Mathematics 1101Y — Calculus I: functions and calculus of one variable
TRENT UNIVERSITY, 2013-2014

Solutions to the Quizzess

Quix #0. Monday, 9 September, 2013. [10 minutes/
1. Find the z- and y-intercepts of the line given by y = —1z + 5. [1]

N[

2. Find the equation of the line which is perpendicular to the line given by y = —%x +
and which has the same z-intercept. [2/

3. Sketch a graph of the line given by y = —%:c + % and the one that you obtained in
answering question 2 above. [2]

SOLUTION TO 1. To obtain the y-intercept we set x = 0 and solve for y: y = —% -0+
For the x-intercept we set y = 0 and solve for z:
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SOLUTION TO 2. The line given by the equation y = mx + b will be perpendicular to the

line given by y = —%x + % exactly when m = ——t = —(—2) = 2. Now, the line given by
2

y = 2x + b has z-intercept 1 if y =2-14b =0, i.e. if b = —2. Thus the equation of the

line perpendicular to the line given by y = —%x + % and which has the same z-intercept

isy=2x—2. 0

SOLUTION TO 3. Here’s a sketch of the two lines:




Quiz #1. Monday, 16 September, 2013. [10 minutes/
Do one (1) of questions 1 or 2.

1. Find the z- and y-intercepts, and the coordinates of the vertex, of the parabola y =
2% + 4z. [5]
1

2. Verify that sec(z) — tan(z) = sec(x) + tan(z)

- [5]

SOLUTION TO 1. To find the y-intercept, we set = 0: y =2-0% +4-0 = 0.
To find the z-intercept, we set y = 0:

207 + 42 =0 = 22(r+2)=0 = z=00rz=—2.
To find the location of the vertex, we complete the square:
y=22*+4z=2[2"+2z] =2[2*+22+1-1] =2[(z+1)* - 1°] =2(z +1)* -2

It follows that the vertex is at the point that x + 1 = 0, namely x = 1; at which point
y=2(-1+1)2-2=2.02-2=-2.

Thus, the z-intercepts of the parabola are —2 and 0, the y-intercept is 0, and the
vertex is at (—1,—2). &

SOLUTION TO 2. One way to get the job done is to start with the indentity 1 + tan?(z) =
sec?(z) and rearrange it:

sec’(x) = 1 + tan®(x) = sec?(z) — tan®(z) = 1
— (sec(x) — tan(z)) (sec(x) + tan(z)) = 1
1

—> sec(x) — tan(x) = sec(z) T tan(z) [

Quiz #2. Monday, 23 September, 2013. [10 minutes/
1. Let f(x) = tan (2?), where 0 < z < \/7/4. Find f~!(z). [5]
SOLUTION. Note that if 0 < z < y/7/4, then 0 < x? < 7, and so 0 < tan (x2) <1, so our

solution for f~!(x) would need to work for 0 < x < 1. Setting z = f(y) and solving for ¥,
as usual, gives:

x = tan (y2) = 3? = arctan(r) <= y = \/arctan(z)
Thus f~!(z) = \/arctan(x).

CHECK: f~!(f(z)) = y/arctan (tan (22)) = V22 = x, since z > 0 on the given domain
of f(x). Note also that when 0 < 2 < 1, 0 < arctan(z) < §, so f~*(z) = y/arctan(z) is
properly defined and its range, [0, Vr/ 4], matches the given domain of f(z). B




Quiz #3. Monday, 30 September, 2013. [10 minutes/
(x + 1) sin(x)
——s - [9]

3 —x
SoLUTION. Note that as  — 0, (z + 1)sin(z) — (0+1)sin(0) =1-0=0 and 2% — 2z —
03 — 0 = 0. Since 8 is undefined, one cannot, therefore, simply evaluate the expression in

the given limit at x = 0 to compute the limit. We will compute it with a little help from
sin(z)

1. Compute lim
z—0

algebra and the limit laws. Recall from class that lir% =0.
T— X
lim (ZFDsin@) oy (@ d Dsin(@) 241 sin)
x—0 1’3 — 2—0 €T (x2 _ 1) 20 .TZ 1 -
= | lim Tt ) hmsm(m) :0-1- oL .
z—0 72 — 1 z—0 T 02— 1 1

Quiz #4. Monday, 7 October, 2013. [10 minutes/
1. Use the limit definition of the derivative to compute f’(z) if f(x) = 22% — Tz. [}/

2. Compute f/(z) in a more sensible way. [1]

SOLUTION TO 1. Here goes:

- 2 h)2 —7 n| —[222 -7
o KRS [ T )] = o -7
h—0 h h—0 h
o 2 (2% + 2hx + h?) — Tz — Th] — 222 + Tx
ol h
2224+ 4hx + 2k — Tz — Th — 222 + Tx . 4hxz 4+ 2h% —Th
= lim = lim
h—0 h h—0 h
zlimh(4$+2h_7):lim(4x—|—2h—7):4x—l—2-0—7:4x—7 |
h—0 h h—0

SOLUTION TO 2. Using the Power, multiplication by constants, and Sum rules for deriva-
tives:

f’(x):i(2a}2—7x):2{%x2} —7{%3}] =222 —-7-1=42—-7 [



Quiz #5. Tuesday, 15 October, 2013. [10 minutes]
1. Compute f/(z) if f(z) = (1 + z?) arctan(z). [2]
2. Compute ¢'(z) if g(z) = cos (VI +€*). [3]

SOLUTION TO 1. Product and Power Rules, mainly:

f(z) = % [(1+ 2?) arctan(z)] = {% (1+ xz)] arctan(z) + (1 + z?) {% arctan(x)}

= (0 + 2z) arctan(z) + (1 + 2?) = 2z arctan(z) + 1 [ |

1+ 22

SOLUTION TO 2. Lots of Chain Rule and a bit of Power Rule:

g’(x):%cos(m):—Sin(\/l"’em) {%Vl_f—ex]

:—sin(m)
B —sin(m) (04 ¢7) = _ewsin(\/m)
2/t /Tt eR

If you blinked and missed the use of the Power Rule above, it plays a part because

VIiter=(1+e)/? =

Quiz #6. Monday, 28 October, 2013. [15 minutes/

The interior of a trash compactor has the shape of a
rectangular box 3 m high, 1 m long, and w m wide. The
width w diminishes at a rate of 1 m/min when the trash
is compacted. The compactor is turned on with nothing <
but 6 m? of water inside it. No water leaks out (until it IS
overflows :-), and you may assume that the water does
not slosh about, the surface remaining perfectly level
throughout. N

e i)

1. How is the height of the water in the trash compactor y
changing at the instant that w =3 m? [§] ‘ ‘
SOLUTION. The volume of the water in the tank doesn’t change: it remains 6 m3 until h

exceeds 3 m. At any given instant, however, it occupies a rectangular shape with height
h m, width w m, and length 1 m, which has volume V = hwl = hw m3. Thus 6 = hw. It

d dh d dh h d
follows that 0 = 56 = a(hw) = E-w-l—f;-};l—q:, and So2at any giver;instant i —Ed—zj
When w =1m, h=2=%=2m, so — = ——-(=1) = = m/min. That is, the

w t|, . 3 3

height of the water in the trash compactor is increasing at a rate of % m/min at the instant
that w =3 m. B



Quiz #7. Monday, 4 November, 2013. [20 minutes/

1. Find the domain and any and all intercepts, vertical and horizontal asymptotes, in-

tervals of increase and decrease, maxima and and minima, intervals of concavity, and
2

1+ 22’
SOLUTION. We'll run through the usual checklist:

inflection points, of y = and sketch the graph. [5]

1—z2

i. Domain. y = {775 is defined for all z that do not make the denominator 0. Since the

denominator, 1 + 22, is always at least 1, it is never 0, so the domain of y = L‘L—;Cz is all
real numbers x.

1. Intercepts. When x =0, y = 02 = 1, so the y-intercept is y = 1.

1+

To get y = 0, we must have 1 — 22 = 0, i.e. 2 = 1, which happens exactly when
x = *+1. Thus there are two z-intercepts, x = —1 and x = 1.
i Vertical asymptotes. Since y = +x2 is defined and continuous for all x, it cannot have

any vertical asymptotes.

w. Horizontal asymptotes. Here we go:

1 — 2 1 — 2 1 L—l 0—-1
lim T lim Toa lim £ = =—1 and
z——o0o 1 + 2 z——o00 1 + 2 :c_12 :r—)—oom%{—l 0+1

1—a? 1—22 % L -1 0-1
lim x2 = lim :U2 % = lim £ = =-1,
z—+oo0 1+ x rz—+oo 1+ x =z w%+oox—2+1 0+1

since —5 — 0 as either z — —oo or ¥ — +00. Thus y =
Y= —1 in both directions.

1 T L - has the horizontal asymptote

v. Increase, decrease, maxima, and minima. First,

dy _d (1—962) @ (=a?)] - (4a?) - (-2 - 3 (1+27)]

dr ~ dz \ 1+ 22 (1+ x2)2
o[22 (1T42%) - (1—2?) - [22] 22 —22° —20+22° 4o
(14 22)° (14 22)° (14 22)°
Second, note that dy = ﬁ = 0 exactly when —4x = 0, i.e. when x = 0, and that

the denominator is always > 1, and hence always positive. It follows that d—y > 0 exactly

when —4x > 0, i.e. when z < 0, and that Y < 0 exactly when —4z < 0, i.e. When x > 0.
Thus y is increasing when x < 0 and decreasmg when z > 0, and hence has a maximum
at x = 0.

We summarise this in the usual table:

me gy 0 -
(0 T max |



vi. Concavity and points of inflection. First,

T dr

(W d( iz )[%wwmmf<4x>~[%<1+x2>2}
dz? — dv \dz (1+a2)° (1+22?)

—4]- (1+22)° + 4z [2(1+22) - L (1+22)]

- (1+a2)"
B (1+:U2) (—4- (1+x2) —|—4m-2-2m) B —4 . (1—1—:02) +4x -2 2x
- (1+22)" - (1+22)°
4 —da? + 827 dx? -4 4 (22— 1)
(e’ (e’ (e’
Second, note that % = ?Ef—x;)lg = 0 exactly when 22—1 = 0, i.e. when 2 = +1. Moreover,

2
since (1 + 3:2)3 > 1> 0 for all x, 3732’ is positive or negative exactly when z2 — 1 is positive
or negative. It follows that % > 0 when 22 — 1 > 0, i.e. when |z| > 1, and % < 0 when
22 —1<0,d.e. when |z| < 1. Thusy = L‘Liz is concave down for —1 < x < 1 and concave
up for x < —1 and for z > 1. This means that there are points of inflection at x = —1 and
rz=1.
We summarise this in the usual table:

z  (—00,—1) -1  (=1,1) 1 (1, 00)
2
dy + 0 - 0 +
inflection inflection
Y ~ point - point ~

vit. The sketch. Cheating slightly, I used KAlgebra to plot the graph:

7-\

=30 =110 | +4.0
A =




Quiz #8. Monday, 18 25 November, 2013.

2
1. Sketch the region whose area is computed by / xdr and use its shape to find the
0
area. [5]

SOLUTION. Here’s a crude sketch:

The region is a triangle with base and height 2, and so has area % 2-2=2. 1
Quiz #9. Monday, 25 November, 2013.
2
1. Use the Left-hand or the Right-hand Rule to compute / xdx. [5]
0

SOLUTION. i. Left-hand Rule. We plug things into the Left-hand Rule formula

frum o) (57

and go. Note that in this case a =0, b =2, and f(x) = a:

n

[ S e ol (B N

=1

n—oo nZ | 2 n—oo n2 | 2 2 n2 2 n? 2
. 2

= lim {2——}:2—022,

n— 00 n

Since%—>0asn—>oo.D

1. Right-hand Rule. This is much the same, except that we use the Right-hand Rule

formula: )
- b— b—
/ rdr = limZ{f(a—l—i a)}.{ a}
0 n—roo i1 n n

7




We still have a =0, b =2, and f(z) = z:

2 20 20 "2 2
= 1. E ) . = ]_ E ) — . —_—
/0 mdm nl_{n:: . |:O ! n :| |: n :| nl_r};o i |:Zn:| |:TL

1=1

2
= lim {2+—1 =2-0=2,
n

since%—>0asn—>oo. 0
Quiz #10. Monday, 2 December, 2013. [10 minutes/

1
1. Compute /
o 1

i

e dz. [5]

SOoLUTION. We will use the substitution u = 1 + 22, so fi—g = d% (1 + xz) =0+ 2z = 2z,

r u

and thus du = 2x dx and 0 1. Since we only have = dx instead of 2z dx available to us in
12

the integrand, we solve for what we do have: z dxr = %du. Then

1 2 2
- 11 1 21 1
/01+$2$ /1u2“ 2/1u“ pinw)

since In(1) =0. W

Quiz #11. Monday, 6 January, 2014. [10 minutes]
1. Compute /x21n(93) dz. [5]

SoLUTION. We will use integration by parts, with v = In(z) and v' = 22, so v/ =  and

L23. Note that we are computing an indefinite integral.

3
2 ! ! 1 3 L1 3
zln(x)de = [ w'dr = uv — uvdx:ln(x)-gx ol At dz
x

v =

1 1 1 1 1
= gx?’ln(a:) —3 /3:2 dox = §x3ln(:z;) —3° ga:?’ +C
1 1 1 1
= gzcgln(x) — 5:1:3 +C = §x3 (ln(:v) - §> +C |



Quiz #12. Monday, 13 January, 2014. [12 minutes/
1. Find the area of the region between y = 2® — z and y = 3z, for —1 < x < 1. [5]

SOLUTION. Instead of a quick-and-dirty sketch, here’s a plot of the two curves generated
by a program called kmplot:

One should be able to get a similar plot out of Maple with a command like:
> plot([x,3x,x=-3..3], [x,x"3-x,x=-3..3])

Even a quick-and-dirty sketch would (probably!) suggest that the line and the cubic
intersect three times, one of those being at the origin. A little algebra will pin them down
pretty quickly:

P —rx=y=3r = =4 = z=0o0raz’=4

— gz=0orz=+V4=42

Note that the points, other than x = 0, where the curves intersect are beyond the limits
of —1 to 1 specified for x, so we don’t have to take them into account.

A quick glance at the plot above, or a not-too-awful sketch, makes it pretty clear that
for -1 < 2 <0,y = 2% — 2 is above y = 3z, while for 0 < 2 < 1, y = 3z is above

y = 23 — x. Thus the area of the region is:

A:/ﬂQﬁ—myﬁmym+1f@x—h3—ﬂ)m

—1

:/%ﬁ_%WMﬁKMWWﬂm

—1




Quiz #13. Monday, 20 January, 2014. [15 minutes/

1. Sketch the solid obtained by revolving the region below y = 2 and above y = z, for
0 <z < 2, about the z-axis, and find its volume. [5/

SOLUTION. We'll use the disk/washer method to compute the volume of the solid. Here’s
a sketch of the solid, a cylinder with a cone cut out of it, and a generic washer at x:

A

Note that the radius of the (outside of the) washer is R = 2 — 0 = 2, and that the radius
of the hole in the washer is r = y — 0 = y = x. We are give that the region has 0 <z < 2.
Thus the volume of the solid is:

2 2 2 3
V:/T('(RZ—Tz)dSCIﬂ'/ (22—:1;2)da::7r/ (4—x2)dx:7r(4x—x—>
0 0 0 3 /1o

23 3 24 — 1
:7T<4-2—§)—7T<4~0—%):7T<8—§)—7T-O: 387T—O:§67r u

2

10



Quiz #14. Monday, 27 January, 2014. [20 minutes/

1. Sketch the “ice-cream cone” solid obtained by revolving the region below y = /1 — 22
and above y = 3z — 3, for 0 < x < 1, about the y-axis, and find its volume. [5/

SOLUTION. We'll use the cylindrical shell method to compute the volume of the ice-cream
cone. Here’s a sketch of this solid, a point-down cone with a hemisphere on top, and a

generic cylindrical shell:
//
ﬁ/—\
L
i\_/7

Note that the radius of the cylindrical shell that meets the z-axisat ris R=2—-0=x
and its height is h = V1 — 22 — (3xz — 3). We are given that 0 < 2 < 1 for our original
region. Thus the volume of the solid is:

1 1
V:/ 27rthx:27r/ .’13[\/1—1‘2—(31'—3)] dx
0 0
1
:27T/ x\/l—dex—Qw/ z(3x — 3) dx
0

1
0
1 . We’ll use the substitution
12 _
- 27T/ v (1 _$2)1/2 dx—27r/ (3$2 —3I) dx u=1-21% sodu 2z dx,
0 0

i.e. (=1)du = 2z dz, and
z 01
° 1/2 33 9
=7 [ uw/*(=1)du—2m |z — 5%
1

" 10> o do the first integral.

0

1
1

1 3/2
3 3 1
:7r/ w?du—2r |12 = 212) — (0% — 202 :7ru— —2r |—= —0
0 2 2 3/2 |, 2
2 2 2 5
:7T|:§13/2—§03/2:|+7T:7T|:§—0:|+7T:§7T .
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Quiz #15. Monday, 10 February, 2014. [10 minutes/

1
1. Compute /—dx. 5
P V9x2 + 25 5]

SOLUTION. We will use the trigonometric substitution z = 2 tan(6), so dz = 3 sec?() df.
Anticipating that we will eventually have to substitute back, note that this also means

that tan(d) = 2z and sec(d) = \/sec?(f) = \/tan?(f) +1 = / (%1)2 +1=/>22+1

Here goes:

5

- sec

/ / 0) o — / sec” do
\/9x2+2 \/9 5 tan(9))” + 25 3 \/925 tan?(6) + 25

sec? 5 sec?(0) 1 sec?(0)
/ \/25 tan?(6) + 1) = 3 / 54/seclf) @ 3/ sec() “
= % /sec(@) df = In (sec(f) + tan(f)) + C

9 3 1 3
=ln<\/%$2+1+5x>+0:1n(3 911:24—25—1—3:1:)—1—0

That last simplification is really just gilding the lily ... B
Quiz #16. Monday, 24 February, 2014. [15 minutes/
1

SOLUTION. Since we are integrating a rational function, we will use partial fractions. Note
that the denominator has higher degree than the numerator and that the denominator
factors as z° + 22 = 2?(x + 1). Hence

o 1 A B C  Az(z+1)+ Bz +1)+ Ca?
x3+x2_x2(x+1)_E+P+x—l—1_ x?(z+1)
_(A+QC)2*+(A+B)x+B
B x3 + 2

for some unknown constants A, B, and C. Comparing numerators, we get that A+ C = 0,
A+ B =0, and B = 1. It follows from the second and last of these equations that A = —1,
and then from the first equation that C' = 1. Thus

1 —1 1 1 1 1
/ d:v—/ — 4+ =+ dw:—/—daz-l—/x_de—i-/ dx
3 + 22 T 2 r+1 x r+1

1
= —In(z) —z ' + / " du (Substituting u = = + 1, so du = dx.)

1 1
= —In(x) — - +In(u) + K = —In(x) — - +In(z+1)+ K.

(K was used for the generic constant because we had already used C for another purpose.)
Perversely, if you mistakenly assume z2 is an irreducible quadratics and set up the partial

fractions as 42HE 4 m—+1, youstillget A=—-1land B=C=1. R

12



Quiz #17. Monday, 3 March, 2014. [12 minutes/

e 2x
1. Compute / ——dz. [5
) Tt [5]
SOLUTION. Here goes:
e 2x . t 2z We'll use the substitution ©v = 1 + 22,
—— 5 dzr = lim —dx z0 t
o (1+ x2)2 t—o0 Jo (1 + x2)2 so du =2rdx and | 2 -
1+¢3 1+t u—2+1 1+t2
= lim — du = lim uw2du = lim
t—oo Jq U t—oo Jq t—oo —2 4+ 1 1
u-l 1+¢2 1 1+¢2 1 1
t—oo — 1 t—oo U 1 t—woo \ 14+t 1

. 1

1
since, as t — 0o, we have 1 + 2 — oo even faster, so e —0. 1
Quiz #18. Monday, 10 March, 2014. [10 minutes/
. In(n™)
1. Compute nh_)rr;o poa [5]
SOLUTION. Here goes:
In (n™ 1 1 1 i
lim n(n") = lim nin (n) = lim n(n) = lim n(@) = oo S,()’Ps.lng,
n—00 n2 n—o00 n2 n—o00 n T—00 €T — 0 1 Hopltal S Rule,
d 1
—In = 1
:hmd”“"d()zhmﬁzhm—_>1 =0 [
z—oo Lo T—00 rz—oo r —» OO
dx
Quiz #19. Monday, 17 March, 2014. [10 minutes/
1. Determine whether the series Z nzn converges or diverges. [5/
n=1

SOLUTION. We will use the (Basic) Comparison Test. If n > 1, then 0 < X < 1, so
1

1—
0<1—2Z <1 It follows that for all n. > 1,0 < —=
n

3

1 . =1 L
< 3 Since Z 3 converges (by
n=1
the p-Test [since p = 2 > 1 here], or by the Integral Test, or from class ... ), it follows by
1

n

oo
1 —
the Comparison Test that Z 5 also converges. Wl
n=1 n

13



Quiz #20. Monday, 24 March, 2014. [10 minutes/

. . —=n(n+1)
1. Determine whether the series Z

“gnja  Comverges or diverges. [5]
=1

SOLUTION. We will use the Ratio Test.

i 2| o [ [ D) 5
n—oo | Gy n— oo n(n+1) n— o0 5”/2+ 1/2 7’L(’I’L -+ 1)
571,/2
_ o (DA 5 (ev2) 50
nSoo  m(n+ 1) /24172 b0 5n/251/2

. 2y 1 B 1 1

1 1
Since 5 > 4 and 4/ is an increasing function, V5 >4 = 2, SO % < 2 < 1. It follows
_ = n(n+1) _
by the Ratio Test that Z ez converges. (Absolutely, in fact.) B
Quiz #21. Monday, 31 March, 2014. [15 minutes/

3nn
n+1

1. Find the radius and interval of convergence of the power series Z

[5]

SOLUTION. We will use the Ratio Test to find the radius of convergence R:

n+1l,n+1
. an+ | AR A | 3z(n+1)
lim = lim |——5—5—|= lim . = _
n—0oo | QA n—o00 n—fl n— 00 n-4+ 2 Jngn n— 00 n-+ 2
1 2 1+41 1+0
= 3Jz| lim ntln 3|z| lim T = 3|m|i = 3|z|

It follows by the Ratio Test that the series will converge absolutely when 3|z| < 1, i.e
when |z| < %, and diverges when 3|z| > 1, i.e. when |z| > 5. Thus R = 1.
It remains to determine what happens at the endpoints of the interval of convergence,

n
x:il When z = —= Weget ZM = iL = 1+1+1+1+--- which is
n+1 —n +1 2 3 4 ’
the harmonic series, verified to dlverge in class. n(You could use the p-Test here: p=1«£ 1,
so it diverges.) When z = %, egetzm:iﬂzl 1—1—1—1—1— , which
37 n+1 — n+1 2 3 4

is the alternating harmonic series, verlﬁed to converge (conditionally) in class. (You could
use the Alternating Series Test to check it yet again ... ) Thus the interval of convergence
includes %, but not —%, so it is (—%, %] |
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