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ABSTRACT. A meet semilattice with a partial join operation satisfying some
axioms is a JP-semilattice. In this paper we study the modular and distributive
JP-semilattices. We give several characterizations of modular and distributive
JP-semilattices. We also prove the Separation Theorem and its extension for
minimal prime ideal of distributive JP-semilattices. JP-congruences, have also
been studied.

1. Introduction. A partial lattice is a semilattice with a partial binary operation.
Partial lattices have been studied by many authors. For the background of partial
lattices we refer the reader to [3, 5, 6, 7]. In this paper we study semilattice (meet
semilattice) with a partial operation. We refer the reader to [5, 6, 4] for semilattices
and lattices.

An algebraic structure S = (S;A,V) where (S;A) is a meet semilattice and V
is a partial binary operation on S is said to be a join partial semilattice (or JP-
semilattice) if for all z,y,z € S,

(i) VvV =u;

(ii) « V y exists implies y V x exists and x Vy =y V x;

(iii) zVy, yVzand (xVy)Vz exist imply zV (yVz) exists and (zVy)Vz = zV(yVz);
(iv) x V y exists implies z =z A (z V y);
(v) yV z exists implies (z A y) V (2 A 2) exists.

Clearly as an algebraic structure a JP-semilattice is intermediate between semi-
lattices and lattices. A semilattice is a set with a binary operation A satisfying
certain axioms; a lattice is a set with two binary operations A and V, again with
certain axioms, including those of a semilattice for A. A JP-semilattice has a semi-
lattice operation A, satisfying those axioms of semilattice and a partial binary op-
eration V satisfying (i)—(v) given above. We can represent a JP-semilattice by an
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ordered set and hence can be pictured in a Hasse diagram. Let S = (S;A,V) be a
JP-semilattice. Define a binary relation < on S by

x <yifand only if x Ay = x.

Then < is a partial ordering relation. Moreover x Ay = inf{x,y} and if z V y exists,
then = V y = sup{z,y}. We can construct a picture of a relation < on S in the
coordinate plane. For each x € S draw a small circle. The small circle of = represent
that z < x. If = is covered by y, then place the circle of x lower than the circle of
y and take a line segment joining the circles. If x V y does not exist but there is
an upper bound u of  and y, then there are line segments from = and y to a lower
point of w but there is no small circle joining the line segments. For example see
Figure 1.

bVe

P

FIGURE 1. a non-JP-semilattice

Observe that not every semilattice is a JP-semilattice; for example, the semilat-
tice P given in Figure 1 is not a JP-semilattice. Here bV ¢ exists, but (a Ab)V (aAc)
does not.

A JP-semilattice S is said to be a modular if for all z,y,z € S such that z < z
and y V z exists implies

cA(yVz)=(xAy)V 2.
A JP-semilattice S is said to be a distributive if for all z,y,z € S such that z < x
and y V z exists implies

xA(yVz)=(xAy)V(xAz)

Clearly, the concepts of modularity and distributivity of a JP-semi-lattice S coincide
with the concepts of modularity and distributivity when S is a lattice. The standard
characterizations for modular and distributive lattices are given bellow.

Theorem 1. Let L be a lattice. Then
(a) L is modular if and only if it has no sublattice isomorphic to the pentagonal
lattice N5 (see Figure 2);

(b) L is distributive if and only if it has no sublattice isomorphic to the pentagonal
lattice N5 or the diamond lattice M3 (see Figure 2);



58 S.N. BEGUM AND A.S.A. NOOR
T

il Ns
FIGURE 2. the pentagon and the diamond

We refer the reader to [4, 5] for the proof of the above theorem. Thus the
pentagonal lattice Vs (see Figure 2) is a non-modular and hence a non-distributive
JP-semilattice, and the diamond lattice M3 (see Figure 2) is a modular but non-
distributive JP-semilattice.

In Section 2 we give a characterization of modular JP-semilattices which is a gen-
eralization of Theorem 1 (a). In Section 3 we study the ideal lattice of modular JP-
semilattices. In Section 4 we study the ideal lattice of distributive JP-semilattices.
Here we give a characterization of distributive JP-semilattices. Stone’s Separation
Theorem plays an important role in Lattice Theory. In Section 5 we generalize the
Separation Theorem for distributive JP-semilattices. In Section 6 we discuss congru-
ences of a JP-semilattice. We give a characterization of distributive JP-semilattices
through a congruence.

2. Characterizations for modular and distributive JP-semilattices. In this
section our aim is to characterize the modular and distributive JP-semilattices.

Two examples. Consider the JP-semilattices N, and M, given by the following
diagrams (see Figure 3). The JP-semilattice N is said to be the JP-pentagon and

. %
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FIGURE 3. the JP-pentagon and the JP-diamond

the JP-semilattice M, is said to be the JP-diamond.
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Claim 2. The JP-pentagon N and the JP-diamond My, are distributive JP-
semilattices.

Proof. In both cases, if y V z exists, then clearly, either y < z or z < y. Without
loss of generality, let y < z. Then x Ay < x A z. Hence

cAyVz)=zAz=(xAy)V(xAz2).

First we have the following result.

Proposition 3. Let S be a distributive JP-semilattice. Then for all x,y,z € S the
existence of x V z and y V z implies the existence of (x Ay) V z and

(xAy)Vz=(zVz)A(yV=z).

Proof. By axiom (v) of JP-semilattices, z V z and y V z exist implies ((z V z) A
y)V ((x V 2) A z) exists. That is, ((z V 2) Ay) V z exists. Now z V z exists implies
(xAy)V(zAy) exists and (zAy)V(zAy) = (xVz)Ay. Hence ((xAy)V(zAY))Vz
exists. That is, (z A y) V z exists. This implies

(xV2)AyVz)=((xVz)Ay)V((xVz)Az)
=({(zVva)Ay)Vz=((zAy)V(zAy)Vz=(xAy)V 2z
O

Theorem 4. FEvery distributive JP-semilattice is modular but the converse is not
necessarily true.

Proof. Let S be a distributive JP-semilattice and let a,b,c € S such that ¢ < a
and bV c exists. Then a A (bVe) = (aAb)V (aAc)=(aAb)Vec. Therefore S is
modular. The diamond lattice M3 given in Figure 2 is a modular JP-semilattice
but not distributive. O

A JP-semilattice A = (A; A, V) is said to be a subJP-semilattice of a JP-semilattice
Sif AC S and A and V in A are the restrictions of A and V in S.

Theorem 5. Fvery subJP-semilattice of a modular (distributive) JP-semi-lattice is
modular (distributive).

Proof. Let M be a subJP-semilattice of a modular JP-semilattice L. Let a,b,c € M
such that ¢ < a. If bV ¢ exists in M, then this hold in L. Hence (a A b) V ¢ exists
inLandaA(bVe)=(aAb) Ve Since aA (bVc) € M, we have (a A b) V ¢ exists
in M and a A (bVc)=(aAb)Vec Hence M is a modular JP-semilattice.

By a similar argument we can easily show that every subJP-semilattice of a
distributive JP-semilattice is distributive. O

We have the following characterization of modular JP-semilattices.

Theorem 6. Let S be a JP-semilattice. Then S is non-modular if and only if it
has a sublattice isomorphic to the pentagonal lattice

Proof. Let S be non-modular. Then there exists a, b, c € S such that ¢ < a and bV e
exists, and u = (aAb)Ve < aA(bVe) =v. Now vAb = (aA(bVc))Ab = aAb. Hence
uANb<vAb=aAb< uand hence a Ab < uAb. Therefore, uAb=aAb=vAb.

Consequently, bVe = (bV(aAb)Ve= ((anNb)Ve)Vb=uVb First we
claim that v V b exists. If not, then since v,b < bV ¢, there is an infinite chain
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bVe>c > cg > - such that v,b < ¢; for each i. Now ¢,b < ¢; for each ¢
implies bV ¢ < ¢; for each i, which is a contradiction. Hence v V b exists. Now
vVbZ=uVb=bVc>wvbimpliesbVce>vVb Thus vVb=uVb Therefore

{a Ab,u,v,b,bV c} form a lattice which is isomorphic to the pentagonal lattice.
Conversely, suppose S is modular. Since every subJP-semilattice of a modular
lattice is modular, it does not contain the pentagonal lattice as a subJP-semilattice.
O

Unfortunately, we could not prove or disprove the ‘standard’ characterization for
distributive JP-semilattices. So we have the following conjecture.

Conjecture 7. Let S be a JP-semilattice. Then S is non-distributive if and only if
it has a sublattice isomorphic to either the pentagonal lattice or the diamond lattice.

3. Ideals of modular JP-semilattices. In this section we study the ideals of

modular JP-semilattices. A non-empty subset I of a JP-semilattice S is said to be
an ideal of S if

(i) @,y € I and z V y exists, implies z V y € I,
(ii) z € I and y < « implies y € I.

The set of all ideals of a JP-semilattice S will be denoted by Z(S). It is easy to see
that the intersection of two ideals is again an ideal, so that intersection serves as a
meet operation on the set Z(S). In order to make this set into a lattice, we need
a join operation. If I and J are ideals, their join I V J should be the least ideal
to contain both the sets I and J. This motivates us to define, for any non-empty
subset K of a JP-semilattice S, the smallest ideal containing K. It is denoted by
(K] and is called the ideal generated by K. For a € S, the ideal (a] is called the
princpal ideal generated by a. A subset @ of a JP-semilattice S satisfying the above
condition (ii) is called a down-set. The following result is trivial.

Lemma 8. Let S be a JP-semilattice and ) # K C S. Define Ko = K and for
n>l1,

K,={zeS|a<yVzforyze K, 1}
Then for each n > 1, K, is a down-set and
KyCK CKyC---.
The following results are consequence of the above lemma.

Theorem 9. Let S be a JP-semilattice and ) # K C S. Then
o0
(i) (K]= U K, where Ko = K and forn > 1,
n=0

K,={xeS|z<yVzforyze€ K, 1}

(ii) Fora € S we have (a] ={x € S|z < a}.

Proof. (i) By Lemma 8 trivially, |J K, is a down-set.

n=0
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(o]
Let x,y € |J K, such that x V y exists. Then z,y € K,, for some n > 0. Since

n=0

o0
xVy < xVy for some z,y € K,, we have x Vy € K,,11. Hence x Vy € |J K.
n=0

Therefore, |J K, is an ideal of S.

n=0
Let I be an ideal containing K = Kjy. We use the mathematical induction to
show that for each n > 0, K,, C I. Let K,, C I for some n > 1 and let x € K, 41.
Then =z < y V z for some y, z € K,, and hence y V z € I as [ is an ideal. Therefore,
(o]
x € 1. Hence for alln > 0, K,, CI. If z € |J K,, then 2 € K,, for some n > 0.

n=0

Hence z € I. Thus |J K, is the smallest ideal containing K. Hence (K] = |J K,.
n=0 n=0
(ii) is a particular case of (i). O
Now we clearly have the following result which gives us a description of the join
of two ideals of a JP-semilattice.

Theorem 10. Let I and J be two ideals of a JP-semilattice S. Then

IvJ= GAn
n=0

where Ay = T U J and forn > 1,
A, ={zeS|z<yVzfory,z€A,_1}
It is routine to show that Z(S) is an algebraic lattice.

Remark. For any ideals I and J of a JP-semilattice S, the description of IV J is
not as easy as for the joins in semilattices or lattices. Even IV J can not be written
simply as {x <yVz |y € I,z € J whenever y V z exists}. For example, consider
the JP-semilattice B given in the Figure 4. Suppose I = (a] and J = (b]. Then

B M

FIGURE 4. Two JP-semilattices

zelVJ,butxgiVjforanyielandje J. This observation shows that there
are difficulties in studying the lattice Z(.5).

Now we turn our attention to principal ideals of a JP-semilattice. It is easy
to show that the join of two principal ideals need not be principal. For example,
consider the JP-semilattice M given in the Figure 4. Here (a] Vv (b] = {0, a, b} is not
principal. We have the following useful results.
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Lemma 11. Let S be a JP-semilattice. If x \V y exists, then (zV y] = (z] V (y].

Proof. We have z,y € (] U (y]. Hence zVy € (2] V (y]. Thus (z VvV y] C (2] V (y].
The reverse inclusion is trivial. Hence (z V y] = (z] V (y]. O

Proposition 12. Let S be a JP-semilattice. For any x,y € S, we have (x]V (y] is
a principal ideal if and only if x V y exists.
Proof. If xVy exists, then by the above lemma (] V (y] = (x Vy] and hence (z] V (y]
is a principal ideal of S.

Conversely, let (x] V (y] be a principal ideal. Suppose (z] V (y] = (¢]. Then
z,y < c¢. We show that ¢ is the least upper bound of z and y. Suppose z,y < d.
Then (¢] = (z] V (y] C (d]. Hence ¢ < d. Thus z V y exists and x Vy = c. O

Theorem 13. Let S be a JP-semilattice. If Z(S) is modular, then S is modular,
but the converse is not necessarily true.

Proof. Let Z(S) be modular and let z,y,z € S with 2 < z. Then (2] C (z]. IfyV 2
exists, then (z Ay) V z exists and

(@A (yV2)]=(]A(yV2]
= (2] A ((y] V (2]), by Lemma 11
((2) A (y]) V (2], asZ(S) is modular
= (@ AylV (2]
=((zAy) V2]
Thus z A (y V z) = (xr Ay) V z. Hence S is modular.
To prove the converse is not true, consider the JP-semilattice B in Figure 5.
We call it a “butterfly”. Clearly, B is modular as it has no sublattice isomor-
phic to the pentagonal lattice. Observe that the lattice Z(B) contains a sublattice

{(0], (d], (d, ], (a, ], B} (see the bullet elements) which is isomorphic to the pentag-
onal lattice and hence Z(S) is a non-modular lattice. O

FIGURE 5. the butterfly and its lattice of ideals

Here is a characterization of modular JP-semilattices. The proof follows directly
from the Lemma 11.

Theorem 14. Let S be a JP-semilattice. Then S is modular if and only if for any
x,y,z € S such that z < x and yV z exists implies (] A ((y] V (z]) = ((z] A (y]) V (2].
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4. Ideals of distributive JP-semilattices. We turn our attention to some char-
acterizations of distributive JP-semilattices. First we have the following useful
lemma.

Lemma 15. Let I and J be two ideals of a distributive JP-semilattice S. Then

oo
IvJ= U A,
n=0
where Ag =1TUJ and forn > 1, and
A, ={zeS|la=yVzjforyze A, 1}
Proof. Since S is distributive, this is a consequence of Theorem 10. O

The following results give characterizations of distributive JP-semilattices.

Theorem 16. Let I and J be two ideals of a JP-semilattice S. Then the following
are equivalent:

(a) S is distributive;

(b) IVI={a1VaaV---Vayl|a, € IUJ foralli=1,2,--- ,n};

(¢) Z(S) is a distributive lattice;

(d) for any x,y,z € S for which yV z exists,

(@] A (] V E]D) = (@A D V(] A (E]D.
Proof. (a) = (b). By using mathematical induction to extend Lemma 15.

(b) = (c). Let I,J,K € Z(S) and € IN(JV K). Then z € I and z =
ai1VasV---Vay, wherea; € JUK foralli=1,2,--- ,n. Now foreachi=1,2,--- ,n,
we have a; < x and hence a; € INJ or INK. Hence a; € (INJ)U(INK). Therefore,
x € (INJ)V(INK). The reverse inclusion is trivial and hence Z(.5) is a distributive
lattice.

(¢) = (d). Trivial.

(d) = (a). Let x,y,z € S with y V z exists. Then

(@A (yV2)]= (N (ylV(z])
— (@ )V (=] N D)
=(zAy]V(xAZz
— (@AY V (@A)
Hence z A (y V z) = (z Ay) V (z A z). Therefore, S is distributive. O

Let S be a JP-semilattice. The set of all down-subsets of S is denoted by O(5).
It is evident that O(S) is a bounded complete distributive lattice for any ordered
set S when partially ordered by set inclusion. The meet and join in O(S) are given

by set-theoretic intersection and union respectively.
The following result clearly holds from Theorem 16.

Lemma 17. Let S be a distributive JP-semilattice and K € O(S). Then
(Kl={z1 Va2V -V, |z €K foreachi=1,2,--- ,n}.
The following theorem is a generalization of [2, Theorem 2.3].

Theorem 18. Let S be a JP-semilattice. For any A, B,C € O(S) the following
conditions are equivalent:

(a) S is distributive;
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(b) (A] = {al Vaz V---Vay | ap,az, - ,0n 614}7

(¢) An(B]C (AN BJ;

(d) (AN B] = (A]n (B];

(e) (AN(BNC]]=(AnBINnC);

(f) Themap ¢ : O(S) — 1(S) defined by p(A) = (4] is an onto lattice-homomorphism.

Proof. (a) = (b). By Lemma 17.

(b) = (¢). Let x € AN (B]. Then z € A and by (b), x = by VbyV--- Vb,
where by,ba, - ,b, € B. Since A € O(S) and b; <z for all i =1,2,--- ,n we have
b € Aforalli =1,2,--- ,n. Hence b € AN B for all i = 1,2,--- ,n. Therefore,
xz € (AN B].

(¢) = (d). By (c), we have (A]N(B] C ((A]NnB] C (AN B] for any A, B € O(S).
Since (AN B] C (A] N (B], we have (AN B] = (4] N (B]. Thus (d) holds.

(d) = (e). Suppose (d) holds. Then

Thus (e) holds.
(e) = (d). This is trivial.
(d) = (f). For any A, B € O(S), we have
(A]V(B]={z1Vaa V- -V, |x1,22, - , 2, € (A]U(B]}
={x1VaeaV---Va,|z,z9, - 2, € AUDB}
=(AUB].

Hence by (d), ¢ is a lattice homomorphism. Let I € Z(S). Then ¢(I) = (I] = I.
Thus ¢ is an onto lattice homomorphism. Therefore, (f) holds.

(f) = (a). Since O(S) is always a distributive lattice, I(.S) is a distributive and
hence by Theorem 16, S is distributive. O

5. The Separation Theorem. Let S be a JP-semilattice. A non-empty subset
F of S is said to be a filter (or dual ideal) if

(i) for x € F and y € S with z < y implies y € F, and

(ii) for a,b € F impliesa A b€ F.
An ideal P of a JP-semilattice S is said to be prime if a,b € S such that a Ab € P

implies either a € P or b € P. A prime ideal P is called minimal if whenever there
is a prime ideal @ such that Q C P, then P = Q.

Lemma 19. Let S be a JP semilattice. An ideal (filter) P is prime if and only if
S\ P is a prime filter (ideal).

Proof. Let P be a prime ideal. If z,y € S\ P, then z,y ¢ P. Hence z Ay ¢ P
which implies z Ay € S\ P. Let x € S\ P and # < y. Then ¢ P and hence
y ¢ P. Therefore y € S\ P. This implies S\ P is a filter. Let z,y € S such that
xVyexists and x Vy € S\ P. Then xVy ¢ P. This implies either x ¢ P ory ¢ P
and consequently, either z € S\ P or y € S\ P. Hence S\ P is a prime filter.

By a reverse argument we have the converse of the statement. O

Now we have the following Separation Theorem for distributive JP-semilattice.
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Theorem 20 (The JP-Separation Theorem). Let S be a JP-semilattice. Then the
following are equivalent:
(a) S is distributive;
(b) For any ideal I and any filter F' of S such that INF = (), there exists a prime
ideal P containing I such that PN F = (.

Proof. (a) = (b). Let T be the set of all ideals containing I, but disjoint from F'.
ThenZ # Q) as I € Z. Let C be a chain in Z and let M := U{X | X € C}. We claim
that M is the maximum element in C.

Let x € M and y < x. Then x € X for some X € C. Hence y € X as X is an
ideal. Therefore y € M. Let x,y € M. Then x € X and y € Y for some X,Y € C.
Since C is a chain, either X CY or Y C X. Suppose X CY. Sozxz,yc Y. IfzVy
exists, then x Vy € Y as Y is an ideal. Hence x V y € M. Moreover, M contains [
and "N M = (). Therefore, M is the maximum element in C.

Thus by Zorn’s Lemma, Z has a maximal element, say P. We claim that P is
prime. If P is not prime, there exists a,b € S such that a,b ¢ P but aAb € P. Then
(PV(a])NF # @ and (PV (b]))NF # 0 as P is maximal. Hence there exists z,y € F
such that x Ay € (PV (a]) N (PV (b)) =PV ((a] A(b]) as S is a distributive lattice
implies Z(S) is a distributive lattice. Thus t Ay € Fand z Ay € PV (aAb] =P
which is a contradiction to PN F = (). Hence P is a prime ideal.

(b) = (a). Let a,b,c € S such that bV c exists. If (a Ab)V (aAc)#aN(bVe),
then (aAb)V (aAc) < an(bVe). Consider I = ((aAb)V(aAc)] and F = [aA(bVc)).
Then I N F = () and hence by (b), there is a prime ideal P such that I C P and
PNF =0. Thus (a Ab) V (aAc) € P, this implies a Ab € P and a Ac € P. So,
either a € P or bVec € P. Hence a A (bVc) € P which is a contradiction. Therefore,
(anb)V(aAc)=aA (bVc). Hence S is distributive. O

Corollary 21. Let S be a distributive JP-semilattice and let I be an ideal of S. If
a ¢ I, then there exists a prime ideal P containing I such that a ¢ P.

The following useful result is a generalization of a well known result of lattice
theory.

Theorem 22. Let S be a distributive JP-semilattice. Then every ideal of S is the
intersection of all prime ideals containing it.

Proof. Let S be a JP-semilattice and let J be an ideal of S. We shall show that
J =(){P | P is a prime ideal of S and .J C P}.

Clearly, J C R.H.S. If J # R.H.S., then there is  €R.H.S. such that = ¢ J. Hence
by the Separation Theorem, there is a prime ideal @ of S such that J C @ and
x ¢ @, which is a contradiction. O

The following theorem is a characterization of a minimal prime ideal containing
an ideal. This is also a generalization of [8, Lemma 3.1]

Theorem 23. Let S be a distributive JP-semilattice and let J be an ideal of S.
Then a prime ideal P containing J is a minimal prime ideal containing J if and
only if for each x € P there isy € S\ P such that x ANy € J.

Proof. Let P be a prime ideal of S containing J such that the given condition holds.
We shall show that P is a minimal prime ideal containing J. Let K be a prime
ideal containing J such that K C P. Let € P. Then there is y € S\ P such
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that Ay € J. Hence x Ay € K as K contains J. Since K is prime and y ¢ K
implies x € K. Hence P C K. Thus K = P. Therefore P is a minimal prime ideal
containing J.

Conversely, let P be a minimal prime ideal containing J. Let x € P. Suppose for
ally e S\ P,xAy ¢ J. Set D= (S\P)V]zx). We claim that 0 ¢ D. For if 0 € D,
then 0 = ¢ Az for some ¢ € S\ P. Thus, z A ¢ = 0 € J which is a contradiction.
Therefore, 0 ¢ D. Then by the JP-separation Theorem 20, there is a prime filter Q
such that D C Q and 0 ¢ Q. Let M = S\ Q. Then by Lemma 19, M is a prime
ideal. We claim that MND = 0. If a € MND, then a € M and hence a ¢ Q. Thus
a ¢ D which is a contradiction. Hence M N D = (). Therefore, M N (S\ P) = 0
and hence M C P. Also M # P, because x € D implies z € @ and hence x ¢ M
but z € P. This shows that P is not minimal which is a contradiction. Hence the
given condition holds. O

Theorem 24. Let S be a JP-semilattice with 0 and let P be a prime ideal of S.
Let C be a chain of all prime ideals X of S such that X C P. Then

Q=({XxcP|xec}
is a prime ideal and hence it is a minimal prime ideal.

Proof. Clearly, C is non-empty as P € C and @ is non-empty as 0 € (). Obviously,
Q is an ideal. To show that @ is prime, let x Ay € Q. Suppose x ¢ Q. This implies
x ¢ X for some X € C. Now x Ay € @ implies x Ay € X. Hence y € X as X is
prime. We claim that y € Q. If not, then y ¢ Y for some Y € C with Y C X. But
Ay €@ impliessz Ay €Y. Thusax € Y andso z € X as Y C X which gives a
contradiction. Therefore y € (). Hence @ is prime and in fact it is a minimal prime
ideal. O

Thus we have the following extension of Stone’s Separation Theorem.

Theorem 25. Let J be an ideal and D be a filter of a distributive JP-semilattice S
such that JN D = (). Then there exists a minimal prime ideal Q containing J such
that QN D = (.

Proof. Let J be an ideal and D be a filter of a distributive JP-semilattice S such
that J N D = (). Then by the JP-version of Stone’s Separation Theorem 20, there
exists a prime ideal P containing J such that P N D = (). Choose any chain C of
prime ideals X containing J such that X C P. Let @ = N{X € C}. Then by
Theorem 24, @ is a minimal prime ideal containing J and Q N D = ). O

Let S be a JP-semilattice with 0 and let @) be a prime ideal of S. Define
O(Q):={xeS|xAy=0for some y e S\ Q}.
The following theorem is a generalization of [1, Proposition 2.2]

Theorem 26. Let S be a distributive JP-semilattice with 0 and let QQ be a prime
ideal of S. Then

o) = ﬂ{P | P is a minimal prime ideal of S such that P C Q}.

Proof. Suppose
X = m{P | P is a minimal prime ideal of S such that P C Q}.
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Let z € O(Q). Then z Ay = 0 for some y ¢ Q. Let P be a minimal prime ideal
contained in ). Clearly, y ¢ P. Since xt Ay =0 € P and P is prime, we have © € P.
Hence z € X.

Conversely let € X. If z ¢ O(Q). Then z Ay # 0 for any y € S\ Q. Let
D=[z)V(S\Q). Then 0 ¢ D. For if 0 € D, then A ¢ = 0 for some ¢ € S\ Q
which is a contradiction. Therefore, 0 ¢ D. Consequently, there is a minimal prime
ideal M such that M N D = (). Therefore, M N (S\ Q) = 0. Hence M C Q. Also
M # @ because x € Q. But x € D implies ¢ M. This shows that there is a
minimal prime ideal M C @ such that x ¢ M which is a contradiction to fact that
x € X. Hence z € O(Q). O

6. JP-Congruences. Let S be a JP-semilattice. A semilattice congruence 6 on S
is said to be a JP-congruence if a = b(#) and ¢ = d(#) implies that a V¢ = bV d(0)
whenever a V ¢ and bV d exist. If a relation @ satisfies the condition, then we say
that 8 is compatible with existing V

Let S be a distributive JP-semilattice and I be an ideal of S. Then by [3], the
relation ©(I) on S defined by

z=yO)) e (z]VI=(y|VI

is a JP-congruence having I as a class. Moreover if each JP-congruence is compatible
with any finite existing V, then ©([I) is the the smallest JP-congruence having I as
a class. We will use ©, for ©((z]).

As in Cornish and Hickman [3], the following technicality will be used frequently
without explicit reference.

Let S be a JP-semilattice, 6 be a JP-congruence and E be an equivalence relation
on S. Then to show that  C E it is enough to show that (a,b) € E for every pair
(a,b) such that a < b and a = b(9)

Now we have the following result.

Theorem 27. Let S be a distributive JP-semilattice and let I be an ideal of S.
Then R(I) defined by

z=y(R()) < xzNa €l equivalent to y Aa € I for every a € S,

is the largest JP-congruence having I as a class.

Proof. Clearly, R(I) is a semilattice congruence having I as a class. Suppose z =
y(R(I)) and s = t(R(I)). If x V s and y V ¢ exist, then for any a € S we have
(xVs)hNael< (xha)V(sha)el, as S is distributive
SrxAa,shNa€el
SyNa,tANa€el
S (yna)V(tha)el
< (yVit)ANa€l, as S is distributive.

Hence Vs = yVt(R(I)). Thus R(I) is a JP-congruence. Let I' be a JP-congruence
having I as a class and = y(I"). Then for any a € S, we have zAa € I & yAa € I,
since © A a =y A a(T"). Hence x = y(R(I)). O

The congruence relation ©(a, b) is the smallest congruence containing {a, b} as a
class. We have a description of ©(a,b).
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Theorem 28. Let S be a distributive JP-semilattice and a,b,x,y € S such that
a<b. Then
r=y(0(a,b)) ©xNa=yAa and (z] V (b] = (y] V (b].
Proof. Let 1 denote the binary relation on S such that
r=y) e rNa=yAaand (z]V (] = (y] V(

b].
Then clearly % is an equivalence relation. Now let © = y(¢) and s = ¢(¢0). Then
xAha=yAa, (] V(] =WV}, sha=tAaand (s] V(b = (t] Vv (b]. Hence
(x As)ANa=(yAt)Aa and since S is distributive implies Z(.9) is distributive, so

(z As] Vv (b] = ((z] A (s]) V(0] = ((=] v (B]) A ((s] v (B])
= (] v (@) A (] V(b)) = (W] A () V(0] = (y At] v (B].
Thus z A s =y At(y). Also if 2 V s and y V ¢ exists, then since S is distributive,
(xVvs)ha=(xzAa)V(sha)=(yANa)V(tAha)=(yVE)Aa
and
(Vv s] v (0] = ((2] v (s]) v (0] = ((=] v (B]) V ((s] v (b])
= ((yl v (b)) v ((t] v (B]) = (] v (t]) v (b] = (y V ] v (B].
Thus xV s = yVt(¢). Therefore, ¢ is a JP-congruence. Clearly a = b(1)). Let T be
a congruence on S such that a = b(I"). Let = y(¢) with x < y. Then zAa =yAa

and (z] V (b] = (y] Vv (b]. Since a = b(T") so, t Aa =2 Ab(T) and y Aa =y AbT).
Thus c Ab=zANal)=yAa=yAbT). Now we have

(] = (Wl A (] v (8) = (gl A ((] Vv (0]) = () A (2]) v (9] A 0]) = (2] v (y AL
This shows that (z] V (y A b] is a principal ideal and hence by Theorem 12 we have
y=zV(yAb)=zV (zAb)(T) ==z Hence 1 is the smallest congruence.

Therefore, ¢ = O(a, b). O

Let S and P be two JP-semilattices. A semilattice homomorphism ¢ : S — P is
said to be a JP-homomorphism if for all x,y € S such that z V y exists in .S implies
o(z) V ¢(y) exists in P and

oz Vy) = o) Ve(y).
Let ¢ : S — P be a JP-homomorphism. The kernel of ¢ is denoted by ker ¢ and
defined by

ker o = {(z,y) € S* | o(z) = ¢(y)}.

Lemma 29. Let ¢ : S — P be a JP-homomorphism. Then ker ¢ is a JP-congruence
on S.

Proof. Clearly ker ¢ is an equivalence relation on S. Let z1 = y;(ker ¢) and zo =
ya(ker ). Then (1) = w(yn) and @(w3) = @(y2). Now @lwr Az2) = (1) A
o(x2) = o(y1) A (y2) = ©(y1 A y2). Therefore, z1 A 29 = y1 A ya(ker ). To prove
ker ¢ is conditional compatible with V, let x1 V x5 and y; V yo exist. Then by
the definition of a JP-homomorphism, ¢(z1) V ¢(z2) and ¢(y1) V ¢(y2) exist and
p(x1 V 22) = p(21) V p(z2) and @(y1 V y2) = (1) V ¢(y2). Hence p(z1 V 22) =
p(z1) V o(z2) = oY1) V e(y2) = ¢(y1 V y2). Thus z1 Voo = y1 V ya(ker ).
Therefore ker ¢ is a JP-congruence. O

We have the following important result for distributive JP-semilattices.
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Theorem 30. Let S be a JP-semilattice. The following conditions are equivalent:
(a) S is distributive;
(b) fora €S, the map ¢ : S — (a] given by

pl@)=aAhzx

is a JP-homomorphism of S onto (al;
(c) forae€ S, the binary relation ©, on S defined by

r=y(0,) <= zrxANa=yANa
is a congruence relation.

Proof. (a) = (b). Let S be a distributive JP-semilattice. Then for any z,y € S we
have

peAy)=an(@ny)=(anz)A(ary)=e(@)Aey).
Also if x V y exists, then

pleVy) =an(zVy)=(arz)V(aAy) = px)Vey).

Thus ¢ is a JP-homomorphism. If € (a], then x < a and hence z = a Az = p(z).
Therefore, (b) holds.

(b) = (c). Define a relation ©, on S given by x = y(0,) <= aAzx =aANy. If
@ :x+— aAzisamap from S to (a, then we have x = y(0,) <= ¢(x) = ¢(y).
Thus O, = ker¢. Since by (b), ¢ is a JP-homomorphism, so by Lemma 29, ker ¢
is a congruence. Hence ©, is a congruence. Thus (c) holds.

(¢) = (a). Let z,y € S with « V y exists. Then for any a € S, we have
(aNzx)V(aAy) exists. Since a Az = a A (aAx),sox =aAx(0©,). Similarly,
y=aAy(©,). ThuszVy=(aAz)V(aAy)(O,). Hence

anN(zVy)=aA(arhz)V(aAy)=(aAz)V(aAy).
Thus (a) holds. O
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