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Introduction

We consider parabolic equations in nondivergent form with discontinuous coefficients at higher
derivatives. Their investigation is most complicated because, in general, in the case of discon-
tinuous coefficients, the uniqueness of a solution for nonlinear parabolic or elliptic equations can
fail, and there is no a priory estimate for partial derivatives of a solution. There are some condi-
tions that ensure regularity of solutions of boundary value problems for second order equations
and that are known as Cordes conditions (see Cordes (1956)). These conditions restricts the
scattering of the eigenvalues of the matrix of the coefficients at higher derivatives. Related con-
ditions from Talenti (1965), Koshelev (1982), Kalita (1989), Landis (1998), on the eigenvalues
are also called Cordes type conditions. Gihman and Skorohod (1975) obtained a closed condition
implicitly as a part of the proof of the uniqueness of a weak solution in Section 3 of Chapter 3.
Cordes (1956) considered elliptic equations. Landis (1998) considered both elliptic and parabolic
equations. Koshelev (1982) considered systems of elliptic equations of divirgent type and Holder
property of solutions. Kalita (1989) considered union of divergent and nondivirgent cases.
Conditions from Cordes (1956) are such that they are not necessary satisfied even for
constant non-degenerate matrices b, therefore, the condition for b = b(x) means that the

corresponding inequalities are satisfied for all zy for some non-degenerate matrix 6(xg) and
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b(z) = 0(x0)Tb(x)0(xo), where z is from e-neighborhood of 2 (¢ > 0 is given). We found
another condition (Condition 1.1 below) that ensures solvability and uniqueness for first bound-
ary value problem for nondivirgent parabolic equation with discontinuous diffusion coefficients.
This condition ensures existence of Lo-integrable derivatives for the solution for Lo-integrable
free term. Prior estimate is proved, in contrast with the existing literature.

For discontinuous diffusions, uniqueness of a weak solution cannot be guarantied for the
general case (some cases of uniqueness are described in Gihman and Skorohod (1975), Krylov
(1980), Anulova et al (1998), Liptser and Shiryaev (2000). We obtain some new conditions of
uniqueness closed to conditions Gihman and Skorohod (1975) but sometimes less restrictive, as

is shown by an example.

Some definitions

Assume that we are given T' > 0 and an open domain D C R" such that either D = R" or D is
bounded with the boundary 9D that is either C2-smooth (or such as described in Chapter I11.8
in Ladyzhenskaya and Ural’tseva (1968)).

We denote Euclidean norm as | - |, and D denotes the closure of a region D.

We denote by || - ||x the norm in a linear normed space X, and (-,-)x denotes the scalar
product in a Hilbert space X.

Introduce some spaces of functions. Let G C R* be an open domain, then W7 (G) denotes
the Sobolev space of functions that belong L,(G) together with first m derivatives, ¢ > 1.

Let HO = Ly(D) be the Hilbert space of complex valued functions, and let H! éV[(/)'Q1 (D) be
the closure in the W (D)-norm of the set of all smooth functions that vanish in a neighborhood
of D, k =1,2. Let H?> = W(D) N H! be the space equipped with the norm of W (D).

Let ¢,, denotes the Lebesgue measure in R™, and let B,, be the o—algebra of the Lebesgue
sets in R™.

We shall use spaces
Xk = L2([0,T], By, t1, H*), C¥ = C([0, T]; H*), k = 0,1,2, Y* = X* N CF1 k = 1,2, with the

norm [[vflye = [vllxr + [[vfler-1-



1 Solvability of boundary value problem

Consider the domain D C R" such as described above, n > 1. Let Q = D x [0, T], where T > 0
is given.
Let
Av = Z bij(x,t) 8 0 +Zf1 z, t — Mz, t)v(z), (1.1)

1,j=1
where (z,t) € Q.
We are studying the problem in

Wy Ay = —
or T AV =9, (1.2)
U(xvt)‘xeaD =0, ’U(.’E,T) = q)(x)

Here b(z,t) : R" xR — R™", f(x,t) : R"xR — R", and A(z,t) : R" xR — C are measurable
bounded functions, b;;, f;, and z; are the components of b, f, and x.

If D = R", then the boundary condition for 0D vanish in (1.2).

We assume that b(x,t), f(x,t), \(z,t) vanish for (z,t) ¢ D x [0,T].

Let us state the main conditions imposed on the matrix b.
Condition 1.1 The matriz b = b' is symmetric and has the form b(z,t) = b(z,t) + b(z, 1),

where b(x,t) = b(x,t) " is a continuous bounded matriz such that

¢'b(, )¢

= in
(z.4)€Q, ceRm |E|2

> 0.

The matriz function b(z,t) € L®(Q; R™ ") is symmetric and such that there exists a set N' C
{1,...,n} such that

bij=bii=0 Vi,j:i¢ N,j¢N,

and there exists a set {yi}ren such that vy € (0,2) for all k and

brp(x,t <62,
- Dr( ))

U= (Z 2f1y )esssupZ(Zblkwt +4Zblkxt

keN Bt keN \ieN i¢N

Remark 1.1 If card N < n, then Condition 1.1 allows bigger than for N = {1,....,n} values
/l;ij fori e N, j € N. Different v also make this condition less restrictive: for instance, if

Zkk =0, then we can allow v =2 — 0.



In particular, the condition for v is satisfied if
2

n
~ )
esssup Z bie(z,1)* < —.
ot o n

The next condition is not so principal, since it deals with low order coefficients and the

continuous part b.

Condition 1.2 There ezists a domain D; C R" and functions b (z,t) : R® x R — R"*",
fOz,t): R" xR — R", \&(z,t) : R" x R — C, € > 0, such that mes D; < +o0,

v(e) = b1 = bl @ =0 as £—0,

obe)
vp(e) = esssup | (x,t)| < 400 Ve >0,
(zt)eQ O
vi(e) = 1 = fllL,iqn + esssup [fO(w, 1) = f(,t) =0 as e—0,
(,6)€Q\Q1
of)

vf(e) = esssup | (x,t)] < 400 Ve >0,

(zt)eQ 0T
vA(€) = INO = Al + esssup AO(@,8) = A, )] =0 as e —0,
(xvt)eQ\Ql

oNe)
Ux(g) = esssup |
(z)eQ  OF

(z,t)| < 400 Ve >0

Here Q1 = Dy x (0,T), 7 = max(1,n/2).

Remark 1.2 Condition 1.2 is satisfied if f,b, \ are bounded and D is bounded. In that case, we
can take D1 = D and the Sobolev averages of the functions b, f, X as b, £ X&) respectively.
Note that Condition 1.2 implies that

£l (0) + esssup |f(z,t)] < +o0, ML, (@) + esssup [A(z,t)] < 4-o0.
(I7t)€Q\Q1 (Ivt)eQ\Ql

We introduce the set of parameters

A

2 <n, D, T, 6, N, {k}ren:

Supx,t‘b(wvt)‘a Supx,t’f(xvt)’7 Sup$7t|A(Z’,t‘, ﬁ7 Vb(')v Db(')? Vf('>7 Df(')? V)\(')v VA('))-

We have that P includes v(+), hence P depends on the modulus of continuity of b.



Theorem 1.1 Assume that Conditions 1.1-1.2 are satisfied. Then problem (1.2) has the unique
solution v € Y2 for any ¢ € L2(Q), ® € H', and

[vlly2 < c(llellza@) + 1 ®lm), (1.3)
where ¢ = ¢(P) is a constant that depends on P.

We shall need some auxiliary spaces to prove the theorem. Let H? be the set of v €

9 1/2
D + anlollwz - (1.4)
HO
Here o1 > 0 is some constant.

Introduce Banach spaces X2 = L3([0, T, By, 44, ﬁ2) and Y2 = X2 N C! with the norm

W2(D) N H' with the special norm

2
9%

2
Oxy,

0%v
0x0x;

_ Ok
w2

|w@=<z{i

keN \i=1

[vllg2 = llvll g2 + azllvfler- (1.5)
Here ag > 0 is a constant.

Remark 1.3 Since v € (0,2) for all k, (3.1.4) defines a norm, the norm H? is equivalent to

the norm W2(D), and the norm Y? is equivalent to the norm Y2.
Therefore, to prove Theorem 1.1, it suffices to prove the following theorem.

Theorem 1.2 Assume that Conditions 1.1-1.2 are satisfied. Then problem (1.2) has an unique
solution v € Y2 for any ¢ € La(Q) and ® € H', and

[ollge < clllella@) + I12lm), (1.6)
where ¢ > 0 is a constant that depends only on P and a1, as.

Remark 1.4 For D = R" a closed to Theorem 1.1 was announced in Dokuchaev (1996), where,
howewver, the estimate was obtained for the derivatives with discontinuous coefficients only, just

to make the equation meaningful).



2 Examples

Let b = b(z), and let Aj,...,\, be its eigenvalues. The classic Cordes conditions from Cordes

(1956) was formulated for n > 3 as

" 2
de>0: (n — 1) Z ()\1 — )\j)2 < (1 — 8) (Z >\z> . (2.1)

1<j
It was shown by Talenti (1965) that (2.1) is equivalent to

n

n n 2
Je>0: (n—1+6)2)\§—(n—1+6)2b3j<(Zlh’z’) —(
i=1

i=1 i,j=1

n 2
)\,;) . (2.2)
=1

)

This form (2.2) can be given also to the condition from Kalita (1989) for a system with one
nondivirgent equation.

Conditions from Landis (1998) has the form

F>0: Y N<(n+2—e)min{A,..., A\ }. (2.3)
=1

The condition from Section 3, Chapter 3 from Gihman and Skorohod (1975) is such that in the

simplest case can be written as
Je>0: Tr((b-ID*<1-ce. (2.4)

(In Gihman and Skorohod (1975), I was replaced for a smooth matrix function).

In our notations, the last condition can be rewritten as

n
b=1, Je>0: Y b<l-e (2.5)
ij=1

The regularity of the parabolic equation established by Gihman and Skorohod (1975) under
condition (2.4) is weaker than the regularity established by Theorem 1.1

Note that Gihman and Skorohod (1975) obtained the regularity that was just enough to
ensure the uniqueness of a weak solution of some Ito’s equation. In fact, conditions (2.4), (2.5)
are sufficient for Theorem 1.1 as well. We leave it without proof; note that there is a proof

similar to the proof given below and different from the one given in Gihman and Skorohod

(1975).



In fact, Cordes conditions mean that inequalities (2.1)—(2.3) are satisfied for all z¢ for some
non-degenerate matrix 6(zo) and for all matrices b(z) = 6(z0)7b(2)0(x) , where z is from the
e-neighborhood of xg, and where € > 0 is given. Similarly, condition (2.3) was adjusted in Landis
(1998), and condition (2.4) was adjusted in Gihman and Skorohod (1975).

Let n =3, b(x,t) = b(z),

I a@) B 0 al@) B)
b(z)=| a(z) 1 0 , b(z) = alz) 0 0 ;
Bla) 0 1 Ble) 0 0
where «a(x),8(x) are arbitrary measurable functions, |a(z)| < o = const, |3(z)| < 8 = const,

and functions «a(x),5(x) are quite irregular.

It is easy to see that Condition 1.1 is satisfied if a® + 32 < 1 for N' = {1} and for some
v1 < 2 being close enough to 2.

The spectrum of b is {1, 1 — /a(x)2 + 3(x)2, 1 + /a(z)?2 + B3(x)%}. Then conditions (2.1),
(2.2) fails if (@® + 3%) > 3/4, and (2.3) fails if (a® + $2) > 2/5. Conditions (2.4) and (2.5) fail
if &% + 5% > 1/2.

Therefore, Condition 1.1 is less restrictive for this example than condition (2.5) or the condi-
tions from Cordes (1956), Gihman and Skorohod (1975), Kalita (1989), Koshelev (1982), Landis
(1998), Talenti (1965).

There may be opposite examples when condition (2.1) is satisfied, but Condition 1.1 fails.

3 Proof of Theorem 3.1.2.

The main idea is to prove theorem for some ¢ = ¢(P) > 0 for u replaced with
we(,1) 2 ule, ) exp{K ()t} (3.1)

where K (g) > 0 is a function of € such that K(g) — 400 as ¢ — 0.
A

Let A (xz,t) 2 X (z,t) + K (), and let

0%u

695283; 5

(@) + 3 190 g (@) = X a0

Au = Z bgj)(x,t)
ij=1

Consider the problem

v
{ o T A= (3.2)

v(7,t)|[zeop =0, v(z,T) = ®(x).



Introduce the operators L(e) : X0 — Y2, £(¢) : H* — Y2 such that u 2 L(e)p + L()® is the
solution of (3.2). Let || L(¢)|| denotes the norm of the operator L(e) : X0 — Y2, and let || £(e)|
denotes the norm of the operator £(¢) : H* — V2.

Lemma 3.1 For any v > 0, there exists a small enough e, > 0, and a function K(g) > 0
(increasing as € — 0), and oy > 0 and ag > 0 in (1.4)-(1.5), such that e, = e.(v,P), K(-) =
K(-,7v,P), a; = a;(~,P,e), and
1 1 \1/2
@< +5(E5-) M@l <a Yee©el, (33)

keN 2%k

where ¢y = co(P, a1, a2) is a constant.

Proof. Let ¢ € X° be a smooth function with a compact support inside Q.
Let v = L(g)p. We have

1 1 T
SIoC )0 = 510G Do+ [ (0 Ao+ @)ods. (3.4
1
We shall use below the obvious inequality
203 < ea? + 7152 Va,B8,e € R,e > 0.

In particular,

1 €
(09010 < g —llelliro + S lellipo ver > 0. (3.5)
We have the estimate
NG .
(v, Ao + 0) 1 ( uzlb 2; taxl A (,t)v(,t)>H0
_ i{‘(” b av> - (81) b@)(%) }
ij=1 ’ al‘j 6.%'1 HO 89@-’ ) 8.CL‘Z HO

1/ 2y 8fz'(€) () 2
—5\" ’;sz HO—(U,)\ v)go — K(e)|vl| g0 + (v, ¢) o

"|| Qv
< (=6 .
< (=6 +m) 2|9 || o

€1
= K (&)l[vll50 + eallvllzro + 5 llellzro;

where 1 > 0, 1 > 0 can be arbitrarily small, and ¢; depends on €, €1, v1, P. Hence we have

that choosing K (e) = K(e,v) > ¢ for v > 0 can ensure that
IL(E)¢lgr < vilellxo Ve e (0,6, Vo X°. (3.6)

8



We have that

ov 2 Ov 2 Trov 0
’&Tk( ) HO ’8xk( ) FHO 4 <8xk 8$k( ’U-i-(p))Ho y (3.7)
Remind that ¢ has compact support inside ). Then
ov 0Oy [l 0*v
(o) <5 sl (3:5)
Oxy,” 01 ) po 2 81‘k 257
Note that if 5() € C2 then
ov Bbl(.j.) d%v
87:%’ oxy, axiax]‘ o
o O o 920 N5 o
Bur Dwidoy Dy o B,dar Do Da; o + Jop Jijrds (3.9)

() (e) ()
_ v 861.; 920 4 o920 ob; ]E v . 82y 8sz ov + f J/ ds
Oz’ Ox; Oxjoxy o 8;13% ’ Oz Oz o Oz;0xy’ Oxy, Ox) o oD “ijk™»

where
L - oo o) oy - oo b aw

o= Jiie — — cos(n, eg, Jiik =
ijk 1] 81‘]4; 8x2 awj ( ) 1]

n = n(s) is the outward pointing normal to the surface D at the point s € 9D, and ey, is the

(n,e;),

8xk 8xk Ox;j

kth basis vector in the Euclidean space R" = {z1,...,2,}.
If ) is general, then the right hand and the left hand expressions in (3.9) are still equal.

Hence, we obtain

)
ov ‘%ij' &%v
sz ’ Bmk 81‘7;633]' 0

2
§5z<

where the constant co depends only on P.

Therefore,

2 2 (3.10)
%

O0x,0x;

0%v
8$i 770

) +022€2||v||H1 + Jsp Z],cds Veg > 0,

HO ‘Il go

ov 0O
<c‘9azk’ 87:%(1451) + @))HO

_(Ov 0 Zn ©). Z @) Ov G })
B {( v abf-j) 8% ) B ( v o O ) }
Z Ozy,’ Oxy Ox;0x;) go Orpdz; M Oz0x; ) go

i,7=1
" Ov Of) dv v e O
+Z:1{<393k’ Oxy, &Ti)HO " (M’fi 3331c393i>H0}

(]




ov e ov ov 0Oy
(8%’ 8.’L'k vt 8$k 8xk 8wk,8xk HO + oD Ik 5
(9 2 Yk 0%v |2 9
< (— ~
<( 5+V2+253) 2 : H0+( 5 +e€ ) 922 HO+C2||UHH1
+ § / J; kds+< )|cp|| o — K(e) v, (3.11)
K 25 H 8.2Uk HO’

3,7=1
where the constant ¢y depends only on P, constants €3 > 0 and v5 > 0 can be arbitrarily small,

0o 0 O
CLE 0z;0z;

Jij = J, zgka cos(n, eg).

Let us estimate [;,, Jiji. It vanishes if D = R"™ (as well as all integrals over the boundary
0D). For a bounded domain D, we mainly follow the approach from Section 3.8 Ladyzhenskaya
and Ural'tseva (1968). Let 2° = {29}, € D be an arbitrary point. In its neighborhood, we
introduce local Cartesian coordinates ¥, = S.7_; ¢mk (@ — 23) such that the axis y, is directed
along the outward normal n = n(xg) and {¢;,x} is an orthogonal matrix.

Let y,, = w(y1, - .., Yn—1) be an equation determining the surface 9D in a neighborhood of the
origin. By the properties of the surface 9D, the first order and second order derivatives of the

function w are bounded. Since {¢;,x} is an orthogonal matrix, we have xj; — x% = 1 CkmYm-

Therefore, cos(n, e,,) = ¢uym, m =1,...,n. Then
n n ab(a) n 8[)(8)
ij Z ka: Z pl ayp (Z ayq chnz Z a C'r‘kcnk‘>
0%v
l]k Z cmk bwcnk Z cpchza R (3.12)
p,q=1 Ip9Ya
The boundary condition v(z,t)|,cop = 0 has the form
’U(yh SRR yn—hw(yla <o 7yn_1)at) =0
identically with respect to y1, ..., yn—1 near the point y; = ... = y,—1 = 0. Let us differentiate

this identity with respect to y, and y,, p,¢q =1,...,n — 1, and take into account that

ow
— =0 (p=1,...,n—1).
8yp ( )
at zo. Then
ov 0% o Jw o O*w
7:0’ = -—— = —— (p,q:L,n—l)
Oy Iyp0yqy OYyn 0ypdy, on 0y, 0y,

10



Hence

2

Jop Jijeds <@ [yp|5L| ds

<€4Zzg 1fD

2 (3.13)
dr + (1 + 5Z1)||v||%{1 Veqs >0

8931890 ( )

for some constants ¢; = ¢;(e, P). The last estimate follows from the estimate (2.38) in Chapter
2 from Ladyzhenskaya and Ural’tseva (1968).

As mentioned above, for a suitable choice of the functions K(¢) = K(e,v) and for an arbi-
trarily small v > 0, one can provide the estimate || L(g)¢[|y1 < vl xo (Ve € (0,e.], Ve € X0).
The constants €3 > 0, ¢4 > 0, and v9 > 0 can be arbitrarily small, and the constant ¢; depends
on g,e1,v1,7 and , P. Combining (3.6) with (3.11) and (3.13), we see that for some function
K (e) we have

n 02%v 2 0V 0% 2
dt/{ — v — 2¢3) <+E>x,t }dm
k:eN</ i ’ ; kax’ 2 a:UQ( )
+ su v , 1) : >
p aZL‘k HO
1 €1 2 1
<y <cQ|va§(1 + ( + ) H<PHX0> <> (uc2 + o+ ) lell5o.  (3.14)
kEN 200 2 keN 207k
Therefore,
T NP ooyt [
dt{ §—¢ )| — —(z,t }d:c
kgf(/o D ( 5) ; axkaxi ( )‘ 2 8 ( )
1 v 2 1 2
- — (. < _—
s || )< (g +a~6) lilieo

keN

for some sufficiently small g; = €,(¢,P) > 0, i = 5,6. (Here vp,e3 are from (3.11)). Take the
sum in (3.14) with respect to £ = 1,...,n and choose a sufficiently small number o; = aq(e).
This, together with (3.14), yields the first estimate in (3.3).

In a similar way, taking into account the initial condition in (3.14) and taking the sum in

(3.14) with respect to k = 1,...,n, we obtain the estimate
[ollg2 < €l Pl

for v = L(e)®, where ¢ = ¢(P) is a constant. Then we obtain the assertion of Lemma 3.1. O

11



Introduce the operator R(e) : Y2 — Y2
" 0% DL () 0% - (), Ov
=L(e)d S bijma—+ D [bij — bi5 R ) P p WP\ C } 1
R(g)v (5){ bjaxiﬁwj + | '_1[b] bi; ]&ciaxj + Z‘:l[f f; ]6:1:,- A=A¥v?. (3.15)

ij=1 ij=
Lemma 3.2 There exists a number € = &(P) > 0 such that the norm of the operator R(e) :

Y2 = Y2 can be estimated as |R(e)|| < 1 (Ve € (0,4]).

Proof. We have

2
8 v

keEN NMeN

ij=1
Z{< > e 4 3 e { 2} bkm,ﬁ)
keN i€N itk
2 2
6221 %0 1/2y 2
(% e +1- 2] P ) )
i=1,..n, i£k OO )
7]’»‘ T~ 2
Z( 2 bri(, ) +4Zbk‘1xt [ 2} bkk(%ﬂ)
keN “keN itk igN
0%v 2 i1 | 0% 2
X (2,t) +[1_] —(z,1) ) (3.16)
k%/;/(z:lznzyék Oz 0z; 2 | 022
Hence ,
"~ 9% 1 \! 1 \—1
Siatel <o) k(S )
7,7=1 axzax] X0 k€N2’7]€ X k€N2fyk X2

In addition, Condition 1.2 and the embedding theorems for Sobolev spaces imply the estimates

N Y (© G
i;(b” %) B o + 12 )8:@ o= x|,

< Cw(e) +vs(e) + vale)llvl 22

where the constant C' depends only on n. This proves Lemma 3.2. O
Let us now complete the proof of Theorem 1.2. By Lemma 3.2, (I — R(¢))™!: Y2 = Y2 is

a continuous operator. Let
K(e)t, (3.17)

A

pe(,1) = p(z,t)e
The function u(x,t) is the desired solution of problem (1.2), if relation (3.1) holds, where

= (I = R(e)) T [L(e)pe + L(£)P] (3.18)

12



because we have
us = L(e)pe + L(e)® + R(e)u,.

in view of (3.17)—(3.18). Therefore,
luellgs < (1= I1RE)ID T ULEN ellLy () + ILE NN ).

This, together with (3.1) yields the estimate (1.6) and the assertion of Theorem 1.2. O

4 Uniqueness of a weak solution of It6’s equation

Consider the n-dimensional vector Itos equation
dy(t) = f(y(t),t)dt + By(t), t)dw(t), (4.1)

{ y(s) = a.

By y®*(t) we denote a solution of this equation, 0 < s <t < T.
In (4.1), w(t) is a Wiener process of dimension n, f(z,t) : @ — R", f(x,t) : @ — R™",

Q = R" x (0,T) are measurable functions.

Denote
b, 1) 2 2 B )5, )"

We assume that the functions f(x,t), B(x,t), b(z,t) are bounded and that the function b satisfies

Condition 1.1.
Let (Q0, Fo,Po) be a probability space.

Theorem 4.1 (Krylov (1980), Chapter 2). For any random variable a € L?(, Fo, Po, R™),

there exists a set

{©@.F.P). o), 7).0 0],
where (2, F,P) is a probability space such that a € L*(Q, F,P), (w(t),F;) is a Wiener process
of dimensionn on (Q,F,P), Fy C F is a filtration of o-algebras of events such that w(t) —w(s)
t

do not depend on a and on Fs fort > s, and y**(t) is the solution of (4.1) for w(t).

(In the cited book, the proof was given for non-random a, which is unessential).
We assume that Q@ = D x (0,7), where either or D = R"™ or D C R" is a bounded simply

connected domain with C%-smooth boundary.
13



Introduce a bounded measurable function A(z,t) : Q — C. We assume the following condi-

tion.

Condition 4.1 The functions b, f, A are such that the conclusion of Theorem 1.1 is valid.

Remark 4.1 It follows from Theorem 1.1 that Condition 4.1 is satisfied if Condition 1.1 is
satisfied for b, and Condition 1.2 is satisfied for f and \.

Let x denotes the indicator function.

Theorem 4.2 Let a be a random vector with the probability density function p(x), leta € D a.s.,

p€ H™1, and E|a]? < +oo. Let functions f(z,t), B(x,t), b(z,t) be measurable and bounded, and

let Condition 4.1 be satisfied. Let y®*(t) be a weak solution of (4.1), 7% = inf{t : y»*(t) ¢ D}.
For the functions ¢ € Ly(Q) and ® € H', set

Fos 2 E®(y»(T)) exp{— ST Ao (), T)dT}X{Ta’SzT} p

+E [T oy (2),1) exp{— Ty (r), T)dr}dt- 2

Then
Fa,s = (U(’a3)7P)H07 (43)

where v € Y? is a (unique) solution of problem (1.2) for the operator A given by formula (1.1)
with the above functions f,b and A, and

[Fos| < cllplla—(llellzo@) + [@llar),
where ¢ = ¢(P) is a constant occurring in Theorem 1.2.

Corollary 4.1 (The Mazimum Principle). Assume that conditions of Theorem 4.2 are satisfied
and, in addition, that X is a real function, p(x,t) > 0 for a.e. x,t, and ®(x) > 0 for a.e. x.
Then the solution v of problem (1.2) is such that v(z,t) > 0 for allt for a.e. x.

Introduce operators Lg; : Lao(D X (s,t)) — H', Ly H' — H! such that v(-, s) = Lsip+
Ls+® is the solution of the problem

{ o (@,1) + Av(w,r) = —p(w,r), r<t,
v(7,7)|zeop =0, v(z,t) = (7).
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at the instant s, where s < ¢t. By Theorem 1.1, these linear operators are continuous. The

conjugate operators

Lty H ' = Ly(Dx[s,t]), Li,:H'—H!

s,t *
are also linear and continuous.

Theorem 4.3 Under the assumptions of Theorem 4.2 (with D = R"), the weak solution y*°(t)
of Eqn. (4.1) with s = 0 has the probability density function p(-,t) € H° for a.e. t. Moreover,
p € Lo(Q), p(-,t) € H™L for all t, p(-,t) = Lip and p = L pp for the operators L5, Lj
defined for A = 0 (i.e., the probability density function p(-,t) is uniquely defined as an element
of Lo(Q) and is uniquely defined as an element of H=') for all t.

Proof of Theorems 4.2—4.3. 1t suffices to consider s = 0.
(i) Let ¢ and ® be such that

vE Lo+ LP e CPHQ).

Here L : XY — Y2 £ : H' — Y? are operators such that v = Lo+ L® is the solution of problem

W4 Ay = —
of T AV TP (4.4)
U(x7t)|m€8D = 0) /U(:I")T) = (I)(.Z)

(or the corresponding Cauchy problem for D = R™). In this case relation (4.3) follows from the
It6 formula.

(ii) Let ¢ € XY and ® € H! be arbitrary. Introduce the sets
S12{peX": LpeC?(Q)}, S=2{PcH': LPcC¥(Q)}

By Theorem 1.1, arbitrary functions ¢ € X% and ® € H' can be approximated in these spaces
by . = —0ul® /ot — Au®) and @, 2 u(®) (-, T) respectively, where u(®) is the Sobolev average of
the functions u = Ly or u = L® respectively: by Theorem 1.1, ¢, — ¢ in X? and &, — ® in
H' as e — 0. Hence, the sets S; and Sy are dense in X% and in H', respectively.

Let p 2 L rp. This is an element of X0 and p(-,t) = Lip € H~1 for all t. Let p(z,t) be
the probability density function of the process y*°(t) being killed at 9D if D # R" and being
killed inside D with the rate A. The density p(z,t) exists by the estimates from Section 2.3 from

Krylov (1980). As was proved above for ¢ € S; and ® € Ss, we have
(w(,0), p) o = (@, ) x0 + (P( T), @) o = (P, ) xo0 + (B(, T), @) po.-
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Therefore, p=p and p € X°, p(-,T) = p(-,T) € H .

Let ¢ € X? and ® € H! be arbitrary, and let v = Lo+ L®. Let v®) be the Sobolev average
of the function v in R™ x R, let ¢, = —9v©dt — Av(©), and let &, = v (-, T). By Theorem
1.1, p. — ¢ in X% and ®. — ® in H' as € — 0. We finally obtain the assertion of the theorem
from the relation

(v(-,0), p) gro = lime (v (-,0), p) o = Time—o((e, p) xo + (p(, T), Be) pro)
= (p,¢)xo + (p(,T), @) o = Fap.

a

Theorem 4.4 Let a be a random vector, let Ela|?> < 400, and let p be the probability density
function of a, p € H='. Assume that Condition 4.1 is satisfied if f is replaced for f =0, an
assume that the function f is measurable and bounded. Then problem (4.1) has a unique weak

solution (i.e., the solution of (4.1) is univalent with respect to the probability distribution).

Proof. 1t suffices to prove the uniqueness of the distribution of the process

2(t)" = [arctgy(t), ..., arctg Y (1),

because the function arctg : R — (—m,m) is one-to-one. We consider z(t) as a generalized
random process defined in Hida (1980) with the parameter space L?([0,7T],B1,¢1,R"). As is
shown in Hida (1980), the distribution of the process z(:) is uniquely defined by the values of

the functional
_ T
Fo0(8) éEexp{—/ z‘g(t)Tz(t)dt}.
0
on the set ¢ € L2([0,T], B, ¢1,R™) or on the set of functions C([0,7]; R"™), which is dense in
L?((0,T), By, 41, R™). Here i = /—1.

It is easy to see that
~ T t
Foo(§)=1- ZE/ )T 2(t) exp{—/ i&(r)Tz(r)dr}dt.
0 0
We first assume that f = 0. By Theorem 4.2,
Foo(€) =1—i(V,p)ao,
where V = L for
o(z,t) = &) Tarctg zy, . .. arctgm,], Az, t) = ip(,t).
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Hence F,  is unique for £ € C((0,T); R™), and the weak solution is unique if f = 0.

Let f be an arbitrary measurable bounded function. We apply Girsanov theorem. Consider
the equation

{ dj(t) = A1), )dw(t),
y(0) = a.

As proved above, it has a unique weak solution. By Theorem 2 from Chapter 3 of Gihman
and Skorohod (1975), the distribution of the solution y®°(¢) is uniquely determined by the
distribution of 7(¢). Hence, the distribution of y®°(t) is defined uniquely. This completes the

proof. O
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