ 27Tx\/_da:—\/_7r/ 2x dx
0 V 0

—\/_ﬂx‘ —\V2r-16—V2r-0=16v2r W

c. (Disks/Washers) Since y = 0, better known as the z-axis, is both the lower edge of the
region and the axis of rotation, the cross-section of the solid at x, where 0 < z < 4, is a
disk of radius r = y — 0 = /7, and hence of area 712 = 7 (y/z)° = mz. These disks are
perpendicular to the x-axis, so we should use the variable x in the integral. It follows that
the volume of the solid is:

4
4 , 4 2
Volume = redr = Trdr = —| =
0 0

c. (Cylindrical Shells) Since we are revolving the region about the z-axis, cylindrical shell
“cross-sections” are parallel to the x-axis and perpendicular to the y-axis, so we need to
work in terms of y rather than z. Note that the region between y = \/z and y = 0 for
0 < x < 4 can also be described as the region between r = 4 and = = y2 for 0 <y < 2.
The cylindrical shell at 3, where 0 < y < 2, has radius » = y and height h = 4 — 32, and
hence has area 27wrh = 2wy (4 — y2) =27 (4y — y3). It follows that the volume of the solid
is:

2

2 2 4
Volume = / 2nrhdy = / 27 (4y - y3) dy = 2w (2y2 _ y_)
0 0

4
24 0?
=or(2-22—-= ) —2r(2-0° - =

=2m-(8—4)—271-0=28nx

0

In this particular case, cylindrical shells are a little harder to set up and use than disks. B



3. Do either one (1) of parts a or b. [§/

1 1
a. Find the arc-length of the curve y = sz — iln(x), where 1 < z < 2e.

cos(x)

b. Compute / dx.

sin®(z) 4 sin(z)

SOLUTIONS. a. [I'm not even going to try to sketch this curve; if you want to know what
it looks like, have a computer plot it for you.] Note that

dy d (1, 1 1 11 1 1
_— = — — — —1 = — ~2 —_ e = = — —_ — .
dz  da (437 2 n(:”)) N R (x :p)

We will plug this and our given limits for = into the arc-length formula and hope for the

best.
2e 2e 2 2e 2
d 1 1
arc—length:/ ds:/ 1+ (_y) dx:/ \/1+ (_ (:1:——)) dx
1 1 dx 1 2 x
2e 2e
1 1 1 1 1
1+=-(22-2+ —= |dzx = 244+ —d
/1 \/+4(x +x2)w /1 \/43: +2+4x2x
- 1 4 T fL'Q
2e
1 1 1
—/1 3 (m—}—g) dr = 3
: (

Not a pretty answer, but it could have been worse. B



b. We will use the substitution z = sin(z), so dz = cos(z) dx. Then

1
/ 3 COS(x). dx :/ 3 dz,
sin®(z) + sin(z) 2%+ 2z

which last is the integral of a rational function and will be tackled using partial fraction
technology. The sharp-eyed may notice that the denominator is the same as the denomi-
nator in question 1c of this test, so the procedure is pretty much the same as in the partial
fraction solution to that problem.

Since has a lower degree in the numerator (0) than the denominator (3), we

23+ 2z
need not divide the latter into the former. Factoring the denominator, 23+ 2 = z (z2 + 1),
we note that 22 +1 > 1 > 0 for all z, so it has no roots and hence is an irreducible

quadratic. It follows that the partial fraction decomposition of the integrand has the form
1 D Ez+F

for some constants D, E, and F'. Since

B4z oz 22+
1 _D+Ez+F_D(22+1)+(Ez+F)z_(D+E)22+Fz+D
B4z oz 2241 2 (22 +1) B 28+ 2z ’

it follows that D+ F =0, FF' =0, and D = 1, and hence that £ = —1.
Off we go. In one of the resulting integrals we will use the further substitution u =
22 4+1,s0 du=2zdz and zdz = %du.

1 1 —
/ ,3COS(x>. dac:/g—dz:/—dz—i—/ 2Z dz
sin”(x) + sin(z) 25+ 2z z 22 +1
1 1

1
=In(z) — / e du = In(z) — §1n(u) +C

=In(2) — %ln (*+1)+C

= In (sin(z)) — %ln (sin®*(z) +1) + C

sin(x)

Just to show off a bit, one may rewrite this answer as In +C. 1

sin?(z) 4 1

[Total = 30]



