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Abstract

First exit times and their dependence on variations of parameters are studied for
diffusion processes with non-stationary coefficients. Estimates of L,-distances and some
other distances between two exit times are obtained. These estimates are based on some
new prior estimates for solutions of parabolic Kolmogorov’s equations with infinite horizon
without Cauchy conditions.
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1 Introduction

It is known that first exit times from a region for smooth solutions of ordinary equations
do not depend continuously on variations of the initial data or the coefficients. However,
first exit times for non-smooth trajectories of diffusion processes have some path-wise regu-
larity with respect to these variations (some related results can be found in author’s papers
(1987),(1992)). This paper studies path-wise dependence on variations of initial data and
coefficients for first exit times of diffusion processes from a domain D C R". We present an
effective estimate of distances between exit times via estimates for solutions v(x,t) of back-
ward Kolmogorov’s parabolic equations in the unbounded cylinder D x [0,400), when the
Cauchy boundary condition is replaced by the condition sup;>q [[v(-,2)||,(py < +o0c0. These

problems are sometimes called Fourier problems. Similar problems were studied earlier by
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Bokalo (1993), Oleinik and Yosifian (1976), and others. Nakao (1984) and Shelukhin (1993)
considered related problems for periodic solutions. Oleinik and Yosifian (1976) and Bokalo
(1993) consider non-linear equations, but under some additional condition. For our special
case of Kolmogorov’s equations, this condition requires that the generating differential oper-
ator is self-adjoint (i.e., A = A* in our notations below). This condition is too restrictive for
applications in stochastic analysis, and we do not require it in the present paper. We obtained
solvability and uniqueness results as well as new prior estimates for norms in Sobolev spaces
and Holder spaces for solutions of Kolmogorov’s equations with infinite horizon. Using these
estimates, we found effective estimates of E|1 — 72|P and E{exp(A|11 —72|) — 1} for exit times
71 and 72 of two diffusion processes, where p > 1 and A € (0, \pax), and where Apax > 0

depends on the class of coefficients of the It6’s equations.

Some definitions

Assume that we are given an open bounded domain D C R" with C?-smooth boundary dD.
We denote Euclidean norm as | - |, and D denotes the closure of a region D.

We denote by || - [|x the norm in a linear normed space X, and (+,-) x denotes the scalar
product in a Hilbert space X.

Let us introduce some spaces of functions. Let G C R¥ be an open domain, then W (G)
denotes the Sobolev space of functions that belong L4(G) together with first m derivatives,
q=>1.

Let HO 2 Ly(D), i.e., it is a Hilbert space, and let H! éVio/Ql (D) be the closure in the
W (D)-norm of the set of all smooth functions that vanish in a neighborhood of 9D, k = 1, 2.
Let H? = W(D) N H! be the space equipped with the norm of W2(D). Let H~! be the
dual space to H!, with the norm || - || ;-1 such that if u € H° then ||u|/-1 is the supremum
of (u,v)go over all v € H? such that ||[v]|z < 1.

The scalar product (u,v) o is assumed to be well defined for v € H~! and v € H' as
well, meaning the natural extending from v € H° and v € H!.

Let #,, be the Lebesgue measure in R™, and let B,, be the o-algebra of the Lebesgue
sets in R™.

Let 0 < s < T < +o0 and let QéDx(s,T).

Let us introduce the following spaces:
CM(s,T) = C([s, T HY), X[(s,T) = Lo([s, T), B, ea; HY), k= -1,0,1,2.

Let Xk

T,loc

(5,T) be the set of all functions u(x,t) : @ — R such that u|pxjey € XE(0,1)
for all 6,¢ such that s <0 <t<T,k=-1,0,1,2.



Let Y*(s,400) be linear normed spaces of functions u : [s, +00) — H* with finite norm
s+m+1 , 1/2
T — </ Hu(-,t)Hdet> F=-1,0,1,2
m=0,1,2,... s+m
For v > 1, let Wg’l(Q) be a Banach space of functions u : @ — R that belong to L. (Q)

. o 2 . .
together with all derivatives %, 6‘%, 8,375;, k,m =1, ...,n, with finite norm

+ > ’
Q) km=1

Let a € (0,1) be a non-integer number. We will say that a function v : @ — R belongs

to the class H!T®(1+0)/2(Q) if 4 and du/dx are continuous, and

o 0 o~/ 0w\
(g™ 2 g+ Y- (5 ) < v
k=1

n

du
ot

o
8:):k

Ly(Q)

0%u
0xL0Tm,

oz ) ol o)+

L,(Q) k=1 Ly

where

u(z,t) —u(a',t u(z,t) — u(z, t/
(u>(5) 2 max |u(z,t)] + sup [u(, t) /(a ) + sup [u(, ?) p a(/2 )
(z,t)€Q 2,2'€D, t€s,T] |z — 2’| z€D, tt'€[sT) [t — ]

This class is a special case of the Holder space from Ladyzhenskaya et al (1968), p.7.

2 Main results

2.1 Parabolic equations in unbounded cylinders

Let Q £ D x [0, +00).
Let f(z,t): Q@ — R™ and f(x,t) : Q@ — R™ ™ be measurable functions.
Let (Q2, F,P) be a standard probability space. Consider n-dimensional Itd’s equation
dy(t) = f(y(t),t)dt + By(t), t)dw(t), t> s,

y(s) = a.

(2.1)

Here w(t) is a standard n-dimensional Wiener process. The random vectors a with values in
D does not depend on w(t) — w(r) for all t > r > s.

We denote by y®*(t) the solution of (2.1) given a and s.

Let 75 = inf{t > s: y®*(t) ¢ D}.

Let b= 887 and Q; 2 D x (t,t 4+ 1). We assume that

ﬁ S C(Q7 Rnxn)7 Sup(x,t)EQs

c = Sup(g e B(x,t)| < +o0, ¢ = SUP(y.1yeq | f (@, 1) < +o0, (2.2)

g—i(:r,t)’ < 400 Vs>0,

0 AL Tb(z,t
75(33, t)’ < +OO, (5 = lnf(x7t)eQ’ geRn 5 |§.‘%2 )5 > O

— A
Cp = eSSSUP(4 1yeQ



Under these assumptions, equation (2.1) has the unique strong solution.
Set
A _
Po=(n, D, cg, ¢, cg, 0).

Let ©(Pp) be the set of all pairs (f, 3) of functions f : Q@ — R", 8 : Q@ — R™*" such that

conditions (2.2) are satisfied.

Lemma 2.1 There exists v € (0,1) such that v = v(n,D,cy,6) depends only on (n, D, cy,0)
and P(t%* > s+ 1) < v for all (f,3) € O(Py), for all s > 0, and for any random vector a

such that a € D a.s. and a does not depend on w(t) — w(r) for allt >1r > s.

Note that if the functions f(z,t) and ((z,t) are either constant in ¢ or periodic in ¢ with
the period 1, then existence of v = v(f,3) € (0,1) such that P(7%* > s+ 1) < v (Va,s) is
obvious.

Introduce the differential operator

" v n 2’U
Atyo(n) 25 jfk<x,t>§%<m> Y bkmm,t)afm@). (2.3)
k=1 m

k,m=1

Here zj, fi, and by, are the components of the vectors z, f and the matrix b= 53".
Let q(z,t) : @ — R be a bounded measurable function.

Consider the boundary value problem in the semi-infinite cylinder @ = D X [0, +00)

G (@) + At)o(x, 1) + qlx, ho(x, 1) = —p(x,1),
v(x7t)|a:€8D =0, (2'4)
esssupy> [[v(-, )| o < +o0.

Let
Py 2 (7’07 sup Q(xat)) ; Plq = (PO’ Sub |q<x’t)’> ‘

(z,t)eQ (z,)eQ
Theorem 2.1 Let sup(, yco ¢(x,t) < —Inv for all (x,t), where v =v(n, D, cy,0) is such as
is defined in Lemma 2.1. Let (f,3) € ©(Py). Then the following holds.

(i) For any ¢ € Y~1(0,+00), there exists the unique (up to equivalency) solution v :
D x (0,+00) — R of problem (2.4) in the class X3,(0,400) N X3, (0, +0c0).

(i3) v € C°(0,400), and there exists a constant c = c(P,) such that

sup ||v(- )l mo + [[vlly1(0,400) < €llelly=1(0,400)- (25)
te[0,+00)



(iii) If p € Y9(0,+00) is a Borel measurable function, then

x,s

T t
v(z,s) = E/ e(y™3(t),t) exp(/ q(yx’s(r),r)dr> dt, (2.6)
and this equality holds for all s > 0 for a.e. x € D.

(i) If sup;>o [|0lQ. L, (@) < +oo for vy > 2, then vlg, € W2NQy) for all t > 0, and there

exists a constant ¢ = c(Pjq,y) such that
sup vl llwz1q,) < ¢ sup lellz,@o- (2.7)

(v) If supy>g |l L, (@i < +oo for v > n+2, then the function v(x,t) and its derivatives
dv(x,t)/dxy, are continuous, bounded, and belong to the Holder class H'+(+a)/2(Qy)
for all t > 0, where « 21— (n+2)/v, k=1,....,n. Moreover, there exists a constant

c=c(Pig|,7) such that
1+a
sup((ulg,)) g, < e sup ¢l @u)- (28)
>0 >0

Note that the parabolic equation in (2.4) is in the sense of Sobolev generalized functions,

0
and we assume that the boundary condition v(x,t)|,cop = 0 is satisfied if v(-, ) € H =W
(D) for a.e. t. The definitions of the classes of functions ensure that the solution of problem

(2.4) has sense.

Remark 2.1 The Krylov’s estimates give estimation of sup,¢p |v(z, s)| for ¢(x,t) < 0 via the
norm of ¢ in Ly 11(D x (s, +00)) or via |||, (p) for independent on ¢ functions p(z,t) = ¢(z)

(see Theorem I1.4.2 from Krylov (1980)).

Consider now the boundary value problem with quasi-periodical conditions in the cylinder

Qo= D x (0,1)
(2, 1) + ARV (2,t) + gz, )V (2, 1) = —p(a, ),
V(l‘, t)|x€8D = 0, (2.9)
wV(z,0) = V(z,1) = 0.

Theorem 2.2 Let u # 0. Let (f,8) € O(Po). Let sup(, e q(x,t) +1In|u| < —Inv for all
(x,t), where v =v(Py) is such as defined in Lemma 2.1. Then the following holds.

(i) For any ¢ € X51(0,1) there exists the unique (up to equivalency) solution V : D x
(0,1) — R of problem (2.9) in the class C°(0,1) N X1(0,1).



1i) There exists a constant ¢ = c(P such that
qr K

200 VOl + 1Vl < el ooy (2.10)
S )

(i11) If ¢ € Ly(Qo) fory > n+2, then the functions V(z,t) and OV (x,t)/0xy, are continuous,
bounded, and belong to the Holder class H't0+/2(Qq) with o = 1 — (n + 2)/,

k=1,...,n. Moreover, there exists a constant c = C(PM,’y,,u) such that
1+
(Mor™ < ellelly o

2.2 Estimates of distances between first exit times

Let (2, F,P) be a standard probability space. Consider two n-dimensional diffusion processes

yi(t), i = 1,2, such that

dy;(t) = fi(yi(t), t)dt + Bi(yi(t), t)dw(t), t >0,

Yi (0) = a;.

(2.11)

Here w(t) is a standard n-dimensional Wiener process, f; : @ — R™ and 3; : Q@ — R™*" are
non-random functions. The random vectors a; with values in R™ do not depend on w(-). We
assume that (f;, 5;) € ©(Py), i = 1,2. In particular, we assume that the functions f; and (;
are continuous, and b;(x,t) 2 Bi(z,t)B;(x,t)T > 01, where I, is the unit matrix in R™*"
and § > 0.

Let us introduce differential operators

A " 81} 1 " 621} -
Ai(t)v(z) £ ;fi,k(x,t)ag:k(x) +35 > b km(x,t)m(m), i=1,2. (2.12)

k,m=1

Here xy, f; r, and b; iy, are the components of the vectors z, f; and the matrices b; 2 ﬂiﬁi—r .

Consider the boundary value problems in @ for ¢ = 1,2

Qi (x,t) + Ai(t)vi(z, ) + A (z, t) = —1,
”i(x7t>|xeaD = 0, (213)

ess Supys [+, 8) || 1, (p) < +00.
Let 7; = inf{t > 0: y;(t) ¢ D}, and let 7 = 71 A 75 = min(7y, 7).

Theorem 2.3 Let 0 < A < min(—Inwvy, —Inwe), where v = v; are such as defined in Lemma
2.1 for (f,8) = (fi, Bi), i = 1,2. Let v; be the solutions of problems (2.13), i = 1,2. Then
1

dv;
LAl 1] < av; ~
E)\ [e 1} zmzln; (xsg}e) ‘ (x, t)‘ E|y1(T) — y2(7)|. (2.14)



Clearly, |11 — 12|P < p! AP [eM“_TQ‘ — 1] for p = 1,2,.... Therefore, Theorem 2.3 gives

an estimate for L,-distances between two exit times for all p € [1, +00).

Remark 2.2 By Theorem 2.1 (v), the derivatives dv;(z,t)/0z are bounded, and the upper
bound for dv;(x,t)/0x depends only on (Py, A). Some upper bound can be found following
the proof of Theorem 2.1 given below and using constants from this proof with g(z,t) = A.

The question how to find the minimal upper bound is still open.

Example Let n = 1, y;(t) = a; + w(t), where a; are non-random, a; € D, and D C R is

a given interval. We have that E|y;(7) — y2(7)| = |a1 — az|. Then it follows from Theorem
2.3 that E|7; — m|P < c1(p)|ar — as| for all p > 1, and E{eMN™ 72l — 1} < ¢3(N\)|ay — as| for
A € (0,—1Inv), where v is such as in Lemma 2.1, and where ¢;1(p) > 0 and c2(A) > 0 are
constants.

We denote by [t]| the integer part of ¢.

Remark 2.3 If fi(z,t) = fi(x,t + 1), Bi(z,t) = Bi(x,t + 1), then it follows from Theorem
2.2 that v;(x,t) = Vi(x,t — |t]), where V; is the solution of

Wi (z,t) + Ai(t) Vi, t) + AVi(, 1) = —1,
Vi(x7t)‘x68D = 0,
Vi(x,0) = Vi(x,1).

If fi(x,t) = fi(x) and B;(z,t) = fi(x) do not depend on ¢, then V;(z,t) = v;(x,t) = v;(x),

and the equations for v; and V; became elliptic equations in D.

3 Proofs

Proof of Lemma 2.1. Let M 2 ©(Py) x D x [0, +00). Let = (f, 8,z,s) € M be given.
Clearly, there exists a finite interval D; 2 (di,d2) C R and a bounded domain D,,_1 C
R™ ! such that D C D; x D,,_;.
Let 7% = inf{t > s : y{"*(t) ¢ D1}, where y3"°(t) is the first component of the vector
y=5(t) = (y7°(t), oy yn " (t)). We have that

P(r"° >s+1) <P(r{" >s+1)=P(y;°(t) € D1 Vt € [s,5+ 1]). (3.1)

Let M (t) £ f; B1(y™*(r),r)dw(r), t > s, where ; is the first row of the matrix 3. Let

A

Dy 2 (di + Ky,d> + K>), where K1 = —dy — sup,, |fi(z,1)], Ko & —dy + sup, | f1(z,1)|.



Clearly, ﬁl depends only on n, D, and c;. It is easy to see that
P(y"5(t) € Dy Vt € [s,5+1]) < P(M*(t) € Dy Vt € [s,s + 1]). (3.2)
Further,
B (yLs(t)? t)Tlﬁl (yx,s(t)’ t) - ‘ﬁl (yLS(t)? t)‘2 < [67 Cﬁ}v (3'3)

where § and cg are such as defined in (2.2). Clearly, M*(t) is a martingale vanishing at s

with quadratic variation process
¢
B A O N L
S

Let 04(t) £ inf{r > s : [MH], >t — s}. Note that 0*(s) = s, and the function 6 (t)
is strictly increasing in ¢ > s given (z,s). By Dambis-Dubins—Schwarz Theorem (see, e.g.,
Revuz and Yor (1999)), the process B#(t) = M(6*(t)) is a Brownian motion vanishing at s,
ie., B#(s) =0, and M*(t) = B*(s + [M*];). Clearly,

P(MHI(t)e Dy Vtels,s+1]) =P(B(s+[M*) e Dy Vtels,s+1))

R (3.4)
<P(B*(r) € D1 Vr € [s,s+ [MH]s11]).
By (3.3), [M"]s41 > 6 a.s. for all z,s. Hence
P(B*(r) € Dy Vr€ls,s+ [MMss1]) <P(B*(r) € Dy Vre[s,s+0d)).  (3.5)

By (3.1)-(3.2) and (3.4)—(3.5), it follows that

A

sup, P(7%* > s+ 1) <v =sup, P(BH(r) € Dy Vre[s,s+94)]),
and v = v(n, D, cf,6) € (0,1). This completes the proof. [

Note that the idea to use the Dambis—Dubins—Schwarz Theorem for the proof of Lemma
2.1 was suggested to the author by Tom Salisbury. Originally, the proof was substantially

longer.

Let A*(t) be the operator formally adjoint to A(¢), i.e.,

e 0 1O 0?
A" (t)u = — ; . (fk(x, t)u(x)) +3 ka:1 0207, <bkm(a}, t)u(a:)) (3.6)

Consider the boundary value problem

% (2,t) = A*(O)p(z, t) + gz, t)p(a, t) + E(x, 1),
p(.%', t)|z€BD - 07 (37)
(

p(z,s) = p(x).



Heret > s,q: @ — R and p: D — R are some functions, the function ¢(x,t) is measurable
and bounded, §|px[s1 € X{l(s,T) for all T > s.

The following Proposition 3.1 presents some facts from Chapter III from Ladyzhenskaya
et al (1968) and from Chapter III from Ladyzhenskaya (1985). Estimate (3.8) is "the energy
inequality” (3.14) from Ladyzhenskaya (1985).

Proposition 3.1 Let 0 < s < T, T — s < d, where d > 0 is given. Assume that (f,3) €
O(Poy), p € H°, £ € X5 (s,T). Then there exists the unique solution p € X4(s,T)NC(s,T)
of the problem (3.7), and there exists a constant C = C(Py,d) such that

T T
sup )l + [ I 0lBae < (ol + [ e 0lia) @)

te(s, T s
for all (f,B) € ©(Py).

In addition to Proposition 3.1, notice that p(®) (-, T) = p® (-, T) for s < t < T if p®) (-, ) =

p(t)(-, t). Here p®) denotes the corresponding solution of (3.7) with £ = 0 given s.

To proceed further, we need some auxiliary lemmas.
We assume below that conditions of Theorem 2.1 are satisfied for g, i.e., we assume that

SUP(y e 9(¢,t) < —Inv, and v is the same as in Lemma 2.1.

Lemma 3.1 Let p be the solution of (3.7) with £ =0. Then
[ o0l < o ol e s 400), (3.9)
D

[p(z, )] < Cr eI pllgo V€ [s 41, +00), (3.10)
where wy, = —Inv — SUP(g 1yeq 4(2, 1), and C; = Ci(Py) are constants that do not depend on

s,t,p and depend on P, only, 1 =0,1.

Proof. By linearity of the problem, it suffices to consider p such that p(x) > 0 and
Jp p(z)dx = 1. Let po(x,t) 2 p(z,t)e %) and go(z, 1) = q(x,t)—\, where A = SUP(5.1ycq 4(T, ).
Clearly, qo(z,t) <0 and

&0 (2, t) = A*(t)po(, 1) + qo(x, t)po(, 1),
pO(x7t)|x€8D = 07
po(x, s) = p(z).

Therefore, po(x,t) is the probability density function of the process y®*(t) under assumption

that this process is absorbed at 0D and is killed inside D with the rate |go(z,t)|, where
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a is a random vector independent on w(-) with the probability density function p. Hence
0 < po(z,t) < m(x,t), where 7(z,t) is the probability density function of the process y®*(t)
under assumption that this process is absorbed at 0D without being killed inside D, i.e.,

Gt (x.t) = A (O)m(x, 1),

m(z,t)|zeap = 0,

m(x,s) = p(x).

Because of absorption at 9D, we have

/W(J:,t)dxg/ﬂ'(a:,r)dx vriteR: s<r<t.
D D

By Lemma 2.1, it follows that

/ m(x,t+ 1)dz < 1// w(z, t)de YVt > s.
D D

Hence
fD |p0(a:,t)|d$ = po0($7t)d$ < HW('vt)HLﬂD)
< |w(s+ [ = sDllLy o)

<vfmCs+ 1t =s] =Dl o

(3.11)

< V(s + 1t = s = 2lpypy < - < vl o) = e ol Ly ),
where |t] denotes the integer part of ¢. Then (3.9) follows.
Let us prove (3.10). Let A = {(t,s): t > s > 0}, and let g(-) : D> x A — R be the
Green’s function for the equation (3.7) such that if £ = 0 then

pat) = [ gyt by )iy, 12520, (312)
D
Let G(x,y,t, s) be the fundamental solution of problem (3.7) without the boundary condition
on 9D (i.e., for D = R"); the order of independent variables for G is similar to (3.12). By
Lemma 7 from Aronson (1968), it follows that |g(z,y,t, s)| < |G(x,y,t, s)| (Vx,y,t,s). Using
estimates from Aronson (1967), we obtain

lg(z,y, t+1,t)| < |G(z,y,t+1,t)| <c Va,ye D, t>0, (3.13)

where ¢ = ¢(P,) is a constant. By (3.11) and (3.13), it follows (3.10). This completes the
proof of Lemma 3.1. [J

Let us introduce linear normed spaces Z¥(s, +oc) of functions u : (s, +00) — H* with

+oo s+m+1 ) 1/2
ruuzk(swzz(/ Hu(-,t)Hdet> |

m=0 +m

finite norm
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Lemma 3.2 Let s > 0, let p € H°, and let ¢ € XY(s,+00) U X§1(3,+oo) be such that
£(-,t) =0 fort > s+ 1. Then there exists the solution p € X{(s,+00)NC°(s,+00) of problem

(8.7). This solution is unique up to equivalency, and

1Pl x1 (s,541) + IPllcogs,s+1) < erlllpllao + 1€l x0(s,541))5 (3.14)
1Pl x1 (s 541) [plleo(s,s+1) < calllpll o + ”gHX;l(s’erl))? (3.15)
1Pl x3 (s41,400) < €3llp(, s + Dl o, (3.16)

1Pl x1 (s41,400) T [IPllco(s+1,100) < callp(-, 5 4+ 1) | o, (3.17)

1Pl 21 (s41,400) < €5llp(+, 8+ 1) | 10, (3.18)

where ¢; = ¢;(Py) > 0 are constants that do not depend on s and depend on P, only, i =

1,...,5.
Proof of Lemma 3.2. Let us prove (3.14). For any T' > s and any ¢ € (0,0), we have
T - *

= 70l - S (B0 b 0220

n z;;l(5;(-,7:>,f2~<-,t>p<-7t>>
< T IOl 2?:1{;<s—5> o (1)

O
2
AP Il + Hp(vt)HHOHé(',t)HHO}dt
(3.19)
Here the constant ¢(¢) = ¢(e,P,) > 0 depends only on e and P, = (Pg,sup q(x,t)). We had

used elementary inequality 2a8 < ca? +¢713? (Va, 3, € R,e > 0), and inequality

Op
8.%‘2' ('7 t)

2

(pren.ronen) <3 4 gl E Ol i I Dl

HO

HO
where F(-) : D — R is an arbitrary measurable bounded function.

By Poincaré - Friedrichs inequality (see, e.g., Yosida (1965)), it follows that there exist a
constant k = k(D) > 0 such that

n

Hp('7 t)H;I%) Z

i=1

ol s w0l
3@ ) HO_ JUE H1-

By (3.19), it follows that

_ T
o D)llzo - +er f5 [IpCs )l g dt

(3.20)
< lpllao + 22 (ff 1o )l gode + [T uf(-,t)uHodt) VT s
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Here ¢; = ¢;(P,) are constants that do not depend on T" € [s, +00) for i = 1,2. By Gronwall’s
inequality, inequality (3.20) applied for T" € [s, s + 1] implies (3.14).
Similarly (3.19)-(3.20), one can derive

~ T
IpC D)o+ 0[5 lIpC )17 dt

< Hp('v S)H%—IO +c <fsT Hp('7t)H12qut + fST Hg(vt)H%[—ﬂit) VT > s.
(3.21)

Constants ¢; = ¢;(Py) > 0 do not depend on T' € [s,+00). By Gronwall’s inequality again,
inequality (3.21) with T" € [s, s+1] implies (3.15) (In fact, this is the estimate from Proposition
3.1, or a reformulation of "the energy inequality” (3.14) from Ladyzhenskaya (1985)).

Let us prove (3.16)-(3.18). Remind that £(z,t) =0 for ¢ > s + 1. By Lemma 3.1,

ple. D] < C1 e D p( s+ Do (V> s+1),

where C1 = C1(Py) > 0 is a constant from (3.10), wy, = —Inv —maxgq(x,t). Then

lp(8)llz0 < Cre= =3 D|p(-, 5+ 1)]| o,
S p( )20t < Callp(-, s + 1), (3.22)

o1 o)l odt < Csllp(-, s + 1) o

Here C; = Ci(P,) > 0 are constants. Then (3.16) follows from (3.21) and (3.22). Further,
(3.17) follows from (3.20) and (3.22). By (3.21)-(3.22),

~ pstme+l + +1

a 2 nCoo)Fadt < lp(s +m)llfe + & [0 t)130dt
<2 [ — 2wy (m—1) fs+m+1 — 2w (t—s—1) dt] Ip(-, 3+1>H%{0
< Ce 2™ p(, 5 + 1)1 %0 Vm=1,2,...

Here C, = C(P;) > 0 is a constant that does not depend on m. Then (3.18) follows. This
completes the proof of Lemma 3.2. [J

Note that (3.8) can be derived by the following way. Similarly (3.19)-(3.20), one can
derive (3.21). By Gronwall’s inequality, inequality (3.21) implies (3.8).
Let 0 < s < T, let Q= D x (s,T), and let v > 1. Introduce linear normed spaces
W, (s, T) of functions u : [s,T] — W2(D) that belong to L([s,T], B1, 1, W2(D)) and such
that au belong to L.([s,T], B1,¢1, L(D)), with finite norm
¥ 1/
dt> |
L~(D)

T 1/ T
e R R

ou
E(‘vt)
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It is easy to see that W, (s,T) C C([s,T]; Ly(D)), and this embedding is continuous.
Moreover, W, (s,T) = W2'(Q), meaning the natural bijection such that the norms are
equivalent.

The space ny(D) with non-integer [ will be used below. It is a Banach space consisting

of the elements of WWUJ (D) with finite norm

A ‘ d 1/~
2 J _ DI gl Yy
b & o+ 3 ([ as [ 1Piute) - Djuty) ,x_y,nﬂ(l_uﬂ) .

Here [1] is the integer part of I, j = (j1, ..., jn), Where ji > 0 are integers, |j| =D, jk,
Aily,
81’{1 . oxin

(See, e.g., Ladyzhenskaya et al (1968), p. 70, and Adams (1975), p. 214).

Diu(x) =

Consider the boundary value problem in Q
u(z,t)|zeap =0, (3.23)
u(z,T) = ®(x).
Here ¢: @ - R, ¢ : @ — R and & : D — R are some measurable functions, the function

q(x,t) is bounded.
Let 0 € (s,T), and let Qg = D x (s, ).

Lemma 3.3 Let 0 < s < 0 < T and v > 2. Assume that (f,3) € O(Po), ¢ € X;'(s,T),
decHY, T—s<d, and T — 0 > dy, where d >0 and dy > 0 are given. Then

(i) There exists the unique solution u € C°(s,T) N X3(s,T) of problem (3.23), and there
exists a constant C = C(Py,d) > 0 such that

lulleogerzy + lellxz sy < € (@00 + 19l o1 ) (3.24)
for all (£,) € ©(Py).
(ii) Let p € H° be arbitrary, and let p be the solution of (3.7), where £ = 0. Then
T
(’LL(~,T),p(~,T))H0 - (u(~,8),p(-,5))Ho = _/ (@("t)7p('vt))H0dt'
S

(iii) If ¢ € La(Q) and ® € HY, then u € C'(s,T) N X3(s,T), and there exists a constant
C = C(Pg,d) > 0 such that

lullers,ry + lull xzsm) < C (1@l + lel2) (3.25)

for all (f,B) € O(Py).
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() If ¢ € Ly(Q) and ® € W3_2/V(D) N H*, then the solution u of problem (3.23) belongs
to Wy (s, T), and there exists a constant C = C(Pjq,d,y) > 0 such that

ullw, 1) < C (18l 2-272 ) + Il o0 (3.26)

for all (f,08) € ©(Py).

(v) If ¢ € Ly(Q), then the solution u is such that u|lg, € Wy(s,0), and there exists a
constant C' = C(Pq|,d,7) > 0 such that

lulg, Iw, s.6) < C (1@l mo + Il () (3.27)

for all (f,3) € O(Py).

(vi) If v > n+2 and ¢ € L(Q), then u(x,t)|g, and %(azjtﬂge, k=1,...,n, are continuous
and belong to Holder class H'TU+)/2(Qy) for a = 1 — (n + 2)/y. Moreover, there
exists a constant C' = C(P|y|,d,do,7) > 0 such that

(ulgeN 9™ < C (I1@llxo0 + ez, (0)
for all (f,3) € O(Py).

Remark 3.1 Under the assumptions of statement (iv) in Lemma 3.3, u € ng 1(Q), and
]\u\|W3,1(Q) < const [lullyy, (s,), because there is a natural bijection between W,?’I(Q) and
W, (s,T) such that the norms are equivalent. Under assumptions of statement (v), u|g, €

2,1
W5 (Qe), and [|ulg, [l 2.1(g,) < const [lullw, (s.0)-

Proof of Lemma 3.3. Statement (i) follows from inequality (3.14) from Ladyzhenskaya
(1985). Statement (ii) follows from the fact that the parabolic equations in (3.7) and (3.23) are
adjoint, and from the equations for du/0t and dp/dt. Statement (iii) follows from Theorem
1.2 from Dokuchaev (1997). (Note that statement (iii) can be also derived from Theorem 6.1
and Remark 6.3 from Ladyzhenskaya et al (1968)) (pp. 178-180). More precisely, this state-
ment follows from the inequality (6.25) from Ladyzhenskaya et al (1968), p. 180, and from
the inequality (6.29) from Ladyzhenskaya (1985). In fact, Theorem 6.1 from Ladyzhenskaya
et al (1968) deals with a special case of (f,q), but it is not really important).

Statement (iv) is a special case of Theorem 9.1, Chapter IV, from Ladyzhenskaya et al
(1968). Formally, this theorem requires that ® € Wf —2/ 7(D) and ®|sp = 0. However, these
conditions can be easily replaced by our condition ® € W3 -2 (D) N H'. Let us show this.
Let @ € WWQ_QM(D) N H'. Clearly, there exists a sequence {®;}:17 C C?(D) such that



15

®;lop = 0 (Vi), and ®; — P in both spaces W72_2/7(D) and H' as i — oo. Let u; be the
solution of problem (3.23) with ® = ®;. By Theorem 9.1, Chapter IV, from Ladyzhenskaya
et al (1968), the constant C' in (3.26) does not depend on ® = ®;. Therefore, the sequence
{u;}% is a Cauchy sequence in W, (s, T) and has a limit in this space. By statement (iii),
u; — win Cl(s,T), where u € C(s,T) N X4(s,T) is the solution of (3.23) given ®. Hence
u € W,(s,T) and (3.26) is satisfied. This completes the proof of statement (iv).

Let us prove statement (v). Consider the following sequences:

hi=2, By =y M2
X1 =2, Xm =2 — 32, m=2,3,...
It is easy to see that
Xm:2—h:1+%, Xm >0, hpmi1 > b, hy, — 00 as m — +oo.

Clearly, there exists N = N(n) such that hy > v and h,, < v for all m < N. Let
sm=T —(m—1)(T—0)/N,m=1,...,N +1. It is easy to see that

0=sny+1 < < Spt1 <Spm <---<s31=1T.
Let us prove that there exists a set {t,,}N_, C [0, T] such that

tm € (Smi15ml,  u(-,tm) € W2 (D) HY, (3.28)

(s tm)llwz () < C (1@ll0 + ol (9) »
where C' = C(Pjg,7,d), m = 1,...,N. Note that we allow that {t;,}N_, can depend on
(@,¢).
First, let us prove that (3.28) is satisfied for m = 1 for some ¢;. Clearly, H?> C W3(D) =
W,i‘ll (D), and this embedding is continuous. Therefore, it suffices to prove that there exists

t1 € (s2,s1] = (s2,T] such that

u( ) € H2 (o t) gz < O (19]lmo + el zy)) - (3.29)

where C' = C(Pyy, d, dp).
Let h £ (sy451)/2 = (s2+7T)/2. By statement (i), it follows that u € C%(s, T)N X2 (s, T),

and
T 2 2 2
| 0Bt < 61 (1010 + 191, @)

where C = C1(Py,d) > 0. Hence

. T
infrep ) Ul < 75 S I )120dt < 25 (1912 + 19113,0)) -
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By statement (iii), if » € [k, T] is such that u(-,7) € H', then u € Wh(s,r), and

h r
[ e < [ a0l < 2 ()l + i)

where Cy = Ca(Pyy|,d, dp) > 0. Hence

. h
inf, e g5, 01 () < gty S -, 1) et
< Cy (infyepm luC )20+ 1912,00)) < Co (19130 +1113,0))

where § = (s3 4+ h)/2, and where C; = Ci(Pyg»d,do) > 0, i = 3,4. Thus, there exists
t1 € (s2,s1] such that (3.29) is satisfied for m = 1. Hence (3.28) is satisfied for m = 1.

Let us show that if there exists ¢; such that (3.28) is satisfied for m = k with k €
{2,..., N — 1}, then there exists ;1 such that (3.28) is satisfied with m = k + 1.

Let us now assume that there exists tx € (sg41, Si) such that (3.28) holds.

By the direct embedding theorem, if x = 1) —n/g +n/h > 0 and h > g, then W;’Z)(D) -
WX(D), and the embedding is continuous (see, e.g., Theorem 7.58 from Adams (1975), p
218; the case of bounded domain is covered by Theorem 4.26, on page 84 of the cited book;

see also related comments before Theorem 7.58 and Remark 7.49 there). We have that
Wi, ,(D) CWy™(D), m=23,... (3.30)

and the embedding is continuous. Thus, W7 (D) C WZ‘::;(D), and u(-,t;) € W}i(::ll( ).
Moreover, H“("t)”w,’f:jll(D) < C’Hu(-,t)”wgk(D) for any t such that u(-,t) € th( ), where
C=C(n,D,k,v) > 0 is a constant.

Let Ry = D X (s,tm) and Q. = D x (s,sm), m=1,...,N + 1. By statement (iv),
ol Iy s < € (Bt gs oy + el @) )

where C' = C(Pyy|,d, do, hi) > 0 is a constant. By this estimate and (3.30), we have

Hu’Qs,H_l ”th+1 (8,Sk+1) <Ci <infr6[sk+17t;€] Hu(a T)”W:f:ill (D) + H‘P”L—AQ))

< G (infyefoy, ) 0wz (o) + 9L, 0)
é@@kMJ%H e, Bllw (ot + 9, o)
1/hy
<y %Jm Ol ﬁ] +wwm@0 (3.31)
scowwﬂmk+wmw)
< G (It lwgs o) + el o))
< Cr (@] g0 + Nl () »
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where C; = Ci(P)q, d, do, hg,y) > 0 are constants, i = 1,...,7.
Further, we have
h 1/hgt1
O i)

2
th+1 (D)

. 1 Sk
inf, (s, 0s001] Hu('ﬂ")ngkH(D) <Cis=s ( S

(3.32)

S 02||U‘st+1 ”th+1 (S,Sk+1)7
where Sy 2 (Sk+2 + Sk+1)/2, and where C; = Ci(n, D, d,dy) > 0. By statement (iii),
u(-,t) € HY vt <t. (3.33)

By (3.31)-(3.33), it follows that there exists 511 € (Skt2, Sk+1] such that (3.28) is satisfied
form=Fk+1.

Therefore, we have proved that (3.28) is satisfied for all m =1,..., N.

Further, we have that W? (D) = Wi (D) and W2 (D) W,%m_l(D) C Wym™(D), m =
2,3,...,N + 1, and the embedding is continuous. By statement (iv), (3.28) implies that

ulgr,, € Wh,, (S,tm), and

et ol sty < C (st e ) + 2l )
< Gy (s tmlllwz (o) +Illis) s m=1,.., N,

where C; = C;(Py, d, do, hi,7y) > 0 are constants, i = 1,2. Remind that Qp = Q,, , C Ry
and hy > 7. Thus, statement (v) follows from this estimate with m = N. This completes
the proof of statement (v).

Let us prove statement (vi). Note that u|g, € W, (s,6), and there is the natural bijec-
tion between W371(90> and W, (s, ) such that the norms are equivalent. Then statement
(vi) follows from (v) and from continuity of embedding of W2"'(Qp) to the Holder class
HIH(0+0)/2(Q,) with 4 > n + 2 (see, e.g., Lemma 3.3 of Chapter II from Ladyzhenskaya et
al (1968)). This completes the proof of Lemma 3.3. O

Proof of Theorem 2.1. Let L%, : H® — H° be the operator such that p(-,t) = L} p,
where p is the solution of (3.7) with £ = 0, and where p € H°, 0 < s < t. By Lemma 3.2,
this operator is continuous, and |[p|| z1(s +00) < Cllpllgo for p = L .p, where C = C(P,) is a
a constant.

Given ¢ € Y10, +00) and s > 0, let v(s) € H? be defined such that

“+oo
@)oo= [ (ot Lphmodt ¥p H (3.34)
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Note that v(s) € H? is well defined for all s > 0. This can be seen from the following.
Let Byo = {p € HO: ||p||go < 1}. By (3.18), it follows that
+ *
SuppEBHo fs 00(90('775)7 Ls,tp)HOdt
< H(AOH}/*l(s,—l—oo) SuppEB HLS tpHZl(s ~+00) < CH()O”Y 1(0,400)»

where ¢ = ¢(P,) is a constant. Therefore,
Sglg [v(8)[| o < cllelly—1(0,4-00)- (3.35)
§2

Let us show that the function v = v(+, s) is the unique solution of problem (2.4), and v
has all desired properties.

For s > 0, set
B, 2 {€eYs,+00): £(,t)=0ift >s+]1, 10 st 5,50y < 13-

We have

s+1
ol = 510 51 JARC
s=U,1,4,... s S

Further, for £ € Bg, we have

T (), 6, 8) godt = [ (0(-,1), €, 1)) godt
= [F%dt [F(p( 1), Lt (-, 1) odr
= [Fdr [T(p( ), Li o€ Cot) podt = [0 (1), 08 (7)) odr,

where
w6 2 [ L ar

is the solution of (3.7) with this £ and p = 0. By Lemma 3.2, it follows that

”U||%/1(07+00) = SUPg—0,1,2,... SUP¢eB, fs+oo((10('a T)7p§8)('7 T))HOdr (3 36)

< $Upy_g1.9.. 5UPee, [€lly—1(o100) 1P 121 (5, 400) < €N@lly =15, 4005

where ¢ = ¢(P,) is a constant. By this estimate and (3.35), it follows that estimate (2.5)
holds for v.
By (3.35), v € X2 (0, +00). Let us show that v € C°(0, +00).

Set
z,t) t<m
@m(m,t):{(p( ) , m=0,1,2,....
0 t>m

Denote by vy, (-, s) elements of HY defined by (3.34) for ¢ = op,.
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By (3.36), vy, € Y0, 4+00). Further, v,,(z,s) = 0 for all s > m for a.e. . By Lemma
3.3(ii), it follows that v, (x, s) is the solution of the boundary value problem in D x (0, m)

%(m, s) + A(s)vm(z, ) + q(z, s)vm(z, s) = —p(x, s)
Um(xv S)‘xE(?D =0 (337)

vm(z,m) = 0.

Clearly, vy, € C°(0,400), since vm|px(o,m) € C°(0,m), and vy, (-, s) = 0 for s > m. For

any p € H and s > 0, we have that

(U(S) - ’Um(‘, S)?ﬁ)HO = fr_:oo((p(-,t),L;tp)Hodt

ka1 1/2
< Nelly1(000) S5 (JE L2 p3ndt) >0 as m— +oo,

since
—+oo

k+1 1/2
S ([ izlnar) <o

k=m
Hence vy, (-, s) — v(s) weakly in H? for all s > 0.
Let us show that vy, (-, s) — v(-,s) in HY uniformly in s from any finite interval.

Parabolic equations in (3.37) and (3.7) are adjoint. This means that

Um (2, S) :/ dt/ 9(y,x,t,s)p(y, t)dy, s <m. (3.38)
s D

Here g(z,y,t,s) is the Green’s function for problem (3.7) such that (3.12) holds. By semi-
group properties of the solution of problem (3.7), we have that g(-,y,t,s) = L%, ,py(+, s) for
any y € D and t > s + 1, where p,(-,s) = g(-,y,s + 1,5). Similarly to (3.13), we have that
1oy (s )| oo (py < e for all y € D, s > 0, where ¢ = ¢(P,) is a constant.

Therefore, ||py(-,s)||go < ¢ for all y € D, s € (s1,s2), where (s1,s2) C [0,400) is an
arbitrary finite interval, ¢, = c.(Py, 51, s2) is a constant that does not depend on y € D.

Let ¢ € Y9(0,4+00), and let k = 1,2,.... By (3.38) and (3.37), we have that

m-+k
%Mw@—%mgz/ ﬁ/¢mwm%mma
D

m
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Hence

2
HU’ITL‘F]C(.;S) _vm('75)H%I0 :fD f,::+k dth go(x,t)g(x,y,t, S)d$:| dy

I 2
m—+k %
= fD fer (80('725)’L5+17tpy(',3))H0dt:| dy

2
m-+k «
SID fm+ ng("t)”HOHLs_;_Ltpy(',S)”HOdt:| dy

i 2
k rit+l *
= [p| Xtk Hso(-,t>uHo||LSH,tpy<-,smHodt] ay

m i 2 ¢ . 17212
< Sy [ L ettty {7 1 o e} |

m i+1 * 1/2 2
< 160 o | S8 L 1L 1) e} ]

By (3.10),
U | L1y ()10 < Casup oy 8)ll o €=+,
yeb yeD

where C = 01(77,1) > 0 and wy, = — Inv — max¢(z,t) > 0. Hence

m+k i1 1/2
[omsk(+8) = V(s )lla0 < Ipllvoosony 3 ( [ ctsuplin o)l e-%*“—”dt) ~0
=m g Y

as m — oo uniformly in k and s € [s1,s2], where [s1,s2] C [0,400) is an arbitrary
finite interval. Hence {Um’Dx[51,52]};f1 is a Cauchy sequence in CY(s1,s2), and it con-
verges in this space. Remind that vy, (-, s) — v(s) weakly in H? for all s > 0. Hence
Um| Dx[s1,50] — V|Dx[s1,s0] 1N C%(s1,s2), and v € C°(0,+00) for any ¢ € Y%(0,4+00). The
set Y0(0, +0c0) is dense in Y ~1(0, +00), the space C°(0, +00) is complete, and (3.35) holds,
Le., supsg l[v(-,8) [ o < const [|olly—1(g +o0)- It follows that v € C°(0,+00) for any ¢ €
Y40, +00).

Let us show that v(z, s) satisfies (2.4) in the desired sense. For an arbitrary ((z) € C*°(D),
such that supp ¢ C intD, for any 6 >t > 0, we have

(C,0(0) = v(, 1)) o = 1m0 (C, U (-, 0) — V() g0

= 1im oo (C, f; (AW)vm (2, 7) + a(@, 7)o (2,7) = @ (,7))dr) o

= limp oo [} (A*(1)C(2) + (2, 7)C (), vm (2, 7)) grodr — (C, [} @2, 7)dr) gro}
= [P(A*(r)¢(@) + q(a, )¢ (), v(@, 7)) godr — (, [, @, r)dr) o

(3.39)

Thus, v satisfies (2.4) in the desired sense, i.e., as a generalized solution.



21

Let us prove uniqueness of the solution of (2.4). Let v(xz,t) be another solution from
X2,(0,400)NX3,,.(0,+00). Let p € HY be arbitrary, and let p(-,t) = L ;p, where t > s. By
Lemma 3.3(ii),

T
(5(‘7T)7p('7T))H0 - (5(',8),])(',8))}[0 = _/ ((p(',t),p(‘,t))Hodt Vs, T: 0<s<T.

Remind that p € Z1(s, +00). It follows that

(o) = [ (00 1), p( 1)) odt.

Since p was arbitrary, we have that (-,s) = v(-,s) in H? (see (3.34)). This completes the
proof of statements (i)-(ii) of Theorem 2.1.

Let us prove statement (iii). For ¢ € Y°(0,+o0), the solution of problem (3.37) can be
presented as

'Um(xa 8) = E{m(xa 3)7 (3.40)

where

’Tﬁl’s t
Em(z,5) 2 / P(y™*(t),1) eXP{/ Q(yz’s(r),r)dr}dt, To® 2 75 Am.

The equality (3.40) is satisfied for all s > 0 for a.e. z. For ¢|pyx(m) € Lns1(D x (0,m)),
it follows from the generalized It6’s formula from Krylov (1985), §I11.10. If ¢ € Y9(0, 4+00),
then the generalized It6’s formula from Dokuchaev (1994) can be used.

Let us prove (2.6) for v(s) = v(:,s) defined by (3.34). We have proved already that
vm(-,8) — v(-,s) in HY and, therefore, in Li(D), as m — +oo for any given s > 0. By
linearity of (2.4), it suffices to consider the case of p(z,t) > 0. Then &,,(x, s) is non-decreasing
in m (in the sense of non-negativity in Ly(D)). Then (2.6) follows for ¢ € Y°(0,+00) and
for v(x, s) defined by (3.34) for all s > 0 for a.e. x.

Let us prove statement (iv). Let Q* = D x (5,5 +1/2), Qs = D x (5,54 1). By Lemma
3.3 (v), we have that

lvlQs w21 (g < CrllvlQsllw, (s.s4+1/2)
<C (H‘PHL«,(QS) + (s s+ 1)[ o) < Csup,sg lellz, @)

for all s > 0, where C; = C;(P,,y) > 0 are constants. Then statement (iv) follows.

Let us prove statement (iv). By Lemma 3.3 (vi), we have that

(1+«)

({ule:))g:r ™ < C (llellLy @) + lv(ss +1Dgo) < nglg el @y
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for all s > 0, where C = C(P,,7v) > 0 is a constant. Then statement (v) follows. This
completes the proof of Theorem 2.1. [
Proof of Theorem 2.2. Consider first ¢ € Ly(Qp). Instead of (2.9), consider boundary

value problem (2.4) when
fla,t) = fle,t4+1), Blxt) =6z, t+1), qlz,t) =q(z,t+1), (3.41)

and when the parabolic equation is replaced by

ov

a(xvt) + A(t)v(x7t) + {Q(x7t) +1In |,U|}'U(x7t) = —@(.Z‘,t),

where @ is such that

H

Bla.t) = p(e )™M, te 0.1, Blat) =Bt 1),
I
We have that
TT8
v(z,s) = E/ o(y” exp(/ {q(y™*( —i—ln]u!}dr)dt
S
and this equality holds for all s > 0 for a.e. x € D. By (3.41), the probability distribution
of the vector y**(t) coincides with that of vector y™**t¥(t + k) for all k = 1,2,.... Then

o(e,0) = v(a, ).

Set V(z,t) = v(z, t)e!™#l We have that

W (i, t) + A()V (,) + g(z, )V (z,1)

= 22, e |V (2, 1) + AWV () + gl OV (1)

= —[At)v(z,t) + {q(z, t) + In|p}v(z,t) + B(z, t)]et K
+1In|u|V(z,t) + AV (z,t) + q(z, t)V (x,t) = p(x, t).

Clearly, V(z,0) = v(z,0), and V(z,1) = |u|v(x,1). Hence puV (z,0) = V(x,1), and V is the
solution of (2.9). Inequality (2.10) is satisfied with a constant ¢ defined by the estimate for
v from Theorem 2.1 (i), and this ¢ does not depend on ¢ € La(Qp).

Therefore, statements (i)-(ii) are proved for all ¢ € La(Qo).

Let ¢ € X;1(0,1). Clearly, Ly(Qo) is dense X, '(0,1), and there exists a sequence
{0} C La(Qo) such that ¢; — ¢ in X5 '(0,1) as i — oo. Let V; be the solution of
problem (2.9) with ¢ = ¢;. By statement (i) that is proved already for ¢; € L2(Qo), the
sequence {V;} 1% is a Cauchy sequence in X3(0,1) and in C°(0,1). Hence this sequence has
the limit V' € X1(0,1) N C%(0,1). It is easy to see that this V is a solution of problem (2.9).
Uniqueness of V follows from (2.10). Therefore, statements (i)-(ii) hold for all ¢ € X, (0, 1).
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Statement (iii) follows from Theorem 2.1(v) applied for v. This completes the proof of
Theorem 2.2. [

Proof of Theorem 2.3. Let e; and ey be the indicator functions of the random events
{m1 > 7} and {1 > 71} respectively.

Let F; be the filtration generated by w(t) and a.

The random variables e; are measurable with respect to the o-algebras 7z, F-,, i = 1,2,
associated with the Markov times (with respect to the filtration F;) 7 and 7; (see, e.g.,
Gihman and Skorohod (1975), Chapter 4, §2).

Set

Cl(t) é Ui(yi(t)7 t): {z(t) é Ci(t)e)\(t_;)7 te [7~—v Ti]'

Clearly, 1 € Ly (D) for all v > 1. By Theorem 2.1 (iv)-(v), it follows that v;(x,t) and gg; (x,1)

. . 920 .
are continuous and bounded, and the norms || % 2, @u)s |l &iﬁ Iz, (q.) are bounded in s > 0

for any v > 1, where Q; 2 D x (s,s+1), k,m =1,...,n. Therefore, we can apply to (;(t)
the generalized It6’s formula given by Theorem I1.10.1 from Krylov (1980), p. 122. By this

Ito’s formula and (2.13), we obtain

dGi(t) = ([%%i (yi(), t) + Ai(t)vi (wi(t), 1) | dt + 22 (yi(t), £)Bi(yi(t), t) dw(t)
= —[i(yi(t), ) + Lt + 22 (y; (), ) B; (i (t), t) dw(t)
= —[AG () + 1)dt + 2% (yi(£), 1) Bi(i(t), t) dw(t),

" d&i(t) = M)A (t) + e MG (t)dt
= TG (1), 1) B (i (1), ) dw(t) — XDt
Hence
E{e{vi[n1(7), 7] = i[y2(7), 7]} = E{ei{vi[y1(72), 2] — vi[ya2(72), 2]} }

= —Efei{vilyi(n), ] — ily1(72), 72l }}
= -E{ei{&i(n) - &)} (3.42)
=E{e [' XtDat}
= 3E{ei{X 77 — 13}
= 1E{ei {7 —1}].

Hence

B 0 < s [T Blaln() - @) 64)

(z,t)eQ



24

If we replaced the indices 1,2 in (3.42) by 2,1, we get similarly that

1 d - -
SE{eof ™ 13} < sup \”(a:,t)' E{ea|y1(7) — 12(7)|}- (3.44)
A (z,t)eQ dx
Clearly,
E[eN 7l 1] = E{ei {MM ) — 11} + Efea {27 — 1}}. (3.45)

Now (2.14) follows from (3.42)-(3.45). O

Remark 3.2 In fact, the condition in (2.2) that 0f/0x is locally bounded can be lifted.
Without this condition, equation (2.1) has an unique weak solution for any given (s,a).
More precisely, there exists a set <Q,.7-" P ow(s), y“’s(-)> such that equation (2.1) holds and
w(+) does not depend on a; the distribution of y®*(-) is uniquely defined (see, e.g., Chapter II
from Krylov (1980), Section 3 of Chapter 3 from Gihman and Skorohod (1975), and Theorems
4.1 and 4.3-4.4 from Dokuchaev (1997)). In this case, the formulations of the results need
to be adjusted as the following. Lemma 2.1 holds for any y®®(¢) such as described here.
Theorem 2.1 (iii) holds for y**(¢) defined in the conditional probability space as y**(t) given
a = x, where a is such that it has the probability density function in H°. Theorem 2.1 (i)-(ii),
(iv)-(v) and Theorem 2.3 hold in their present form. Remind that Theorem 2.3 requires that
(2.11) is satisfied for y;(t) with the same w(-) for i = 1,2.

The author wishes to thank R. McEachin, A. Rodkina, T. Salisbury, and W. Zhang for
useful discussion. As it was mentioned earlier, T. Salisbury suggested to the author the way
how to simplify the proof of Lemma 2.1. The author also wishes to thank the anonymous

referee for their insightful comments which greatly strengthened the paper.
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