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DISTRIBUTIONS OF ITO PROCESSES: ESTIMATES FOR THE
DENSITY AND FOR CONDITIONAL EXPECTATIONS OF
INTEGRAL FUNCTIONALS*

N. G. DOKUCHAEV!
(Translated by A. A. Gushchin)

Abstract. We obtain a priori estimates for the Lz-norms of solutions of parabolic Itd equations
describing evolution of the distributions of solutions of ordinary It stochastic differential equations
with random coefficients. In the case of nondegenerate equations, estimates for the Lz-norms of
derivatives with respect to space variables are also obtained. As a consequence, we establish a
generalization of It&’s formula for functions that have only square-summable derivatives of the first
and the second order (or even of the first order).

Key words. distributions of Ité processes, parabolic Ité equations, It6’s formula

This paper is devoted to studying the probability distributions of It6 processes with the
help of stochastic differential equations of parabolic type techniques [1]. The paper continues
the work [2]. In the case of degenerating It6 equations we obtain integral estimates for
functionals of It6 processes improving the well-known Krylov—Fichera estimates [1, §5.2]. (In
the limit case when there is no diffusion, similar estimates for ordinary differential equations
were obtained in [3] and [4] and used to study control problems for ordinary differential
equations.) In the nondegenerate case (different from that considered in [2]) a smoothness of
functionals with respect to an initial value of the process is established. As a consequence,
we establish a generalization of It6’s formula for functions that have only square-summable
derivatives of the first and the second order (or even of the first order).

Close results have been announced in [5].

1. Introduction. Let us consider a N-dimensional Wiener process w(t) with indepen-
dent components on a complete probability space (Q, F, P), Q = {w}. The process generates
the filtration of complete o-algebras F; = ow(s), s £ t], t € [0,T], in the usual way, where
T > 0. We assume that w(0) = 0.

Let us consider an n-vector 1t6 equation
(1.1) ay(t,w) = £ (y(t,w),t,w) det + B(y(t,w), t,w ) dw(o).

Denote @ = R™ x [0,T). We assume that functions f(z,t,w): Q@ x @ — R™ and
B(z,t,w): Q x Q — R™ N are measurable, progressively measurable for any z € R™ and
uniformly bounded with their partial derivatives in z up to the second order inclusive for f
and up to the third order inclusive for 8.

*Received by the editors July 25, 1991.
TSt.-Petersburg University, Mathematical and Mechanical Faculty, 198904 Petrodvorets, Russia.
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Let a be a random vector that does not depend on w(t) — w(s), t = s. Denote by y*'*(t)
a solution of (1.1) with the initial condition

(1.2) y(s) =a.
We shall study the functionals
T
(1.3) V(z,s,w) =E{ / w(ym’s(t,w),t,w) dt | y-;},
k]

where (z,3) € Q and p(z,t,w) are measurable F;-adapted (see a more precise definition
below) functions.

Let us introduce some notation: By, is the Borel o-algebra in R™; A\, is the Lebesgue
measure in R™ and By, is the completion in the Lebesgue measure of By, ; P is the o-algebra
of progressively measurable (with respect to F;) subsets of [0, T] x ©; P is the completion in
the measure A1 X P of P; By, ® F is the completion in the measure A1 x P of the o-algebra
Bn ®F.

Introduce the Hilbert spaces H¥, k = 0,+1,=+2: for k = 0 we put H* = W§(R™), H™*
is the completion of H® in the norm |ul| ;- = (I - A) *u, “)11‘1/02 (these spaces are the same
as in [2]).

Introduce the Hilbert spaces

X*[s,T] = L? ([s,T] x Q,P, A1 x P,Hk),
Y[s,T] = LZ([s,T],B'I,,\l,Hk), zkF = 1*(Q, F., P, HY)
and the Banach spaces
Cils, T) = C([s, T - 2§

of functions u(t): [s,T] — Z% continuous in t. We assume that these spaces contain functions
of (z,t,w) (or (z,t), or (:v w)), although strlctly speaking, they contain equivalence classes.
We denote for brevity X* = X*[0,T], Y* = Y*[0,T], Co = Co[0, T).

Introduce the parameters

pf = sup If(x ¢ w)l w3 = sup |ﬂ(m,t,w)|,

z,t,w z,t,w

3

iy = s [L@ew), o= s [Pt

z,t,w z,t,w oz

8

Hp = sup | = 98 (st w)i p1={n,N,T,ug,pup pp}, b2 = {u% g}

z,t,w

(Here |0B/0z| and |8?3/8z?| are the usual Euclidean norms of the derivatives of mappings
from the finite-dimensional space {z} = R" into the corresponding finite-dimensional spaces.)

2. Degenerating equations. Let

b(z,t,w) = 1 Bz, t,w) Bz, t,w)T.
Let us consider the Cauchy problem for the parabolic [1] I1t6 equation

dym(z,t,w) = Zn: % {bij(:c,t,w) ﬂ'(a:,t,w)}dt
{ (2, t,w) Tz, t,w) + &(z,t w)}dt

5—
n
2333

Jj=li=1 i

>

=1

N

(2.1) -3 {bi(@ )@t w)} dw@e),
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(2.2) (z,8,w) = ps(z,w).

Introduce the operators L; and L£3: we assume that m = L;¢ + £5p. It is known [1]
that the operators L}: X[s,T] — X[s,T], £%: Z! — X'[s,T] and L}: X[s,T] — Co[s, T}
are continuous. From [1, Lem. 4.2.3] it follows that the last two operators can be extended
to continuous operators Li: X°[s,T] — Co[s, T] and £%: Z2 — Cols,T] and there exists a
constant co = co(p1, p2) > 0 depending only on 1 and w2 such that the norms of the two
last operators do not exceed co.

We shall denote by Ls and £s; the operators dual to Lj: Xo[s,T] — XO[s,T] and
£3: Z9 — X°[s,T), ¢l(s,1) denotes the restriction of ¢ € X° onto R™ x [s,T] x Q.

THEOREM 2.1. Let a function p(z,t,w): @x 2 — R be a (Bp+1®F, B1)-measurable [6,
p- 282] function in X°. Then the following holds for the function V (z,s,w) defined by (1.3)
and the function v(z, s,w) = Ls(¥pl(s, 1))

a) v € Co, v= Loy;

b) V € Co and v(z,s,w) = V(z,s,w) for any s for a.e.

c) [Vlles € collellx,, where co = co(p1, u2) depends only on p1 and pg introduced in
§1.

Remark. The estimate in statement c) of the theorem resembles the Krylov-Fichera
inequality [1, §5.2], which allows one to estimate the norm of the function EV(z,t,w) in
Ly (Q) for nonrandom f, 3, ¢.

Proof. One may easily see that v = Loy and, if £ =0,

(vC0,0 2s0)) , = (@P)x0pm)

for p = £3ps. Since the choice of p is arbitrary, we obtain that

T
(2.3) (v(a:,s,w), ps(z, w))Ho = E{/s (tp(m,t,w), p(a:,t,w))Hodt | .7-"8} a.s.
If ps =0,

(2.4) (v,8) x0(s,7) = (™) x0[s, 7]
for m = L%¢ (here and below (-,-) stands for the scalar product in the corresponding Hilbert

space). From (2.3) one can also deduce the estimate

2 \1/2
sup (E"v(z,t,w) ) < collellxo
t H

with the constant ¢p = e¢o(11, p2) introduced before the statement of the theorem.
Let us establish that v € Cp.

It is enough to show that Lop € Co (V¢ € X) for some set £ C X° that is everywhere
dense in X°. Let IT: Co — Co be the operator such that, for u € Co, (TTu)(t) is the projection
of u(t) € Z3 onto ZP for all t. Let 7: X° — Cj be the operator which maps a function g
into a solution u = 7T g of the problem

ou
5 TAu=—-9,  uler =0

Define the operator R: X° — X° by assuming that R*m = h for the dual operator R*, where
h =7 — z and z is a solution of the problem

di2(z,t,w) = A (z,t,w) 2(z, t,w) dt

+ i zn: {bi(@,t,0) (@t w) - 2(a,t,w)] b, (), 2(z,0,0) =0,

ji=1li=1
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(the operators 7 and R have been introduced and investigated in [2]). Similar to [2], Lo may
be represented as the superposition Lo = TR, where T = ITT: X° — Cj is a continuous
operator and 7(X°) C Co. From the form of R* and [1, Thm. 4.2.1] we obtain that the set
X = {p € X°: Rp € X°} is the one required: it is dense in X° and Loy € Co (V¢ € %).

Let ps € Z. be the conditional (relative to Fs) density of some vector a, which does
not depend on w(t) — w(s), t = s; this means that ps is the Radon—-Nikodym derivative
of the regular conditional (relative to Fs) distribution of a with respect to the Lebesgue
measure (see [1, §5.3]). It is known [1] that in this case p(z,t,w) = £} ps is the conditional
(relative to F;) density of the distribution of the solution of the equations (1.1)-(1.2) (in
the case E|a|? = 400 a solution of the equation is understood in the sense of {7, §1, p. 4]).
Without loss of generality, we shall assume that a is a random vector on the probability space
(Q,F,P), where 0 =Qx Q, 2 =R", F = F® B,, and

f’(I‘lxI‘g)=/ P(dw)P'(w,T2), where P'(w,I‘z):/ ps(z,w)dz
Ty Ty

for 'y € F and I'; € Bn. The symbol E denotes expectation in (5,7-' , f’) ‘We suppose that
@ = ||lw,’|l, @ = {@} and a(@) = w'.

The function <p(y"’/’3 (t,@),t,w) is (Bn+1,B1)-measurable as a function of w’,t for a.e.
w and (f , B1)-measurable as a function of @ = ||Jw,w’| for a.e. t. This follows from the fact
that the vector y**(¢) has a density and a F;-conditional density and, hence, the preimages
of Borel sets of zero measure have zero measure for the function y“’l’s (t,w) considered as a
function of ¢, for a.e. w and a function of @ for any t = s (it can be easily deduced from
this that the mapping col[y“’"’ (t,w),t]: O x[s,T] — R" ! is (Bn+1, Bnt1)-measurable for
a.e. w).

onm (2.3) and Fubini’s theorem we obtain

B(ps(o,0), V@, 00) =B [ pala w)E{ / " o[, at fs}dm

=E{/R dz ps(z, w)/ { y* (t,w), t,w |.7-'t}dt}
= /STE/RH ps(z,w) w[ym’s(t,w),t,w] dzdt = /sTfkp[ya’s(t,G),t,w] dt
(2.5) = /ST E(p(w,t,w),tp(m,t,w))Hodt = E(ps(x,w), v(w,s,w))Ho

(summability of the functions is seen from (2.3) and the fact that p € X°[s,T], ¢ € X°).
Since the choice of ps and a is arbitrary, it follows that V(z,s,w) = v(z, s,w) on Cp. The
theorem has been proved.

THEOREM 2.2. Let ps(z,w) € L?(Q, Fs, P, H®) be the conditional (relative to Fs) den-
sity of the distribution of a random n-vector a, which does not depend on w(t) — w(s), t 2 s.
Then the function p(z,t,w) = £5ps is the conditional (relative to Fi) density of the distribu-
tion of the process y**(t,w). The following estimate holds:

pllcogs, ) < collpllzo,

where co = co(u1, p2) depends only on p1 and ps.
Proof. It has been already noted that the operator £3: Z3 — Co[s, T} is continuous and

there exists a constant co = co(u1, u2) such that the norm of the operator does not exceed
Co.

One may see from (2.3) and the chain of equalities (2.5) that

T _ T
/ Etp[y“’s(t,u‘i),t,w] dt =/ dt/ ps(m,w)w[y“”s(t,w),t,w] dz
s s Rn
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T
= E/ dt/ p(z,t,w) p(z,t,w) de.
s R»

(Here E and & are the same as in the proof above.) Since the choice of ¢ is arbitrary, from
this one can obtain routinely the statement of the theorem.

3. Nondegenerate case. Let
w1 () = ||w(1)(t), o D (t)”, wa(t) = ||w(d+1)(t), ™ (t)"

be two parts of w(t), 0 < d < N. As to the initial probability space (2, F, P) we shall assume
that Q = Q1 x Q2, F = F1 X F2, P = P1 X P2 and the processes w;(t), i = 1,2, are given
on the probability spaces (Q;, F;, P;); for w € Q we have w = |Jwi,ws], wi(t,w) = w; (¢, w;),
i=1,2.

Let .’/-'t(i) = o[w;(s), s £ t] be the completion in Q of the o-algebras generated by w;(-).
Denote by P1 the completion of the o-algebra in [0, T]x Q2 generated by processes progressively
measurable relative to ft(l).

Introduce the spaces X* = L?([0,T] x ©, P1, M\ x P, H*).

Denote by X the class of functions u(z, t,w) = u(z,t,w;,ws) € X° such that

2 1/2
lullx = (/ Pl(dwl)/ esssup!u(z,t,wl,wg)l dwdt) < 4o00.
(931 Q w2

Introduce the (N — d) X n matrix B= |Ba+1;---,8n| (here 8; are columns of 3).
THEOREM 3.1. Let the function B(z,t,w1) does not depend on wz(-) and

det{ﬁ(x)t,wl) B(fl),t,wl)T} g 6§>0 (Vm,t,wl)

for some o > 0. Let 9 € X, ®;i(z,t,w) = ®;i(z,t,w1) € X% i=1,...,n, and

=\ 8D;
p(z,t,w) = ®o(z,t,w) + z W(z,t,wl).

i=1

Then the following estimate holds for the functional (1.3):

n
3.1 IVilx < C(ll%llx + “cbill’fo),

i=1

where ¢ = ¢(p1,8) > 0 depends only on & and the parameter uy introduced in §1.
Proof. It is enough to consider non-negative functions ¢(z,t,w).
Introduce the set

By = {ﬁ(m,t,w) € X': ¢(z,t,w) — is bounded and finite
2
€(x,t,w) 20, E f (E{E(a:,t,w) | }‘t(l)}) dwdt < 1}.
Q

Let £ € By. Put © = L*¢, ®(x,t,w) = E{r(z,t,w) | FV}, &(z,t,w) = E{&(z,t,w) |
7MY,
E{®o(z,t,w) m(z,t,w) | F}

E{n(z,t,w) | FV}

E{f(z,t,w) w(z,t,w) | ft(l)}
E{n(z,t,w) | ft(l)} '

Do(z, t,w) =

)

flz,t,w) =
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ProPOSITION 3.1. For& € By,

a) 7|1:z:,t, w) 2 0 for all t for a.e. z,w;

b) |Po(z,t,w)| < esssup |Po(z,t,w)| for a. e z,t;
w

¢) |f(z,t,w)| sup, ; ., |1f(z,t,w)|.
Statement a) of this proposition follows from Theorem 2.1 and the remaining statements
follow from a).

One can easily see that the function 7 satisfies the equation

A7 (z, t,w) = Z 8:1: {b,,(z t,w)m(z,t w)}dt

z":
5

(Rt w(o ) + (o )

az;
(3.2) an {ﬁij(:c,t,w) ?(a:,t,w)} dwD (t), 7 (z,0,w) = 0.
1

Equation (3.2) is a superparabolic [1] It6 equation for any bounded measurable function
f (it would be a parabolic [1] It6 equation if d = N). As is seen from the proof of Theorem
4.1.1 in [1], one may take 3_(b‘u); instead of 3" b*u; in the right-hand side of (4.1.1) in [1].
Applying Theorem 4.1.1 in [1], we get the estimate

(8.3) "-7?"5(‘1 Sa "E"’)Zo Se,
where ¢ = ¢1(u1,6) does not depend on the choice of ¢ € By.
We have
IVlixe = sup (V,€)xo £ sup (p,7)xo0
¢€B, £€B,
b on

3.4 < sup |(®o,T)xo0 + (cI) ,-—->
(3-4) EGBP+ ( ) xo ; i 82: ) 3o

for non-negative ¢(z,t,w). Evidently,

| @0, m)xo

= ‘(30»7?)520

on
}(«»,,5—)

From this and (3.3)-(3.4), we obtain the estimate (3.1).

THEOREM 3.2. Let the assumptions of Theorem 3.1 be satisfied. Let p and p be the same
as in Theorem 2.2,

< 1%ollzo 7l %o

£ [19illszo Il x2.

P, t,w) = E{p(z,t,0) | FP},  B(o,0) = B{p(e,w) | FV Y.
Then
"p“’fl [s,T) s c“ﬁ"Zf»

where ¢ = ¢(p1,6) depends only on p1 and 6.
Theorem 3.2 is proved similarly to the proof of Theorem 3.1.
THEOREM 3.3. Let the function B(z,t,w) = B(t) in (1.1) does not depend on z and w,

det {B(H)AOT} 28>0  (ve),
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and the function ¢ = p(z,t) € L*(Q) in (1.3) is nonrandom. Then

(3.5) Z
=1

where ¢ = ¢(p1, 6).
Proof. Introduce the set

o @t w)“ < elellza o,

= {E e X [I€ll xo £ 1, &(z,t,w) is smooth and finite for all w}.
Denote D = 8/0z;. We have

ov

(3.6) 51 | o

= sup (V, D &) xo = sup(p, L* D) xo.
£EB £EB

Let 7 = L*D¢, 7(z,t) = En(z,t,w) for £ € B. Then

n 2
(3.7) % @)= S 5;% (bi,- O 7 (, t)) +J(z,t) + ED£(x, t,w),
ij=1 "
(3.8) 7(z,0) =0,
where

b= |lbi;l = 88T,  J(z,6)= Z—E{f,(m,t,w)ﬂ(ax,t,w)}.

Evidently,

oV N _
(3.9) 5| o = 2220 xe £ el @Il
(3.10) Il Loc@) < {1l + IEDEly—},

where ¢1 = e1(p1, 6) is some constant. The last inequality follows from known properties of
the problem dual to (3.7)-(3.8).

One can note that
(3.11) Ily-2 £ ellmllx-1,

where ¢ = ¢(u}). It is seen from (3.9)-(3.11) that the estimate (3.1) will be proved if we
shall show that the norm of the operator L*: X! — X! or the operator L: X! — X' is

bounded by a constant depending only on p;, and /./f. Let us prove this.
We have

)% _ T Oy xz,s z,s
(3.12) 5E(m,s,w)—E{/s a(y (t,w),t)h (t,w)dtl]—'s},

for a smooth finite ¢ € X', where h®*(t,w) are solutions of the equation

dhz »8

(t,w) = f( z’s(t,w),t,w) h®* (t,w),

h®3(s) = col ||egj)||?=1, where egj) =1ifi=jand egj) = 0if i # 7 (one may use the results
in [8, Chap. 8]).
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Evidently, |h®*(t,w)| £ ¢ (Vt,w), where ¢ = ¢(T, us, up). Applying Theorem 2.1 to
(3.12), we get the estimate

v
ami X0 -

o0
or X1 ’

where ¢ = ¢(u1, ;). Theorem 3.3 has been proved.

4. Corollaries: Generalizations of Ité’s formula. Let us introduce the classes of
functions:

ykl = {u(m,t): ueYk, ?9; €Y’ r=0,1,...,l},

Wkt = vkl c([o, T] — HO).

THEOREM 4.1. Under the assumptions of §2,

E'u,(ym T, w), T) —u(z,0) = E/ ( +Au) (’y”’o(t, w),t,w) dt

for any function u = u(z,t) € W?! for a.e. z € R™.

Note that, in comparison with the theorem in [8, § 10.2], nondegeneracy of the matrix
ﬂﬁT is not required, and L2-summability of derivatives of u instead of L4-summability with
¢ = n+ 1 is required (but the obtained statement is less strong since it holds only for
almost all z). Below we shall escape the restriction on u(x,t) that the derivative 82u/dz? is
La-summable.

THEOREM 4.2. Let the assumptzons of Theorem 3.1 be satisfied, u = u(zx, t) e W0 and
let the representation u(-,t) = uo + fo ¥(s) ds take place, where and uo € H°, 5 € Y~ ! (the
equality holds in H® for all t). Let a sequence {®4}32; C X° be such that

8%u
<I>k—->v+2b,](wtw1)a 5, -(z,t) € X~ !
i,J=1

as k — 400 in the metric of X~ 1. Then

Eu(yw’O(T, w),T) — u(z,0) = E/OT % (y“”o(t,w),t) f(yz’o(t,w),t,w)dt

x,0
+ lim E Cbk(y (t,w),t,w)dt,

moreover, the limit exists in H® = La(R™), the both sides of the equality, as functions of
z € R™, belong to H® and the equality holds in H® = Ly(R™) (for a.e. z).
The proof of Theorems 4.1-4.2 is based on an approximation of u by more smooth

functions (as well as the proof of the theorem in [8, §10.1]) and makes use of Theorems
2.1-2.2 and 3.1.
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INTEGRAL TRANSFORMS WITH INFINITELY DIVISIBLE
KERNELS*

M. FINKELSTEINT, S. SCHEIBERG!, aND H. G. TUCKERT

Abstract. Given r characteristic functions fi(u),..., fr(u), none of which is identically equal
to one, it is shown that the integral transform

/o°°.../0°° (fl fj(uj)sj) AF(s1,...,87)

j=1

of the joint distribution function F' of r non-negative random variables can be defined over a nonempty
domain of natural numbers and it uniquely determines F'. This result is used to obtain the converse
of a multivariate version of a transfer theorem due to Gnedenko and Fahim, thus extending a result
of Szasz and Frajeris in the univariate case. An application is also made to Lévy processes.

Key words. intergral transform, infinitely divisible, vector of random sums, the Lévy process

1. Introduction and summary. Given r probability characteristic functions f;(u) <
fr(u), none of which is identically equal to one, we show that the integral transform

Qr(u) = /Ooo'”/ooo (Hfj('ll:j)sj) dF(s1,...,8r)
j=1

can be defined over a domain of natural numbers, where F' is any joint distribution function of
r non-negative random variables. Such a transform has arisen earlier in the case » = 1 in pa-
pers by Feller [1], Gnedenko and Fahim [4], and Szasz and Frajeris [6], and in the monograph
by Kruglov and Korolev [5]. This transform is shown here to determine F' uniquely. This re-
sult is then used to answer a number of questions in the theory of independent random sums
of independent random variables. In §3 a multivariate extension of the transfer theorem by
Gnedenko and Fahim [4] is obtained, and our uniqueness theorem is applied to give necessary
and sufficient conditions that the joint limit distribution have independent coordinates. In
connection with this, the converse to this transfer theorem obtained by Szasz and Frajeris in
[6] is extended to the multidimensional case by means of our uniqueness theorem. In §4 the
results of § 3 are applied to Lévy processes.

2. The integral transform. Let f(u) be an arbitrary characteristic function, and let
F(z) be the distribution function of a non-negative random variable. If f(u) # 0 for all u,
let J(f) = RY; otherwise, let J(f) = (—a,a), where

a:sup{ueRlz f(u);éo} =-inf{ueR1: f(u);éO}.
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